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This book is to some extent an amplification of lecture 
notes; my special aim has been an easy and gradual develop- 
ment of the principles of the subject. An account of the 
elementary properties of the Ellipse, Parabola, and Hyper- 
bola precedes the discussion of the general equation of the 
second degree. 

I have had in view the requirements of two classes of 
readers. 

First, a limited course of the subject is read by most 
students in the University Colleges of this country. Such 
a course, confined to selected paragraphs, with the exercises 
appended thereto, is indicated at the end of the table of 
contents. 

Secondly, as chapters on Trilinears, Reciprocal Polars, and 
Projection are included, it is hoped that the book will be 
useful to candidates for mathematical honours ; and especially 
as an introduction to the writings of Dr Salmon. 

It seems superfluous to state that I am under great obliga- 
tions to the works of Dr Salmon ; I would also make grateful 
mention of Dr C. Taylor's Conies^ and the tract on Conies 
and Curves by the Rev. W. H. Laverty. 

The Exercises* at the end of each chapter have been 
mainly selected from the examination papers of different 
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Universities. I have freely availed myself of Mr Miller's 
kind permission to extract problems from the Educational 
Times, Many problems have been manufactured to illustrate 
special points ; and for several of the most interesting I am 
indebted to Professors Curtis, S.J., Genese, and Purser. 

In endeavouring to simplify the treatment of the subject, 
I found that some novelties were unavoidable. Thus the 
determinant form of the equation of the join of two points 
is used throughout, the elements of the determinant notation 
being explained in § 20 ; my experience with beginners justi- 
fies this innovation. The generality of the usual trapezium 
proof of the formula for the area of a triangle in terms of the 
co-ordinates of its vertices is invalid without a more detailed 
examination than is usual of the consequences of the con- 
vention of signs. A more rigorous proof has therefore been 
given. 

I have included the usual methods of tracing a conic whose 
Cartesian equation is given ; but further methods, which seem 
to possess some advantages, are given in §§ 294, 296. 

Professor Purser's investigation of the equation of a dia- 
meter (§§ 228, 255, 303) is the simplest that I know of. 

The use of the invariants 6, & (§§ 443, 444) has not been 
emphasised in any previous textbook; this method is due 
to Professor W. S. Bumside. Further applications are given 
in his paper in vol. 8 of the Quarterly Journal, 

I have ventured to indicate (§§ 479, 480) an elementary 
method of projecting metrical properties, which was sug- 
gested to me by a paper of Clifford's on Analytical Metrics. 
The formula of § 481 had previously been deduced from 
other considerations by Professor Curtis. I have merely 
suggested my own method; further development is easy. 
As an instance of its use I may mention that the equation 
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of the conic-tangent to three conies, all the conies passing 
through two given points, is thereby at once deducible from 
Dr Casey's equation of the circle-tangent to three circles. 

I have further to acknowledge my great indebtedness to 
my former mathematical master, Mr R. C. J. Nixon, from 
whom I have received many valuable suggestions, and to 
whose advice as to the arrangement of the book much of its 
value is due. My best thanks are due to my colleague 
Professor Genese for many important hints ; and to another 
colleague, Mr A. W. Warrington, whose generous assistance 
has been of the utmost value to me in preparing the work 
for the Press. 

W. J. JOHNSTON. 

University Coli^ege of Wales, Aberystwyth. 

April, 1893. 
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CHAFTEB I. CO-OBDINATES 

POSITION DETERMINED BY CO-ORDINATES 

§ I* Algebra may be applied to deduce relations between geo- 
metrical magnitudes. 

For example, combining the statements 

(i) The area of a rectangle is measured by the product of 
the lengths of its sides, 

and (2) (a + b) (a - b) = a* - b^ 

we deduce the theorem : 

The rectangle contained by the sum and difference of two lines is 
egual to the difference of the squares on those lines. 

As another example let us solve this problem : 

Divide a given line AB into two parts such that the square on one 
may he twice the square on the other. 

Suppose that X is the point required. 



Put a for AB, and x for AX. 

Then x* = 2 (a - x)^ 
/. X = a/2 (a — x) 

a a/2 , 

.-. X = —, — 7- = a (2 — V 2) 

1+ A^2 ^ ' 

B 



2 Analytical Geometry [2. 

§ 2. In other geometrical inquiries we have to consider position. 
Thus the locus of a point which moves subject to an assigned 
condition may be required. It is not at once obvious how Algebra 
may be applied to such questions. The method of co-ordinates 
is an adequate one for the purpose. This method was first in- 
troduced by Descartes in his Geomefrte^ 1637 ; we shall now give 
an account of it. 

§ 3> In a plane take two fixed lines (or axes), X'OX, Y'OY. 

Then through any point P in 
the plane drawing PN parallel to 
YOY' to meet X'OX in N ; to 
every position of P correspond 
definite lengths of ON, PN. 
Conversely, if the lengths of 
X ON, PN are given, the point P 
is determined. 

We have merely to measure 
along OX the given distance 
ON, and then the other distance NP on a line through N parallel 

toOY. 

Or thus, if we are given ON = a and PN = b; measure a 
distance ON = a along OX, and a distance OM = b along OY: 
parallels through N, M to the axes intersect in the point re- 
quired. 

§ 4-. The two fixed lines OX and OY are called the axes of 
co-ordinates or simply the axes ; their point of intersection O is 
called the origin, OX is called the axis of x and OY the axis 
of)/. 

If the axes are at right angles they are said to be rectangular^ 
otherwise they are oblique. 

ON and NP are called the co-ordinates of P; ON is called its 
abscissa or its * x/ and N P its ordinate or its ' y.' 

The point whose co-ordinates are a and b may be referred to as 
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*the point (x = a, y = b)'; or briefly, 'the point (a, b)': the 
abscissa being always named first. 

§ 5. The straight lines XOX' and YOY' divide the plane into 
four compartments. The following convention serves to distinguish 
points in the several compartments. 

Distances measured along OX are considered positive and along 
OX' negative; distances measured along OY are considered posi- 
tive and along OY' negative. 



Accordingly, if along OX we 
measure 

ON = ON'= a 

and OM = OM'= b, 

and through N, N', M, M' draw 
!!■ to the axes meeting in P, Q, 
R, S : then 




the co-ord's of P are 



99 



» 



)) 



99 



99 



» 



X = + ai 

X = — ai 

y = + bj 

X = — a) 
= -bJ 



99 



» 



y 

X = + a) 

y = -br 

Thus, as in Trigonometry, the abscissa of a point is positive or 
negative according as the point is on the right or the left of Y'O Y, 
and its ordinate is positive or negative according as the point is 
above or below X'OX. We shall presendy make some further 
remarks on the use of the signs + and — to indicate opposite 
directions of measurement along any line. 

B 2 
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§ 6* To illustrate this, 

Suppose the axes rectangular; and let us ' plot ' the points (3, a), (—3, 4), 

(- 4, - a), (a, - 3). 



Qr 
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Take any convenient unit of 
length. 

Then the point (3, 2) is P 

(-3,4)»Q 
(-4, -a)„R 

(a, -3) M S 

What are the co-ord's of N in the 
figure ? Ans. (3, o) ; for to reach 
N from O we measure 3 units to 
the right so that the abscissa of 
N is 3 : while the distance to be 
measured upwards or downwards 
is zero, so that its ordinate is o. 



What are the co-ord's of L ? Ans, ( — 3, o). 

What are the co-ord's of M ? Ans, (o, 3). 

What are the co-ord's of the origin O ? Ans. (o, o). 



. THE CONVENTION OF SIGNS 

§ 7. If distances measured in either direction along a straight 
line be considered positive, distances measured in the opposite 
direction are considered negative. 

If A and B are two points on a straight line, then in Modern 
Geometry AB not only stands for the distance between A and B, 
but also implies that this distance is measured in the direction 
from A to B. 

If then AB = + 5, we have 
BA = - 6. 

Generally AB = - BA. 

It follows that if O, A, B are three points anyhow placed on a 

straight line, then 

AB = OB - OA (i) 



1 
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For a point may travel from O to B by two steps : first from 
O to A^ then from A to B. 

Thus OA + AB = OB. 

Subtract OA from both sides, /. AB = OB — OA . . (2) 

Co/ — Let O be the origin of co-ord's and A, B two points on 
the axis of x. 

Let OA = Xi and OB = Xj so that the co-ord's of the points 
A, B are (Xj, o), (x^, o). 

Then AB = x^ - Xj (3) 

§ 8. To illustrate this 

L 1 1_^4 I I I I I 

O A B 

A^ OB 

I I I ■■»*'■ 

A BO 

In the first figure AB - 6, OA = a, OB - 8 ; 6 - 8 - a 
„ second „ AB - 6, OA - - 4, OB - a ; 6 - a - (- 4) 
„ third „ AB = 6, OA - - 8, OB = - a; 6 - (- a) - (- 8) 

Thus in each case the equation AB b OB — OA is verified. 

§ 9. Ex. I. If A, B, are three points in a straight line 

AB + BC + OA B a 

For if a point travels successively from A to B, from B to 0, and from to 
A, the total distance traversed is zero. 

Or thus : Let a, b, c be the distances of A, B, C from a fixed point O on 
the Ime; then AB >== b - a, &a 

.♦. AB + BO + CA = (b - a) + (c - b) + (a - c) = o. 

Ex. a. Let the distances of four points A, B, 0^ D anyhow situated on a 
straight line from a fixed point O on the line be a, b, c, d ; then the identity 

(d - a) (b - c) + (d - b) (c - a) + (d - c) (a - b) = o 
gives AD . OB + BD . AC + CD . BA B o. 
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Suppose now that the four points are in the order A, B, C, D. 

Then since 

— ^ ^ CB - - BC, BA 

we obtain 



A B 



-AB, 



BD . AC » AD . BC + CD . AB, 
where all the lines and rectangles are positive*. 

DISTANCE BETWEEN TWO POINTS 

§ 10. 7b find the distance between two points whose co-ordinates 
are given. 

Suppose that the axes are rectangular. 

Let the two points be P, (x^yj), and Q, (Xjy,). 

Draw PM, QN parallel to OY, 
to meet OX in M, N and PR 
parallel to OX to meet QN in R. 

Then PQ* = PR* + QR*. 

But 
PR = MN = ON - OM 

= Xj Xj 

and 

QR = QN - PM = y, - y, 

.•.PQ» = (x,-x,)* + (y,-yO' 

§ II. We may express this result in words : 

The square of the distance between two points is equal to the square 
of the difference of their abscissae together with the square of the 
difference of their ordinates. 

The order in which we take the differences is indiflferent, as they 
are afterwards squared. 
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* A graphical proof of this theorem is given in Nixon's Euclid Revised: 
p. 104. 
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§ 12* The proof in the kst $ is perfectly general, in virtue of equation (a) 
of $ 7. As an Exercise the learner may go through the proof for the case 
where P is in the first compartment and Q in the third. 

§ 13. £x. I. Find the distance 5 between the points (2, —3) and (—3, 4). 

8> « [2 - (- 3)]> + [- 3 _ 4]« 
= 52 + (- 7)« 

= 35 + 49 
- 74_ 
/. 8 - V74 
The learner should illustrate this by a diagram. 

Ex. 2. Find the distance 6 between (Xi y^) and the origin. 
6« = (Xi - 0)8 + (yi - o)2 - x^a + Yi^. 
This is also obvious from the figure, $ 10; OP* = OM* + PM* = Xj* + yi*. 

Ex. 3. Find the co-ord's of a point equidistant from the three points 

(2, - 2), (8, - 2), (8, 6). 
Let its co-ord's be x, y. 
.-. (x - 2)2 + (y + 2)8 = (X - 8)2 + (y + 2)8 = (X - 8)« + (y - 6)«. 
Cancel x^ + y2 
.-. — 4X + 4y + 8 «— i6x + 4y + 68 =— i6x — i2y + 100 

Solving these we get x = 5, y = 2. 

Ex. 4. Find the condition that the point (x, y) may be at a distance 3 
from the point (4, 5). 

32 = 9 - (X - 4)* + (y - 5)« 
.*. X* + y2 — 8x — loy + 32 = o. 

This equation then is satisfied by the co-ordinates of every point on a circle 
whose centre is (4, 5) and radius 3. 

Ex. 5. Express that a point P (x, y) may be equidistant from A (i, 2) and 

B (3, 4). 

PA« -= (X - 1)2 + (y - 2)2 

PB2 =: (X - 3)* + (y - 4)*. 

Equating these values and simplifying we get x + y — 5=0. 

We know from Elementary Geometry that P must lie on the line which 
bisects AB at right angles : hence the co-ordinates of every point on this line 
satisfy the equation x + y — 5 = o. 
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§ 14. Suppose that in § 10 the axes are oblique, the angle 
between them being q). 

Then PRQ = ONQ = 180° - q) 

/. PQ» = PR« + QR« - 2 PR . QR cos PRQ 

= PR' + QR« + 2 PR . QR cos to; 

.'. PQ» = (x,-x,)« + (y,-yJ« 

+ 2 (xa - Xi) (y, - y,) cos co. 

Cor* — ^The distance of (x, y) from the origin is 

'/x' + y'^ + 2 xy cos co. 

Note — Oblique axes are rarely used as the formnlae are more complicated ; 
and in fntuie we shall nsnally assume that the axes are rectangular. 



DIVISION OF JOIN OF TWO POINTS IN A GIVEN RATIO 

§ 15. To find the co-ordinates of the point which divides the join 
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Let (x, y) be the co-ord's 
of the required point R, so 
that 

PR : RQ = m : n. 

Draw !!■ to the axes through 
R, P, Q as in the figure. 



Then PT:TV = PR : RQ = m : n, 
or X — XjiXj — x = m:n 

.-. n (x — Xi) = m (Xj — x) 



7- J Co-ordinates 



mx- + nxi 

/. X = — ^ 

m + n 

Sirrularly j ^ "inULm 

^ ^ m + n 

These formulae are applicable whether the axes are rectangular 
or oblique. 

Cor^ — The co-ord's of the mid point of PQ are 

_ X, + Xa _ yi + ya 

^"" 2 ' y " 2 

§ I6> If PQ is to be divided externally in R so that 
PR : QR = m : n ; then since QR = — RQ we have 

PR : RQ = m : - n. 

Thus by changing n into — n in the formulae of § 15 we obtain 

the required co-ord's 

_ mx, ~ nx^ _ mya - ny^ 

X = , y ^ • 

m — n m — n 

§ 17. Ex. I. The co-ord's of A are (3, — i) and of B are (6, 4) ; find the 
co-ord's of the point of trisection of AB nearest A. 

Here m = I, n = a, 

. ^ - X a + ax x 6 + a (3) _ 
3 3 

y. + ayi ^ 4 + a(- I) ^ a 
^3 3 3 

Ex. a. A, B being the same points as in Ex. i, AB is produced to C so 
that BC s AB ; find the co-ord^s of C. 

Here AC » a BC « - a CB, AC : CB » a : - i, 
.'. m = a, n « — I ; and 

^ = ^^S^^ = axj - Xi - a (6) - 3 - 9 
y = ^^['J'/' = 2/2 - yi = a (4) + I = 9 
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Ex. 3. Prove that the joins of the mid points of the opposite sides of a 
quadrilateral and the join of the mid points of its diagonals meet in one point 
and bisect each other. 




e 



(^tyi) 



Let ABCD be the quad^, 
(Xi Yi) the co-ord's of A, &c. 

Then the co-ord's of P the 
mid point of AB are 

i(xi+xj), i(yi + ya); 

of Q the mid point of CD are 

i(x8 + X4), iCys + yO; 

of T the mid point of PQ are 



j f Xi + Xg 



Xs + X4 



} - J (Xi + X, + Xj + X4), 



and i (yi + ya + ys + yJ. 

We shall get the same values for the co-ord^s of the mid points of the joins o| 
AD, BC and of AC, BD. 



A(xiyi) 




C(x,y,) 



Ex. 4. A, B, C are three 
points whose co-ord's are given, 
BC is bisected in D and on AD 
is taken DQ = i DA. Find 
the co-ord^s of Q. 

The abscissa of D is 

iCXj + Xs); 



.*. the abscissa of Q is 

a X |(X2 + Xg) + x ^ ^ Xj + x, + Xg 
2 + 1 ^ 3 

Similarly its ordinate is ^^ ^ ^^ ^ ^^ 

We see then that the three medians of a triangle meet in one point, this 
point being the point of trisection of each fhrthest from the vertex. This point 
Q corresponds to the centre of gravity of a physical triangalar lamina. 
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Ex. 5. The angle O of a triangle OBA is a right angle, M is the mid 

point of AB : prove 

OM - f AB. 

Take OA for axis of x and OB for axis of y. 
Then the co-ord's of A are (a, o) and of B (o, b), 

/. of M are - and — ; 
2 2 




OM - \/- + ^ - J Va« + ba = J AB. 

4 4 



Exercises 

1. Find the length of the join of (i, — 3) and (o, —2). Ans. ^2. 

2. The vertices of a triangle are (— i, — i), (2, 3) and (o, 2). Plot these 
points and find the lengths of the sides of the triangle. Ans, 5, ^^^ ^\o, 

3. Show that the points (i, 2), (i, 6), (Via + i, 4) are the vertices of an 
equilateral triangle. Ans, Side » 4. 

4. Find the co-ord^s of the mid points of the sides of the triangle in Ex. 2. 
Ans, (J, I), (I, 2}), (- J, i). 

5. Find the co-ord^s of the centre of its circom circle. Ans, (2}, — |). 

6. Find the point of trisection nearest CI9 2) of the join of (i, 2) and 
(7, - 13). Ans, (3, - 3). 

7. The co-ord's of P are (4, i) and of Q (9, 8) : find the co-ord's of a point 
R in PQ produced such that 

(I) QR « PQ, (2) QR = 2 pa 
Ans, (14, 15), (19, 22). 

8. Show that (i, 2) lies on the Join of (— 4, 5) and (11, — 4). In what 
ratio does it divide this join? Ans, 1:2. 

9. Show that the following four points are the vertices of a parallelogram : 
(- I, - 3), (2, - I), (5, 2), (2, 1). 



10. Show that the following four points are the vertices of a square: (—2, 5), 
(3, 2), (5, 6), (I, 9). 



la 
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11. Prove by co-ordinates that the join of the mid points of two sides of a 
triangle is half the third side. 

12. M is the mid point of the side BC of a triangle ABC : prove by 
co-ordinates that AB* + AC* - aAMS + 2BMS. 



determinants; area of a triangle 

§ 18. In the more advanced parts of the book we shall assume 
that the reader is familiar with the properties of determinants, which 
are proved in most modem books on Algebra. 

For the convenience of the junior reader we shall explain here 
the elements of the determinant notation; this notation is often 
useful in abbreviating formulae, and a knowledge of it often facili- 
tates numerical calculations. 

§ 19. De/^—The symbol a b 

c d 

means ad — be, and is called a determinant of the second order. 



Ex. 



Again 



3 - a 
-4 - I 



- 3(- I) - (- 4) (- 3) --3 - 8 «- II. 



I — a 
3 o 



=. o - (- 6) = + 6. 



N.B. Observe that the diagonal term ad always comes first. 



§ 20. Z>//'— The symbol 



a 
d 

g 



b 
e 
h 



c 
f 
k 



e 


f 


-b 


d 


f 


+ c 


d 


e 


h 


k 




g 


k 




g 


h 



means a 



= a (ek - hf) - b (dk - gf) + c (dh - ge) 

and is called a determinant of the third order. 

Observe that the determinants of the second order which are 
multiplied by a, — b, c are got from the original determinant by 
scoring out the row and column containing a, b, C respectively. 



22 
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§ 21. Ex. . 



3-5 - 4 
-I - 15 - 5 

— II — 2 I 



- 15 - 5 

— 2 I 



-(-5) 



+ (-4) 



-I - 15 

— II — 2 



- I - 5 

— II I 

- 2 [- 15 - (+ lo)] - (_ 5) [- I - (+ 55)] - 4[2 - (+ 165)] 

« — 50 — 280 + 652 

After a little practice it will be found unnecessary to set down more than the 
following steps : 

The det/ = 2 (- 25) + 5 (- 56) - 4 (- 163) 
= —50 — 280 + 652 
= 332. 

§ 22. To find the area of a triangle in terms of the co-ordinates 
of its vertices, 

Y 



Let the vertices be 
A(Xiyi), BCx^Ya), C(X3y,) 

Through A, B, C draw 
!!■ to the axes. 



G 


c<?c,y,^ 


F 


K 


/ 


^> 


BCxaYfi) 


/^ 


^ 


/ 


^^lyD 


D E 


• 



O X 

Then A ABC = A AHB + A BHC + A CHA 

= ^CJHDEB 

+ JDBHCF 

+ jaCHKG 

= i[aGAEF - nADHK] 

= i(AE.AG - AD. AK) 

= i [(x, - Xi) (y, - yO - (X3 - X.) (y, - y,)], 
multiplying out we get 

2 area = x,(yj - y,) - y,(x, - x,) + x^y, - x,yj. 



14 
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But this is the expansion of 

X, 
X, 
X, 

This formula should be remembered. 



area = i 



y. 
y. 

yi 
y. 
y. 



Cor" — Let the vertex A be at the origin : then Xj = o, y, = o, 



area = i 



= i(x,y,-x,y,). 



o o I 

X, y, 1 
X, y, I 

The learner should prove this case independently. 

§ 23. Ex. Find the area of the triangle whose vertices are (l, 2), (—a, 3), 

(5. 6). 

2 area *■ 121 

- 2 3 I 

561 

- i(- 3) - 2(- 7) + i(- 27) 

-- 3 + 14- 37 
--16. 

Thus the area contains 8 square units. In $ 41 we shall account for the 
negative sign. 

§ 2^. Ex. Find the area of the triangle (2, 3), (-4, i), (-*- i, 2). 

- 2(-i)-3(-3) + i(-7)«-3 + 9-7-0. 



2 area 



231 
-4 I I 
— I 2 I 

We infer that the three points are collinear. 

Similarly three points (Xjyi), (Xgya), (Xjys) are collinear if 



Xa ya i 



= o. 
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Exercises 

1. Evaluate the determinants : 

2 

2 

3 



1 2 4 

I 2 3 

I 3 4 

Ans. I, o, 14. 



o 2 

— 2 o 

-3 - 4 



3 

4 
o 



2 

I 

— I 



— I I 
2—1 
I 2 



2. Evaluate the determinants : 

67-3 431 

53 2 » 036 

34 I 025 



3 

- 5 

7 



— I 
2 

- 3 



4 
6 



^iw. — 91, 12, 16. 

3. Find the areas of the triangles whose vertices are 

1*. (2,1), (3, -2), (-4,-1) 
2®. The origin and (2, 3), (4, - 5) 

3*. (2, 3), (4» - 5). (- 3. - 6) 
Ans, 10, II, 29. 

4. Show that (4, 5), (—2, 3), (16, 9) are collinear. 

§ 25. If the axes are oblique and inclined at an angle co we 
obtain as before 

2 area ABC = dGAEF - DADHK, 

but area of 

a GAEF = AE . AG sin GAE = (x^-Xi) (yg-yi) sin co, &c. 



area of A ABC = i sin co 






y2 



I 
I 
I 



LOCUS OF AN EQUATION. 

§ 26. An equation connecting the co-ordinates x and y repre- 
sents a geometrical locus. The learner will see this clearly after 
he has considered the following instances. 
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§ 27> Take for example the eqnatioa ly — x*-3X + i. 
Here if ve msdgn any *alae to x we can detamine ft corretpondiiig vdae 
of y. Thus ifx-3weeety>j. 
We may fono a table of correspoDding valiiet of x and y : 



X 


- 


- 


- 


■ 


■ 


3 


4 




y 


♦ si 


■! 


1 


-1 


-1 


1 


■1 





le co-ordinates then of the pohiti (— i, jj), &c. utisfy the eqoation. Let 

ilot' thete points. 

will be leen that the points are •nanged according to a continiioiiE law, 
and we may draw a cnrve 
tbrongh them on which in- 
termediate points will lie, 
widt7plottiiigintermediate 
points, as for instance 

■■-■!. y--». 

we may draw ilie curve with 
greater accuracy. We see 
then that there eiisti a curve 
such that the co-ordinates 
of every point on it satisfy 
the equation 




= x> - 



3X -t 



accordingly this equati<Hi 
represents that cnrve locns. 

§ 28> Suppose we wish to find the points P and Q where the cnrve cuts 
OX ; the distance* OP, OQ might be Ibtmd by me«taremeut to a close d^ree 
of approximation. 

Or we may calculate OP and OQ thus, y ■• o for each of these points. 
But their co-ord's satisfy the equation jy — x' — 3X + i. 

Put then y — o in this equation. 

. V - 3 ± Vs 



Thus OP - 



OQ =- I-6I8, PQ - Vs ■ 



*n6. 



s-0 



§ 29> As aaolber eiunple consider the equRtioi 
FoTm a table and plot the point* as before : 



X -J -I o I t 3 
y -I 13579 



D that the poioti ue ranged on a straight line. 



A 



Nate — The eqoatiaa y — a x + 3 
ii of the first degree in x and y ; it 
will be proved in Chap. Ill that 
sDch an eqaation always represents 
a straight line. 

§ 30. Generally an equa- 
tion represents the locus of a 
point which moves so that its 
co-ordinates satisfy the equa- 

If we assign any value a to x 
we may determine one or more 
corresponding values of y, say 
y= b, y = b', y = b", ... 



Thus the points 

x = a'l xsa) x = a| 
y = b/' y = b'r y = b"/ ' 

lie on the locus. We may thus obtain as many points on the locus 
as we please. 



§ 3I> EJcs. 4 and 5, i 13, aflbrd fbrther illustrations. 

Id each of these eiomples a point moves subject to an oasigped condition ; 
we have replaced the condition b^ a relation between the co-ordinates x, y of 



i8 
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a point on the locus. Thus the resulting equation in Ex. 4 represents a certain 
circle, and that in Ex. 5 a certain straight line. 

§ 32. Conyersely we may give a geometrical interpretation to an equation 
containing x or y or both. 




Ex. I. Thus the equation X « y expresses 
that if P is any point on the locus then 

PN - ON. 

By Enclid Book I, we may see that the 

A 
locQS of P is the bisector of YOX. 



N X 



Ex. 2. y 



3 expresses that the ordinate of any point on the locus is 5. 

Hence y •" 3 represents a straight 
line parallel to OX at a distance 3 
from it. 

Ex. 3. Again, x" + y' - r» ex- 
presses that the distance of (x, y) 
from the origin is r : hence this is 
the equation to a circle whose centre 
is the origin and whose radius is r. 




§ 33 • Assuming, as stated in § 29, that a simple equation represents a 

straight line ; we see that to draw 
a straight line whose equation is 
given it is sufficient to plot two 
points on the locus and join them. 
It is best to get the points where 
the line cuts the axes. 
Thus to draw the line 

ax — 3y + 6 = o. 

Putting y = o we get X ■■ — 3. 
Thus (— 3» o) is a point on the 
line. 
This is the point A in the figure. 
Putting X «= o we get y » 2. 

Thus (o, 2) is a point on the line. 
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This is B in the figure. 

Hence the required line is AB. 

Again, draw the line 3 x + a y «■ o. 

We see that this is satisfied if x » o, y ■» o ; thus the line passes through 
the origin. If we give x any other value we can find y. Thus put x « 3, 
then y ■■ ~ 3. The required line is OC. 



INTERSECTIONS 

§ 34- The co-ordinates of a point of intersection of two loci 
satisfy both their equations ; accordingly we may obtain the points 
of intersection of two loci by solving for x, y from tneir equations, 
considered as simultaneous. 

Ex. I. Find the point of intersection of the straight lines 

3x + 4y*ii, y-x«i. 
Solving these, x »< i, y — a. 

Ex. a. Find the points of intersection of 

ay^k^ — 3X+1 and ay-i-x->4. 
Solving these we find (—1, a|) and (3, i). 
The learner should draw diagrams to illustrate these Examples. 

Exercises 

1. Plot the lod of the equations 

y«-4X, x + y-4»o, ax-3y + 6-o, 3x-5 = o, 

xy - 24, X* + y« « 25 

2. Find the p^t or p^ts of inters'n of the loci 

1°, X + y-4«o, 3y- 2x + 3 - o 
3«, X + y-4-o, 3X-4-0 
3°, x2 + y2 - 25, 3 X + 4y = 25 
4^ y* » 4X, y - 6 



o X y X y 

' ' a b ' b a 



(ab ab \ 
aTb' aTb) 



c 2 
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9. Find the distance between the two p^ts of inters^n of 

X* ♦ y* - 15 and 4 x - 3 y - 7. 

4« Find tKe inteicepi whkb the kens 4 (x ~ a)* « y •!> i cats off oa d 
axis of X Ams^i. 

S« Find tbe intercepts which the locns of 3^ ^y'-4X — 8y~5«BOcn 
off oa OX aad OY. Ams. 6>> a V>i* 

§ 3S« Tlie degrte of an eqaatioii is the greatest sum of tfa 
iad^ces of x and y in an j tenn. 

Thus ax+$y+4 = oisof thefirst degree. 

xy + 5X+ ^ = o is of the second degree^ for die sum of tb 
indices in the term xy is i -h i ^ 2. 

xV+y* = X is of the third degree^ for die sum of die incficcs i 
the term x^ is a+ 1 = 3- 

Vx+ Vy = I when rationalized gives 

X*— 2xy+y*— 2X— »y+i = 0; 

dkia is an equation of the second degree. 

Equations are dassified accorcfing to their (tegrees. 
The general equation of the first degree is 

ax+by-f c = o, 

where 3» t>, C stand for constant numbers. It will be ^feown n 
Cbsqy. Ill that this r^nres^tts a straight line. 

The general equation of the second degree is 

a3«?+^hxy+ by*+ 2g:x+ afy-f c = Q. 

It will be shown hereafter that thi& r^»esents a conic section. 




POLAR COKJRDiNATES 



$ 31^ The cDDcqition in the method of rectangular co^^mfi 
la^ ttait iMt maj reach a pcnnt P by first travelling a de&iti 
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distance ON along a fixed line OX, and then another definite 
distance N P parallel to another given direction O Y. 

We may reach the point P by another method. 




Rotate OX through an angle O 
into the position OK and on OK 
measure off a definite length OP. 

If OP = r and POX = 6, then 
r, 6 are called the polar co-ordinates 
of P. These co-ordinates evidently 
determine the position of P. r is 
called its radius vector and 6 its 
vectorial angle. 



§ 37. 6 is positive or negative according as we suppose that 
OX revolves in a counter-clockwise or in a clockwise direction. 

In the figure it is positive. 

r is positive if it is measured along the line which is the 
new position of OX after the rotation ; i. e. if it is measured 
along OK. Negative values of r are got by measurements 
along OK produced backwards, i.e. along OK^ OX is called 
the initial line, 

§ 38. Ex. I. Plot the points (3, o), (s, j) » \lt y) ' 
These are A, B, C in the figure. (Page 22) 

Ex. 2. Plot the point ( — 3, — ) . 
This is C in the figure. (Page 22) 
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Here instead of measuring the distance 3 along OK it is measured along 
0K^ 




A X 



Ex. 3. Plot the point ( , 3 V 

This is C in the figure. 

Ex.4. Plot the point (—3, w). 
Ans. A in the figure. 

Ex. 5. Plot (3, a 11^+ — j , where 

n is any integer. 
Ans. B in the figure. 



§ 39* To transform from rectangular to polar co-ordinates or 



vice versa. 




From the right-angled triangle 
O PN we have 

X = r cos 0) 
y = rsina ^ 

These express x, y in terms 
ofr,tf. 



and ^ = 

X 



Again r' = x* + y*] 
= tantf j 

.-. r = Vx^ + y^ 
^ = tan-*^ , 

X ) 
These express r, in terms of x, y. 



(2) 
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§ 40. To express the distance between two points in terms of 
their polar co-ordinates. 



P(»*iai) 




Q (r,fc) 



Let the points be 
P(r,tfJandQ(r,tf,). 



Then PQ« = OP+OQ»-20P.OQcosPOQ, 
.-. PQ* = ri» + r," - 2 Pi r, cos (tf^ - 6^. 

Otherwise : let the rectangular co-ordmates of P be (x^ y^) and of Q, (x, y2). 

Then Xj — r^ cos Bx\ Xg — r2 cos ^2 ) 

Yi « r 1 sm ^1 ) ' Ya - Pa sin ^j J ' 

PQ« - (xi - xa)^ + (y, - yj" 

- (Pi cos ^1 — p, COS ^j)* + (pj sin ^1 — P3 sin ^,)* 

- Pi«(co8«^i + sin«^i) + p,«(cos«^a + sin«^J 

~ 2 pj P2 (cos ^1 cos ^3 + sin ^1 sin B^ 

- Pi' + Pa* - 3 Pj pj cos (^1 - ^2). 



Exercises 



1. Plot the points whose co-onFs are 

(.J), (.-0. (-3.'f). (-.-D- 

Obtain their rectangnlar co-ord's. 

/3j/a 3Va\. /3 -3 V3 \. /3 ~ 3 V3 \ . /- 3 Va 3^2 



y^lff. 



) 



2. Find the polar co-ord^s of the p^ts whose rect' co-ord's are 

(1,1), (-1,2), (-3.3), (-4.-4)- 

^iw. (V2, J); (^5, -tan-i2); (3^2,?^); (4^2, 5^) 
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3. Find the distance between the points f 4, — j and (2 ^2, - j • 

Ans, 2 (\^3— i). 

4. Show that the origin «.d the points (4, 'j|) (4. ^) «e the vertices 

of an equilateral triangle. 

5. Express in polar co-oid's the eq'n, x' — y' «■ a*. Ans, r* cos a ^ « a^. 

6. Express in rect^ co-ord^s the eq^n, r' sin 2 ^ = 2 a'. Ans, xy i> a^ 

7. What loci are represented by the equations r « 5, ^ » — ? 

3 

§ 41. In figr, 5 40, 

area OPQ = J OP. OQ sin POQ '^irir2 sin (O^ - O^), 

This is positive or negative according as$i — O^is positive or negative. 

The reader will see on reflection that if we go round the triangle OPQ 
in the order in which the points O, P, Q are mentioned ; then if this order is 
clockwise ^1 — ^^ is positive ; otherwise it is negative. 

We can now account for the sign of the determinant in $ 2a. 

Take A for origin and AE for initial line in fig' of that $. 

Let the polar co-ord's of B be (Pj $^, and of C (Pg 62)- 

Then 

X2 — Xj ■■ Pi cos ^1 I Xs — Xj -« Pj cos $2 \ 

y2 - Yi « f^i sin ^1 i ys - Yi •= ^2 sin ^2 j * 

= (Xj - Xj) (ys - yO - (X3 - Xi) (yj - yj 
« Pj cos $1 . P2 sin $2 — P2 cos $2 . Pi sin 6^ 
= — Pi P2 sin (^1 — ^2)* 



Thus 



Xi 


yi I 


X2 


ya I 


Xb 


ys I 


Xi 


yi I 


X2 


y2 I 


Xb 


ys I 



is positive or negative according as in tra- 



versing the perimeter of the triangle ABC from A to B, from B to C and from 
to A the order is counter-clockwise or clockwise. 



Thus area ABC « ± | 



, the upper or lower sign 



xi yi I 
X2 y2 I 

xs ys I 

being used according as the order is counter-clockwise or clockwise. 
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§ 42 < The expression at the beginning of the last §, 

area OPQ « } Pj Pg sin (fi^ - 0^) 

gives area OPQ « | (p^ sin 0^ . Pj cos 02 — Pi cos 0i . Pg sin ^2) 

"iCXgyi-XiYa). 

This gives the area of the triangle whose vertices are (o, o), (Xi yj), (X2 y^), 
and is positive if the order of (o, o), (x^yi), (x^y^ is clockwise. 

§ 43. To find the area of a polygon whose vertices are (x^ y^), (X2 ya)* 
(X3ys)i (XiyO, &C. 





D ^ C 

Fig. (1). Fig. (2). 

In fig. I, 

area ABODE - OAB + 080 + &c. 

- i [X2yi - Xiya + xsyj - x^y^ + &c.] 
In fig. 2, 

area ABODE - OAB + OBO - OOD - ODE + OEA 
But area ODE - - J (x^y^ -x^y^) and area OOD - - K^Vs - X3y4)- 
Thus m all cases, 

area of polygon - i [^2 Yi - Xjl yg + x^y^ - x^ys + X4y3 - Xgy* + &c), 
the order of the suffixes being cyclic. 



§ 44. To find the area of the triangle whose vertices are 
{r,d,), (r,^^, (r.^.). 




Let the vertices be P, 

Q, R. 

Then 

area PQR = 
OPQ + OQR - OPR. 
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But A OPQ = iOP.OQsin POQ = i r,r,sin(^,-tf,), 

similarly A OQR = ir,r, sin (^,-tf,)» 
AOPR = Jr,r,sln{tf,-tf,), 

.-. area PQR = | [r^ r, sin (^1-^,) + r, r, sin (^a-tf.) 

+ r3risin(<9,--tfj)], 
the order of the suffixes being cyclic. 

Cor' — ^We shall obtain the condition that the three points are 
coUinear by equating the preceding expression to zero. 



Ezeroises on Chapter I 

1. Show that (a, b), (b, a), (3 a — a b, 3 b — a a) are collinear. 

2. O is the origin, A is (r^ 0i) and B is (Pj ^2) I s^^^ ^^^ ^^ polar 

A 
co-ord's of the point where the bisector of AOB meets AB are 

"1 + "^a 

3. A, B, C are collinear points : if P is any fonrth point on this line, prove 

PA2 . BC + PB». CA + PCa. AB + AB . BC . CA « o. 

4. If P is any point not on the line ABC; the preceding equation is 
still true. 

5. G is the intersection of the medians (or centroid) of a triangle ABC : if 
O is any other point, prove 

OA* + OB2 + OC2 - GA' + GB2 + GC« + 3 GO^. 

6. Prove that A GBC -: i A ABC. 

7. AB, AC are adjacent sides of a □, and AD the conterminous diag' : if 
the sign of an area LMN be negative or positive according as the order of 
L, M, N is clockwise or not ; prove that 

A PAD - A PAC -f A PAB, 
where P is any point in the plane of the □. 
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[Note—TtikQ AB, AC for axes; let AB = h, AC = k; co-ord's of 
P (xy): then 



area PAD *» — } sin o) 



— I sin (0 (hy — kx), &c. 



X y I 

o o I 
h k I 
This gives a proof of the fundamental theorem of moments in mechanics.] 

8. The condition that the point (xy) may be within the triangle (Xiy^), 
(^ y2)> (^3 Ys) is ^^^ ^^c following three det^s have the same sign : 



X 


y 


I 




X 


y 


I 




X 


y 


I 


Xi 


Yi 


I 


* 


X2 


y2 


I 


» 


Xs 


ys 


I 


X2 


y2 


I 




Xs 


ys 


I 




Xi 


yi 


I 



9. Find the area of the triangle whose vertices are 

(a/Xi^), aafii), (afXa', aafta). (a/Xj^, aafjig). 

Am. a* Oil - fXj) 0*2 - /(As) (Ms - Mi). 



CHAPTEB II. THE STRAIGHT LINE 



EQUATION TO A LINE 

§ 45. To find the equation to a straight line parallel to the 
axis of X. 




Let it cut OY in B, put 
OB = a. 

Then the ordinate of every , 
point in the line is a : hence 
its equation is 

y = a. 



Similarly the equation to a straight line parallel to O^ is 

x=b 




The equation to the axis of x 
is y = o. 

For the ordinate of every point 
on OX or its "y " = o. 



Similarly the equation to the axis ofy is 



X = o. 



The Straight Line 
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§ 46. To find the equation to a straight line through the origin. 
Let OD be the line, 6 its inclination to OX, tan ^ = m. 

Then if P be any point (x, y) 
on the line 

PN 




ON 



= tan ^ = nn, 



y 

1. e. — = m 

X 



/. the required equation is 
y = mx. 



Example. Find the equation of the join of (4, 3) to the origin. 

Here m »« tan ^ -> | 
.*. the eqnation is y "■ f x, or 4y « 3 x. 

§ 47. To find the equation to any straight line. 




Let A B be the line, cutting the axes in A and B. 
inclination of the line to OX be ; put 

OB = c, tan ^ = m. 

Let P (x, y) be any point on the line. 
Draw BD II OX. 



Let the 
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Then g^ = tan^ 

/. PD = BDtan^ 

.-. PM-OB = OMtan^. 

That is y — c = X tan 6y y = xtan tf + c. 

Thus the required equation is 

y = mx + c. 

Thus the equation to any line zs y = mx + c, where m is the 
tangent of its inclination to the axis of x, and c its intercept on the 
axis ofy, 

§ 48* If two points on a line are known the line is determined. 

Thus two conditions determine a straight line. 

If two conditions are assigned which a straight line is to fulfil 
these will give two equations which will enable us to find the 
constants m and c. 

£x. I. Find the equation to a line throngh (o, 3) and inclined at 60*^ 
to OX. 

Here c -* 3, m *» tan 60^ -* ^i ; thus the required equation is 

y = X ^3 + 3- 

Ex. a. Find the eqnation to a line throngh (— i, 2) inclined at 150^ 
to ox. 

One condition is m ■■ tan 150® =* 7- . 

v3 

Another is got by expressing that y >» mx + c is to be satisfied by x = — i, 

y a a. This gives 

2 -« m (— i) + c 

I 

.*. eq'n required is y = — —s- x + 2 — -^ 
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We have drawn fig^ to illustrate; here 

OB « a — ^ 




Ex. 3. Find the equation to the join of (i, a), (3, 4). 

Let it be y = mx + c. 

This is to be satisfied if x » 1, y -^ 2, .*. a « m •{- c ) 
Also if X - 3, y « 4, /. 4 = 3 m + c 3 

Solving these simnltaneous eqnations m = i, c » i. Thus the line required is 

y = X + I. 

General formulae for the solution of such examples will be given presently. 



§ 49. If two lines are parallel they have the same inclination 
to OX; hence parallel lines have the same m. 



Ex. Find the equation of a line through (i, — a) parallel to y 
The m of the line is 3. 

.'. its equation is y = 3 x + c. 
To find c we express that this is satisfied by x « i, y «: — 2 

/. - a « 3 + c, c - - 5. 
Thus the eq'n req'd is y ■■ 3 x — 5. 



3X-4. 



§ 50i Any single equation Ax + By + C = o, represents a 
straight line. For the equation gives 

By = - Ax- C. 
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I. Suppose that B is not = o. Then dividing by B we get 

__ A C. 

y ~ B '^ B ' 

this may be written y = m X + c, if we put 

A C 

m = -g, ^ = ""B 

Thus the equation Ax+ By + C = o represents a straight 

line passing through the point (o, — p-) and inclined to OX at 

an angle tan~* ( — =-) . 

II. Let B = o : then Ax + C = o, 

C 
A 

Q 

This represents a straight line parallel to OY at a distance — x • 

N.B. A, B, C here stand for any nnmerical quantities, signs included. 
Thus take the equation 

Here A « 4, B = - 3, C « - 5, 

A 4 4 

... ,„„_g«____ 

^ B -3 3 

Or we may go through the process, thus 

-3y + 4X~5 -o 
.*. 3y-4X-5 

•*• y-fx-i 

Thus — 3y + 4X — 5*0 represents a line through (o, — f ), and inclined 
attan-HtoOX. 



§ 51. We may give another proof that Ax+By + C = o 
represents a straight line. 

Let (Xjyj), (Xjya), i^y^ be any three points on the locus. 



5I.J 



The Straight Line 



33 



Then 

Axx+ Byi + C = o, Ax,+ By, + C = o, 

Ax, + By, + C = o. 

We may eliminate A, B, C from these equations. 

Thus, subtract the second equation from the first and the third 
from the second. This gives 

A(x,-x,) + B(y,'-y,) = o 

A(X2-X3)+ B(y2-y3) = o. 

Multiply the first of these by y.^ — y, and the second by y^ - y^ 
and subtract ; then divide by A. 

••• (Xi -.X,) (y, - y,) - (x, - X,) (y^ - y,) = o 



I.e. 



= o 



X, yi I 

X2 Yi 1 

x, y» I 

Thus the area of the triangle whose vertices are (x^yj), (x^yj), 
(XsYs) is zero; and 

.*. the three points are collinear. 



Ezeroises 

1. Draw the lines 

x-a, y=3, sx + sy-o, y-x-o, y + x = o. 

2. Draw the lines 

y + x-i, y-3x+4, y-3X-4, y=-3X + 4- 

3. Write the equations of lines through the origm inclined respectively at 
45°> ^** and 120° to ox. Ans. y = x, y = x V3, y « ~ x VZ' 

4. Find the equation to a line through (i, 2) at 60° to OX ; also to a line 
through (o, - 3) at 45° to OX. Ans, x ^3 - y = V'S - 2, y = x - 3. 

5. Reduce the equation 2X — 3y + 4»o to the form y » mx + c. 
Ans. m = I, c = ^. 

6* Find the equation to a line through (i, 2) parallel to y =» 2 x -I- 3. 
Ans, y s: a X. 

D 
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EQUATION IN TERMS OF INTERCEPTS 

§ 52> To express the equation to a straight line in terms of i 
intercepts on the axes. 

Let A B be the line cutting the axes in A and B. Let 

OA = a, OB 2= b. 

Let P (x, y) be any point on the line. 




By similar triangles 



PM_OB 
MA'"OA 

a ~x a 

/. ay = a b — b X 

/. ay + bx = ab 

X y 

Divide by a b : thus — + f- = i . 
^ a b 

This is the required equation. 



§ 53. Alternative Proofs : 
L Join OP. 
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Then 2 A OBA = A OBP + A OPA 
.-. OA . OB = OB . PN + OA . PM 
.'. ab = bx + ay 

X . y 

II. Let the intercepts which Ax+By + C = o cuts oflf on 
the axes be a, b. 

To get a put y = o : this gives 

A ^ 

Ax + = o, or x = — ^. 

Q 

That is a = — -r 

A 

Similarly by putting x = o we get b = — ^ 

Now the equation Ax+By+C = o may be written 

- Ax-By = C 

A B 
or --^x-;=s:y=i 



*^ y XV 

or j^Tv + r\ = ^> i. e. — + ^ = I. 



X 



(-1) (-§) 



Ex. In fig' page 36 the eq'n 



X y 

To AB is - + - = r, or 3X + 4y = 12 

4 3 

X y 
To A'B, + ^ = I or 3X — 4y + 12 « o 

-4 3 

X y 
To A'B', — + -^— —I, or 3X + 4y + i2=o 

~4 ""3 

X y 
To AB', - + -^- = 1, or — 3X + 4y + 12 ^ o 

4 ~3 

D 2 
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Exercises 

1. Find the equation to a line across the third qoadrant cutting off intercepts 
4f 5 from the axes. Ans, 5 x •{- 4 y + 20 « o. 

2. Find the intercepts cut ofT on the axes by 

3X--4y«i2, y-xV3 + 4, Ix + my - i. 

^«J. 4, -3; - vs'"^' T' m* 

3. Find the line through (3, 5) which cuts off equal intercepts on the axes. 
Ans, X + y = 8. 

4. Find the line through (3, 3) which forms with the axes a triangle whose 
area is 18. Ans. x + y « 6. 



STANDARD FORM 

§ 54. To express the equation to a straight line in terms of 
p and OC where p is the length of the perpendicular from the origin 
on the line and OC is the angle which this perpendicular makes with 
the axis ofx. 



Let AB be the line, 

ON = p, N6x = a. 

Let P be any point on 
the line ; 

X = OM, y = PM 

its co-ord's. 
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Draw MR ± ON, and PS ± MR. 

Then PMS = 90° - RMO = (X; 

OR = OM cos a = X cos d, 

NR = PS = PM sin PMS = y sin a; 

p = ON = OR + RN = X cos a + y sin a. 

Thus the equation to the line is 

X cos oc + y sin a — p = o. 

§ 55 • Alternative proof. 

X y 

The equation to the line is p^ + ~= = i (§ 52). 

Bat p » ON « OA cos (X 

.-. OA=-P- 
cosOC 

Also p » ON = OB cos NOB «« OB sin (X 

sinOC 
Suhstitnte these values of OA and OB : then the equation becomes 
X ^ y 



\cos a/ Vsin OC/ 



« I, or X cos a + y sin a « p. 



§ 56. The form x cos a + y sin a = p of the equation to a 
straight line is called the * standard ' form. 

It will be assumed as a convention that p is always positive, and 
also that OL is always positive, i. e. measured round in the positive 
direction from OX. 

§ 57* With this understanding, it will be found on examination that 
whatever be the position of the line the proofs in Arts. 54 and 55 are perfectly 
general, and that in all cases the equation is 

X cos a + y sin a = p. 

The generality of the proof in Art 55 depends on this, that whatever be the 
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magnitude of (X, OA and cos (X have always the same sign, and also OB and 
sin (X have always the same sign. 




Example. If 


in fig' 


the £u 


didean angle 






XON 


« lao^ 




then (X 


- 240^ 




also p 


-3; 





and the equation to AB is 



X cos 340° + y sin 240** = 3 
or X + y -/3 + 6 == o. 



§ S8. We have obtained the equation to a straight line in the 
following forms, 

lo, y = m X + c 

20, Ax + By + C = o 
X . y 

4<>, X cos a + y sin a = p (the standard form). 

If an equation is given in one of these forms we may reduce it 
to any of the others. 

X V 

Ex. Express - + g = i in the form y = mx + c. 

Here £• — i , y — x+b. 

b a' -^ a 

Thus m = , c « b. 

a 
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§ 59. To reduce the equation Ax + By + C=:o to the form 

X COS a + y sin a — p = o. 

Divide by 7 A» + B* ; then 

ABC 

, X + , . y + _ 

V/K^ + B* V/<' + B* ^ y A» + B' 

Now since the sum of the squares of 

and 



= o. 



^/f<' + B* >/A* + B* 

is unity ; if C be negative we may write 

A B 

cos (X = , 9 sin a = 



^ c 

^ VA^ + B» 

If C is positive, then changing the signs of all the terms the 
equation may be written 

- Ax — By -C = o; 

the preceding method is then applicable. 

In words : 

To reduce the equation of a straight Une to the standard form : if 
necessary change the sign of every term so that the last term is 
negative^ then divide by the square root of the sum of the squares of 
the coefficients of yf^ and "^^ 

Ex. I. Redace y « ^^ x + A to the form 

X cos a + y sin a — p « o. 

Here 5X— i2y + 7=o 

Changing the signs, — 5X+ i2y-7 = o 



Divide by V(--5;a 1-122 or 13 

.-. -Ax + Hy-A-o- 
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Thus p - A, cos a « - A» sin a « ft- 
As the cosine of Ot is negative and its sine positive, (X mnst be an angle in the 
second quadranty Le. between 90° and 180°. 

Ex. 2. Reduce x — y -/s + 6 - o to the form 

X cos (X + y sin tX — p -* o. 
Here — x + y V^S — 6 = 0. 

Divide by V(- i)* + C-/3)« - ViT^ - -/4 - 2 ; 

thus — i X + — y - 3 « o. 

Thus p = 3 ; also cosOC = — j, sin a = -^-^ , or (X «- 120°. 

2 

The learner should draw diagrams to illustrate these examples. 

Ezeroises 

1. Express the following equations in the standard form : 

x + y«3> xV's + y + ^^o, -xV3 + y+6-o, xV3-y + 6-o, 
X V3 + y — 6-0, 5X — i3y+2o-o. 

Ans, a = 45°, P == 7; J ^ " "0°' P - 3 ; « « 330°, p « 3 ; a = 150°, 
P = 3; a = 3o°» p = 3 ; cosa = - A. sin a = ij, p - H. 

2. Express in the standard form 

X y 

y « mx + c, - + J = I. 

a D 

m I c 

Am, . X + ; y , - o, 

VI + m* V I + m* VI + m^ 
bx ay ab 



Va2 + b* Va2 + b^ Va^ + b* 



PROJECTIONS 

^ 60a If the properties of projections are assumed, the statement of the 
proof in § 54 may be simplified. 

De/^ — If A' be the foot of a X from a point A on a line OP, then A' 
is dUled the projection of A on OP. 
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Def—\iNy W be the projections of two points A, B on OP then A' B' is 
called the projection of AB on OP. 




Now let (X be the angle between OP, AB : then drawing A' Q |] AB 

we see that • 

A' B' = A'Q cosa -- AB cos a. 

If A, E are the terminals of a broken line AB, BC, CD, DE ; then 
A'E' =-. A'B' + B'C + C'Cy + D'E', 
the signs being taken into account. 

Or, 

projection of AE ^ sum of projections of AB, BC, CD, DE. 

^ Oi, P, y, b are the angles which AB, BC, CD, DE make with OP; 
then the projection of 

AE = AB cosOC + BC cos/3 + CD cosy + DE cos b. 

In the figure it will be seen that cos Of, cos fi, cos y are positive while cos 5 
is negative. 

We may now prove the equation of § 54. 

The projection of OP on ON = sum of projections of OM, MP. 

(V, § 54) 
But the projection of OP is p, that of OM is x cos (X, and of MP is y sin (X 

.% p = X cos a + y sin a. 



42 



Analytical Geometry 



[6i. 



INTERSECTION OF TWO LINES 

§ 61. The co-ordinates of the point of intersection of two 
straight lines are got by solving the equations simultaneously for 
X and y. 

We here remind the reader of a theorem of Algebra, which will 
give a general formula. 

If (ax+by + cz = o (i) 

(a'x + b'y + c'z = o (2) 

X y _ z 



Then 



b 
b' c' 



a 
c' a' 



a b 
a' b' 



To remember this formula we may use this mnemonic : 
Imagine the coefficients written twice in succession, thus 

* a b a b 

a' b' c' a' . b' c' 

Then the second and third columns give the denominator of x ; 
sliding forward one column we get the denominator of y ; and 
sliding forward another we get the denominator of z. 

If now we put z = i, we see that the intersection of the lines 

ax+by + c = o, a'x + b'y + c' = o 

is given by 

X __ y _ I 



b 
b' 0' 

Ex. The intersection of 

2X-3y + 6 = o, 
is given by 



a 
a' 



a 

a' 



X — y + I 



b 

b' 



X ^ y _ I 

-36 6 2 ~ 2 -3 

—II II I —I 



X 

or - ■ 
5 

x = 3i 



y«i, 



y«4. 
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§ 62. To find the condition that three lines may he concurrent. 

The values of x, y got by solving two of the equations must 
satisfy the third. 



Ex. Show that the lines 



4X + y-5 = 



= o 



x + y+i-o, 2x-y — 7-0, 
are concurrent. 
Solving the first two we get 

X = a, y = - 3. 
This point lies on the third line if 

4(a) - 3 - 5 « o. or 8 « 3 + 5. Q.E.D. 

Or we may obtain a general formula. 
Let the three lines be 

ax + by + c = o, a'x + b'y + c'= o, 

a"x+ b''y + c'' = o. 



From the last two equations we obtain 

X y ». ^ 



b' 


</ 




o' 


a' 




a' 


b' 


b" 


c" 




c" 


a" 




a" 


b" 



= k say. 



.-. X = Ic (b' c" - b" c'), y = k (c' a'' - c" a'), 

i = k(a'b''~a''b') 

Substituting these values in ax + by + c = o, and dividing 
by k, we obtain the req'd cond'n 

a (b'c'' - b"cO + b (c'a'' - c^a') + c (a' b" - a" b') = o 



or 



a b c 
a' b' c' 
a" b" c" 



= o 
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§ 63« To find the condition that the lines 

ax + by + c = o, a'x + b'y + c' = o 

may he parallel. 

They must have the same m : this gives 

_ a _ _ a; 
b"" b'' 

.-. i:=^j and ab' — a'b = o. 
b b' 

Thus the coejf's o/x and y must be in the same ratio in both eq'ns. 

Ex. I. 6x — 4y+ I =0, 9x — 6y— 7 — 0, are parallel, for 

= -^ , each being * — -^ . 

Ex. 2. ax + by + c « o, ax + by + c' = o are parallel. 

Ex. 3. Find the equation of a line through (2, — i) parallel to 

3X-5y+i«o. 
The required equation is of the form 

3X-5y+ k = o. 
To find k substitute x = 2, y = — i, 

/. 6 + 5 + k = o, k = — II. 
Am. 3X -5y - II =: o. 

Exercises 

1. Show that the lines 

X y X y 

a b ' b a ' ' 

are concurrent. 

Ans. The point of intersection is ( r > tz\ 

^ \a + b a + b/ 

2. Find the equation to a line through (i, — 2) parallel to 

3X + 4y + 6 =0. 
Ans. 3X + 4y + 5 = o. 
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3. Find the area of the triangle whose sides are 

x-y = o, x + 3y = o, x + y + 4«o. 

^ns. 8. 

4. Find the area of the triangle whose sides are 

3X + y-7-=o, x+7y+ii=o, x-ay+i 
Ans. ID. 



—■ o. 



EQUATION TO JOIN OF TWO POINTS 

§ 64. Suppose we take two points (XiYi), (XgyJ on a straight 



line 




The m of the line 
= tan^ 

_CL 
"DL 

^ Yi - y2 

Xj Xj 



Thus the TC\of a line =■ the difference between the y's of any two 
points on the line divided by the difference between their yCs. 

§ 65> To find the equation to the join of two points (Xiy,), 
(XaYa)- 

Let (x, y) be any other point on the line. 

The m of the line = ^' ~ ^" (fig', § 64) 



11^ JUiC — - 


Xi- 


-x.^' 


It also = 


y- 

X — 


yi 

Xi 


y-Yi 


_yi 


-y« 



X — x. 



Xj — X2 



This is the required equation. 



(0 
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(*) 



If we multiply up and transpose we get 

x(yi - y,) - y (Xj - X,) + x^y, - x^y^ = o 

X y I I =o . . . 

Xi yi I 
Xj y, I . 

This is another form of the required equation. 
Both forms should be remembered. 

The form (i) is intuitive, if we think of the figure. 

We might also write down (a) at once from the consideration that the area 
of the triangle whose vertices are (xy), (X|yx), (Xjys) is zero. 

§ 66- £x. I. Find the equation to the join of (i, — a) and (~ 3, 4). 

y + 3 _ a — 4 



Applying (i) it is 



or 



X — I 

y + a 



I + 3 
3 



X — I a 

or a (y + a) + 3 (x - i) = o 
or 3X + ay+i«=o. 

[Note — We may verify this : 

We see that 3X+3y + i=oisa simple eq'n satisfied both when x = i 
y = — 3 and when x = — 3, y = 4] 

Or thus, applying (a) the req'd eq'n is 

X y I = o 

I —a I 

-3 4 I 

or X (— 6) — y (+ 4) + I (- a) « o 
or — 6x — 4y— ar-o 

or 3X + ay+i=o; as before. 

The form (2) of the equation of the join will usually be found the most 
convenient in practice. 

Ex. a. The equation to the join of (a, o) and (o, b) is 



X 

a 
o 



y 

o 
b 



I 
I 
I 
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or — bx — ay + ab :>= o, 

X y 

or - + c = 1. 
a b 

We have thus another proof of the equation of § 53. 



Exercises 

1 . Find the equations to the joins of 

i^. The origin and (3, 4) 

a®. The origin and (— 3, 4) 

30. (4, a) and (- 3, 9) 

4°. (- 3, - I) and (4, - 8) 

50. (a, 3) and (4, 3) 

6\ (a, b) and (- a, - b) 

7«. (a, b) and (b, a) 

^iM. !•, 4X-3y==a a", 4X + 3y=o. 30, x+y-6=o. 4% x+y+4sro. 
50, y =r 3. 6<>, bx - ay » o. 7®, x + y = a + b. 

2. Find the equations to the sides of a triangle whose vertices are 

(a, 0» (3, - a), (- 4> - O- 
^iw. 3x + y — 7 = o, x + 7y + ii=o, x — 3y+i=o. 

3. Find the equations to the medians of the same triangle. 
Ans, x — y— 1 = 0, x+ay+i = o, x — i3y — 9 = 0. 

4u Show that the following three points are coUinear : 

(- 3, - 9)> (i» - 0, («. 0- 
Find the ratio of the segments into which these points divide the line. 
Ans. 4 : I. 

5. Find the equations to the diagonals of the rectangle formed by the lines 
X = a, X = a', y = b, y = b'. 
Ans. (b - b')x - (a - a')y + ab' - a' b « o, 
(b - b') X + (a ~ a') y - ab + a' b' = o. 
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6. Find the equations to 

1^, the join of the origin to the intersection of 

y«ax-3, 3y + x + 4«o; 
2^, the join of (— 4, 7) to the intersection of 

y = 3X-i, x = y-i. 
^ns. i», 5 y + II X = o. a", X + y - 3 = o. 

7. Find the equations of the lines through the intersection of 

y = 3X-I, x = y- I 
parallel to OX and to 

4X + 5y + 6 = o. 

Ans, y = a, 4X + 5y = 14. 

8. Find the equation of a line joining the intersection of 

3y + 3X + 3 = o, 3y+ x + a-^o 
to that of 

y + 2X + 3 = o, 2y + 3x + 4 = o. 

Ans, y + X + I = o. 



LINE THROUGH A FIXED POINT 

§ 67. Suppose that any line is drawn through a point (h, k); 

V — k 

then if (x, y) be any point on the line its m is r- • 

V — k 
Thus _L^ = m, or y — k = m (x — h) 

denotes a line through (h, k), and inclined to OX at an angle 
whose tangent is m. 

By giving m a suitable value the equation y — k = m (x — h) 
may be made to represent any one of a pencil of lines through 
(h, k). 

Ex. The line through (- i, a) at 150® to OX is 

y - a .-= - 4= (^ + ^)- 
(See Ex. a, § 48.) 
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Exercises on Chapter II 

1. Find the equation of a line through (3, 4) at 75° to OX. 
Jns. y - 4 - (a + a/s) (x - 3)- 

2. Through the vertices of the triangle whose sides are 

x + 2y — 5 = 0, ax + y — 7 = 0, y — x-i=o 
parallels are drawn to the opposite sides : find their equations. 
Ans. X — y — a=o, x + 2y — 8 = 0, ax + y — 4 = 0. 

3. Find the equation of the join of (a, b) to the intersection of 

X y X y 

a b ' b a 

Ans. b^x — a^y + (a — b) ab = o. 

4. Two lines can be drawn through (6, — 4) each of which forms with the 
axes a triangle whose area is ^ ; find their equations. 

^»j. 3X + 4y = a, i6x + a7y + la = o. 

5. Show that the area of the triangle contained by the axis of y and the 

straight lines 

y = mjX + Cj, y = maX + Ca is 

2 (ma - mi) 
[Note — If lines meet in P and cut OY in B, C; a area « BC . abscissa of P.] 

6. Deduce that the area of the triangle formed by the lines 

y = mjX + Ci, y = maX + Ca, y = mgX + Cg 

ma — mg mg — mj mj — mj 

7. Obtidn also the following expression for the area : 



I 


mi 


Ci 


I 


ma 


Ca 


I 


nfis 


C3 



a (mi — ma) (ma — mg) (mg — mi) 

[/^ote — ^We may reason thus : Calling the determinant in the numerator A ; 
then area = o if A = o. Also area = 00 if mi — ma or m^ -= m^ or mg = m^ . 

£ 
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Further m,, m^, rris are ratios while Cn C2, Cs are lines. Hence as the area 
must be of the second degree in Cj, C3, c, we may assume it 

= k A* + (mi - mj) (mj - mj) (m, - mi) 
where k is a numerical constant. We may determine k by taking the three 

lines 

y=o, y-x, y=_x + 3, 

which form a triangle whose area is r. We thus get k = j.] 

8. Show that the area of the triangle formed by the three lines 
Ax + By + C = o, A'x + B'y + C = o, A"x + B'^y + C = o 
ABC 



is i 



A' B' C 
A'^ B'^ C 



2 



+ (AB'- BA') (A' B^'- B'A") (A" B - B''A) 



9. Show that the area of the triangle whose sides are 

--K-°' o + k""®' -secd-^tand-i 
a D a D a b 

is ab. 
XO. Find the area of the triangle whose sides are 
X - MiY + ^1^1^ = ®» X - M2y + ®Ma^ = o» X - MsY + ^t^^ ^ o- . 

Ans. — (jx^ - fia) (M2 - Ms) 'Ms - Mi)- 



CHAPTER III 
THE STRAIGHT LINE— (continued) 

ANGLE BETWEEN TWO LINES 

§ 68. To find the angle between the lines 

y = mx + c, y = m'x + of. 



Here m = tan 6 
m'=tan^ 




By Euclid I. 32, 



^ . tan ^ - tan ^ 

/. tan = 7 — 7i ^ 

^ I + tan ^ tan ^ 



m — m' 



(0 



I + mm' 

Cor' (i) — If the lines are i|, = o 

.'. m — m' = o or m = m' 
This agrees with § 49. 

Cor^ (2) — If the lines are X 

(f> = 90°, tan = 00 
/. I + mm' = (2) 



£ 2 
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Co/ (3) — If the lines are 

ax + by + c = o, a'x + b'y + c' = o. 

Then m = — i- > nn' = — ^- 

b b' 

/. the lines are ± if 

-(-b)(-f;)=' 

Multiply up by bb' 
/. the lines are ± if 

aa' + bb' = o (3) 

The formulae (i), (2), (3) should be carefully remembered. 
From (3) we see that 
Two lines are at righi angles if 

PRODUCT COEFf's OF X + PRODUCT COEFF's OF y = O 

Cor^ (4) — Generally, if is the angle between the lines 
ax + by + = o, a'x + b'y + c' = o 

1 X JL m — m' 

then tan = — ; 7- 

^ I + mm' 

Substituting for m, m' their values, we find 

a' b - ab' 



tan0 = 



aa' + bb' 



§ 69- £x* !• Find the angle between 

x-yV3+i-o» x + y>/3-a-o. 

Here m-^, m' - - i- 

I I 

^ I + mm' I ^/^ % ^' 



I - - ^^3 3 

3 



.-. <l> = (>o°. 
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Ex. a. 6x + 4y + 5«o and 2 x — 3y + 7 = o are at right angles. 

For 6(2) + 4(— 3) = 12 — 12 « o. 

Ex. 3. Ax + By + C « o and Bx — Ay + C = o are at right angles. 
For A (B) + B (- A) - AB - AB = o, .-. &c. [Car' (3)] 

Similarly ^ y 

ax + by + c = o and J + c' - o 

a D 

are at right angles. 

§ 70. To find the equation of a line through (h, k) perpendicular 
to yz=: mx + C. 

By § 67 the required equation is of the form 

y- k = m'(x — h). 
Also 1 + mm' = o [§68, Co/ (2)] 



This gives m' = 

m 



and the eq'n reqM is 

y-k=~-(x-h) 

Ex. Find the equation of a line through (6, 7) perpendicular to 

3X + ay + 4 = o 
Here ay— — 3X— 4 
.'. y — — }x — a 
.*. m — — f 

m' - - - = + 1 
m 

and the eq'n req'd is 

y-7 = l(x-6), or ax-3y + 9 = o. 

§ 71. To find the equation of a line through (h, k) perpendicular 
to Ax+By+C = o. 



This case may be reduced to the last. 
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Here m = — g 

m A 

Thus the equation required is 

y~k = |(x-h) 
X — h y — k 

or — s — = ^^-=r — 

A B 

The student will find it convenient to remember this equation. Thus 
taking the example in § 70 we at once write down the equation of the J. 

— , or 2X — 3y + 9 = o as before. 



§ 72* Or we may proceed thus. 

Bx — Ay = constant represents a X (§ 69, Ex. 3). 

To find the constant express that the eq^n is satisfied by the co-ord's of the 
given p't (h, k) ; 

.'. eq'n req'd is Bx — Ay = Bh — Ak. 

Thus taking the Ex. in § 70 ; the eq'n req'd is 

3X-3y = 3(6) -3(7), or 3X-3y + 9--=o. 



Exercises 

1. Find the angles between the pairs of lines 

IS 5y- 3X + I =0, y-4X + a =0 
2«>, 2x-3y«o, 6x + 4y+7"0 
3S y + X = o, (2 + V3) y - X « o 
4°, y — kx -^ o, (i — k) y — (i + k) X = o 
Ans. 45°, 90°, 60°, 45°. 

2. Find the equations to 

I*, a line through (i, 2) perpendicular to 3X+4y+5=o 
2°, „ „ (0,-1) „ „ x+y.-=i 
Ans. 4X — 3y + 2 = 0, x — y — i =0. 
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3. Find the equatiou to a line through the origin 

±Ax + By + C = o 
Ans, Bx « Ay. 

4. Find the equation of a line through (2, 3) 

± the join of (1, 3\ (— 3, — 14) 
Ans. X + 4y = 14. 

5. Find the lines through the origin inclined at 45^ to 

y + X V3 = o- 
Ans. y + X (2 - ^3) ^ o, y -^ x(2 + a/z). 

6. Show that the acute angle between the lines 

22 
2X + 3y = 4, 4X-5y=6 is sin-* -7— 



POSITIVE AND NEGATIVE SIDES OF A LINE 

§ 73. To find the ratio in which the join of (XiYi), (XaYj) is 
divided 3yAx+By+C = o. 

Let the required ratio be m : n. 
Then the values 

m + n ' ^ m + n 

(§ 15) must satisfy Ax + By+C = o. 

Substitute these values and multiply up by m + n. 

/. A (mxa + nxi) + B (myj + ny^ ) + C (m + n) = o 

.-. m(Ax2 + By2 + C) = - n(Axj+ By, + C) 

m _ A Xi + B yi 4- C 
77 "" A X2 + B y^ + C 
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Cor' — If (Xiy^) and (x^yj) are on the same side of 

Ax + By + C = o 

then their join is cut externally, and m : n is negative (§ 16) ; 

/. A Xj + B yi + C and A Xa + B y, + C 

have the same sign. If (Xiy^) and (x^ya) are on opposite sides 
their join is cut internally ; m : n is positive, 

.-. A Xi + B yi + C and Ax^ + Bya + C 

have opposite signs. 



§ 74. Thus, two points (Xjyi), (x^ya) are on the same or 
opposite sides of a line Ax+By+C = o according as the 
results of substituting the co-ordinates of the points in the sinister 
side of the equation have like or unlike signs. 

Ex. How are the origin and the points (i, i), (i, 3) situated with reference 
to the line 3X — 4y + 5 — o? 

Substitute (o, o), (i, i), (i, 3) successively for (x, y) in the expression 
3X — 4y + 5 : the results are +5, +4, —4. 

Hence the origin and (i, i) are on the same side of the line, and (i, 3) on 
the opposite side. 



§ 75. We see now that a line Ax+By + C = o divides 
the plane of the axes into two compartments such that the ex- 
pression Ax+By + C = ois positive for all points in one 
compartment (this may be called the positive compartment), and 
negative for all points in the other (the negative compartment). 

If we write the equation — Ax— By — C = o; then the 
positive and negative compartments are interchanged. 
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LENGTH OF PERPENDICULAR 

§ 76. To find the length of the perpendicular from (h, k) on 

Ax + By + C = o 



Let RS be the line 

Ax + By + C = o . (i) 

N the foot of the ± 

The equation to PN is (§ 71) 

X — h _ y — k 




B 



. (^) 



The co-ord's x, y of N are 
got by solving (i), (2). 

Put each member of (2) = A 

,•. X = X A + h, y = A B + k . . . (3) 
Substitute these values in (i); 

.-. A(XA + h) + B(XB + k) + C = o 
/. (A' + B") X + A h + B k + C = o 

J, Ah + Bk+ C , , 

Now PN» = (x - h)» + (y - k)» 

= (XA)^ + (XB)'by(3) 
= X»(A» + B") 

Hence substituting for X its value from (4) and taking the 

square root, 

p>.^ Ah + Bk + C 

± V'A' + B" 
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§ 77. We have seen that the numerator is positive or negative 
according as (h, k) is one side or other of the line. (§ 74.) It 
is important to remember that the absolute length of the ± is 

Ah + Bk + C 

VA' + B' 

Thus offer J if necessary^ bringing all the terms of the equation to 
one side J we substitute the co-ordinates of the pointy and divide by the 
square root of the sum of the squares of the coefficients ofx and y. 

Kx. I. Find the length of the perpendicular from (2, 3) on 

3X + 4y — 20 = o 
3.2 + 4.3-20 2 



Here p = 



2 
Ans. The required length is - . 



V32 + 42 



Ex. 2. Find the length of the perpendicular from the origin or 

3X + 4y + 20 - o 

3 . o + 4 . o + 20 20 

Here p = ;== = — = 4 

V32 + 42 5 



Exercises 

1. Find the ratio in which the join of (i, 2), (3, - 2) is cut by 

4X + 5y-6 "^ o- 

Ans. The join is cut in a point of trisection. 

2. Show that (i, —2), (o, i), and the origin are on one side of 

4x + 5y-6 = 0; 

and (i, i) on the opposite side. 

3. Show that the origin and (J, J) are within the triangle whose sides are 

5y-4X=i. x-3y = 9, x + 9y = 9. 
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4. Find the lengths of the -L* from (i* 3)» (2, — 3) and the origin on 

4X - 5y + 6 = o. 
Ans. 5 »9 6 



5< The length of the X from the origin on 

h (x + h) + k (y + k) - o is Vh^TTT^ ; 



X y 

and on 7- + f = i is 



hk 



h k ^h* + k« 

6. The vertices of a triangle are (3, 8), (12, a), (—4, — 6) ; find the 
equations to the X.* from the vertices on the opposite sides. Show that 
they cointersect in (4, 6). 

Ans. 3x + y>Bi4, x + ay— 16, 3X — 2y=o. 

7. Find the lengths of these -L*. 



V5' V5' Vi3* 

8. Find the equations to the -L* to the sides of the same triangle through 
their mid points ; show that they cointersect in (3J, — 1). 

Ans, ax + y = 6, ax+4y=3, 6x-4y«a5. 

9. Find the parallels to lax— 5y + i = oata distance 2 from it. 
Ans. lax — 5y + a7 s o, lax — 5y — 25 — o. 

10. Find the points on3X"y+ lata distance a from 

I3X — 5y + a4 = o. 
Ans. (I. a), (i^, 54). 

11. Find the equation to the join of the feet of the X* from the origin on 

3 X - 4y + as « o, 12 x + 5 y -= 169 ; 
find also the length of this join. 

Ans. X — I5y + 63 = o, V226. 

12. Show that the origin is inside the triangle whose vertices are (3, 4), 



6o 
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§ 78. The formula of § 76 gives the length of the X from 

X cos a + y sin a — p = o, 



,/../ 



X y on 

viz. it is 



x-cosa + Zsina-p ^ ^ ^^,^^^ a + /sin a - p). 
vcos'a + sin* a 

We add an independent geometrical proof of this important 
formula. 



§ 79. To find the length of the perpendictdar from (x'y') on 

X cos a + ysina— p = o 





PC^V) 



A\ A\X 

Fig (1) 
Let AB be the given line, 

ON = p, NOX = a. 

Through P, (x' y') draw A' B' || AB and PM X AB. 

If ON or ON produced meet A'B' in N', then ON' is X A'B' 
(Euclid I. 29). 

If p' = ON' the equation to A' B' is 

X cos 06 + y sin a — p' = o. 

Expressing that this equation is satisfied by the co-ord's of P, 
(viz. x'yO 

x' cos a + /sina— p' = o 
.-. p' = ON' = x' cos a + / sin a. 
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In fig. I, 
PM = NN'= p'- p = x'cosa + y'sina- p 

In fig. 2, 

PM = N'N = p — p'= p — x'cosa-/sina 

Thus the reqmred length is 

± (x' cos a + y'sin a — p). 

The upper or lower sign is to be used according as (x'y') is on 
the opposite side of the line to the origin, or on the same side. 

This agrees with § 74. 



BISECTORS OF ANGLE 



§ 80- To find the equations to the bisectors 0/ the angles between 
Ax + By + C = 0, A'x + B'y + C = o. 




The dotted lines in the diagram represent the bisectors. 
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Now the ±8 pM, PN from any point P(x,y) on either bisector 
on the lines are equal. 

.'. the equation to one bisector is 

Ax+ By + C ^ A^x+ B^y + C" , . 

-v/A* + B« yA^M^B^» • • • (^) 

and to the other is 

Ax + By + C _ _ A^x + B^y -f C^ 

VaF+~B' "" yA'» + B'» ' ' • ^'^ 

To distinguish between these. 

Let both square roots have the positive sign ; and let the equa- 
tions he so written that C, C are negative. Then the origin is on 
the negative side of both lines. If now (i) is satisfied 

Ax+By + C and A'x + B'y + C 

must have the same sign, i. e. any point which satisfies (i) lies on 
the positive side of both lines, or on the negative side of both. 

Accordingly (i) represents the bisector of that angle in which 
the origin lies. 

Ex. Find the bisectors of the angles between 

3x + 4y-9«o, i3x-5y + 6-o. 

Let the second equation be written 

— i2x + 5y — 6 — o. 

Then the absolute tenns —9,-6 have the same sign, so that the origin is 
on the negative side of both lines. 

The bisector of that angle in which the origin lies is 

3X + Ay- 9 ^ , - I2X + 5y-6 
S * 13 

or 99X + 27y — 87 = o. 
The other bisector is 

3X -I- 4y-9 ^_ - I2X 4. 5y ~6 
5 " 13 

or 3X - iiy + 21 -« o. 
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Cor^ — If the equations be given in the form 

X cos a + y sinoc — p = o, x cos a' + y sin a' — p' = o ; 
then X cos oc + ysina — p = x cos a' + y sin a' — p' 

is the bisector of that angle in which the origin lies, 

and X cos a + y sin CX — p = — (x cos a' + y sin a' — p') 

is the bisector of the other angle. 

Exercises 

1. Find the bisectors of the angles between 

3X-4y + 7 = o, i2x + 5y-5«o. 
Ans. aix + 77 y — 116, 33X — 9y + 2a = o. 

2. Find the lengths of the -L* from the origin on the bisectors of the 
angles between 

X cos a + y sin a = p, x cos ^ + y sin ^ = p'. 

p - p' p + p' 



Ans, 



\T y 



2 sinj (a - /3) 2 cos Ha - /3) 



3. Show that the origin lies on the bisector of the acute angle between the 
lines 3X- 4y = 5, 5X + i2y = 13. 

LINE DRAWN IN GIVEN DIRECTION 

§ 81- The following form of the equation to the straight line is 
sometimes useful. 



Y 








^^-^ 






Vi 











X 



Let the line be inclined 

A 

to OX at 6. 

Let F(h, k)be a fixed 
point on the line ; 
P (X, y) 
any other point on the 
line. 



Let FP = r. 
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From the figure we see that 

X — h = FG = r cos 6 

y- k = PG = rsinft 

Thus the equation to the line may be written in the form 

X — h_y — k_ 
cos 6 sin 6 

Ex. Through the point D (2, 3) a line is drawn inclined at 60° to OX and 
meeting 4X + 5y+6BoinE; find the length DE. 

The equation to DE is -^—f, = . ~i \ ■= r 

cos 00 sin 00 

/. X s= a + r cos6o° « 2 + - , 

2 

y = 3 + r sm 60° « 3 + ^--^ r (i) 

If X, y are the co-ordinates of E, the intersection of the two lines, then 
the equations (i) and 

4X + 5y + 6 =0 (2) 

are simultaneously true. 
Substituting then the values of x, y from (i) in (2) 

4(2 + 0+5(3 + ^^r) + 6«o. 

39 _ 58 (5 Vz - 4) 



This gives DE == r = - 



a + 5 V3 59 



§ 82- To find the equations to the lines through (h, k) which are 
inclined at a given angle (f> to the line 

y = mx + c 

Let AB be the line 

y = nnx + c. 
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The req'd eq'ns are 

y — k = (x — h) tan yfr . . . . 

y — k = (x — h) tan ^' .... 
(vide fig') ; tan yjty tan yjr' are to be determined. 

By Euclid t/r = ^ + (f) 

. tan + tan m + tan 

.-. tan y = ^ ^ = ^ 

I — tan (f tan 9 i — m tan 



(I) 
(2) 




Also l/f' = ^ + (tT - 0) = TT + (^ - 0) 

m — tan 



.-. tan \/f' = tan (^ - 0) = 



I + m tan 



The req'd eq'ns are obtained by substituting these values of 
tan ^, tan yjr' in (i), (2). 



POLAR EQUATION 

§ 83* To find the polar equation to a straight line. 

Substitute rcos^, rsin^ for x, y in 

Ax+ By + C = 0; 

we thus obtain the required equation 

A r cos 6 -v Br sin ^ + = ^^ 

F 
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Or we may obtain the polar equation directly thus. 

A Let AT be the line, P the point 

(r, 0) on it. 

Draw ON X AT 

Let ON = p, NOX = a 

Then ON = OP cos NOP 
X =OPcos(POX-N0X) 




i.e. p = r cos (d—Oi) 



This is the required equation. 



Cor^ — The equation p = r cos (d — a) gives 

p = r (cosO cosOC + sinO sin a) = (rcosd).co8a + (rsind).sma 
.-. p =x cosa + y sina 
This agrees with § 54. 



Exercises 



1. Find the lengths of the JLs from the origin and (13, tan-^ ^) on 



-=3cosd +4sind 



Jns. i, II. 



2. Find the equations to these Xs. 
Ans. - tan-i J, — := 4 cos ^ — 3 sin $ 

3. Find the equation to the join of 

Ans, ri — r cos {$ — 0{). 

4. Find the length of the X from the origin on the join of 

Pi Pj sin (^2 - ^1) 



Ans. 



VpjL^ + PjZ _ 2 Pj Pg cos (^2 - ^1) 
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5. Find the equation to the join of 

(3 cos a, 3 a), (3 cos 2 a, 3 a) 
Am. r ^ 3 cos (d — CX). 

6. Find the equation of the line through 

(Pi 61) J- a - r cos (d - a). 
Am. r sin (CX — d) « Pj sin (a — 0{). 



OBLIQUE AXES 

§ 84- As in Art. 45, y == a, x = b represent straight lines 
parallel to the axes. 

§ 85 • To find the equation to any straight line. 



Let it cut the axes in 
A, B. 

Let 6 be its inclina- 
tion to OX, 0) the angle 
between the axes. 




Let P be any point in the line ; 

X = OM, y = PM its co-ord's. 
Let OB = c 

P? - O? - sing 
^^^'^ DB-bA-sln(o)-g) 

That is y^=:^4nf.- 

sind 
sin 'CO — c') 
F 2 
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Putting ^ = m, this becomes 

sin (o) — 0) 



y = mx + c 

This is the required equation. The signification of c is the same 
as for the case of rectangular axes, viz. it is the intercept on OY. 

sin 



m no longer means tan 0, but — 



sin (co — 0)' 



C^/"-tan = 



m sin CO 
I + nn cos CO 



§ 86. As in § 50 or 51 we may show that any simple equation 
represents a straight line. 

As in § 52 it is shown that the equation in terms of the inter- 
cepts on the axes is 

As in § 53 the intercepts on the axes by 

Ax + By + C = o 

C C 

are — -V- J — = 
A B 

§ 87. To find the equation to a straight line AB in terms of 
p, CX, p where p is the perpendicular on the line from the origin and 
a, j8 are the angles which this perpendicular makes with OX, OY. 
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Let P be any point on the line ; 

OM = X, PM = y its co-ord's. 

Then, as in § 60, the projection of OP on ON = sum of pro- 
jections of OM, MP on ON. 

.-. p = X cos a + y cos fi 

Or we may supply the proof in full, thus : draw M R parallel to 
AB and PS parallel to ON. 

Then OR = OM cos a = x cos (X ; 

RN = PS = PM cos SPM = y cos ^ 
/. X cos a + y cos ^ = p 

§ 88. Or thus: The equation to A B is 



OA ^ OB 
But OA = — ^, OB = — P-3 

cos OL COS P 

/. X cos a + y cos jS = p, as before. 



§ 89. If the axes are oblique no modification is required in the 
investigations of §§ 61-63. 

V "^ V 

As in § 64 we get — — = m, where m has now the same 

Xj Xg 

meaning as in § 85. 

Thus the formulae (1), (2) of § 65 for the equation of the join 
^K^iYi)' (^y2) ^^ applicable when the axes are oblique. 
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§ 90. As in § 79 it is proved that the length of the JL from 
(x'y') on 

X cos a + y cos p — p = o is 
± (x' cos a + / cos jS — p) 



§ 91- To find the length of the perpendicular from (x'y') on 

ax + by + c = o 




Let 



P(x'y'; 



ax + by + c = o 



meet the axes in D, E. 



Then OD=--, 

a 



c 
b 



•. DE* = OD^ + OE^ - 2OD . OE cos 



Ct) 



__ C^ C' 2C* 

"■ a"« ■*■ b"^ "■ ab 



COSO) 



.-. DE = ^ Va' + b^ — 2 ab cos © 
ab 

If the required length PN = P, then 
2 area of A PED = P . DE 

= P . 4: A/a» + b^- 2abcosa) . . (i) 
ab ^ ' 

Again, the co-ord's of D are { >®)' ^'^^ ^^ ^ ^^^ 

(». - b) 
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/. 2 area PED = + sin O) 



X' 

c 
a 



o I 



o -^ I 



(§25) 



(C / c c' \ 



= ± sin 0) . -g (ax" + b/ + c) 

Comparing (i) and (2), 

(ax'+ b/+ c). sin ft) 



P = + 



Va' + b^ — 2 ab cos 



O) 



(2) 



(3) 



§ 92. To reduce ax 4- by + c = o to the form 

X cos a + y cos ^ — p = o 
In fig^ § 91, 

p . DE = 2 area ODE = OD . OE sin o), 

also cos a = Q^ , cos )3 = ;s^ 



Using then the values of OD, OE, DE in § 91 we shall get 

c sin 6> 
P = 



cos ex = 



cos^ = 



Va* + b^ — 2 ab cos cd 

— a sin o) 

Va* + b^ — 2 ab cos o) 

— b sin 0) 



Va^ + b* — 2 ab cos to 
The equation is then transformed by multiplying by 

— sin ft) 



Va* + b*— 2 ab cos cd 
This is also obvious from (3), § 91. 
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1^ 93 . If ^ be the angle between two lines 

y = mx + 0, y = m'x + c' 

then with the notation of § 85 

I /% /u .A. tan — tan 0^ 

Also tang= "^"'"^ . tan^= '"'*'"'*' 



i + mcoso)' i + m'coso} 

Substituting and reducing we obtain 

^ (m — m')sino) 

tan = — --7 ; j--^ ; 7 

^ I + (m + m') cos 0) H- mm 

CVr' (i) — The lines are || if m — m' = 0, and ± if 
I + (m + m') cos o) + mm' = o 

Cor^ (2) — If the two lines are 

ax + by + c = o, a'x + bV + c' = o, 

a a' 

then m= — ^, m' = — ^,; 

and we may substitute these values in the preceding formulae. 

This gives 

I (a'b ~ abpsino) 

Thus the lines are || if a'b — ab' = o, 
and ± if aa' + bb' = (ab' + a'b) coseo 



Exercises 

1. If o) = 30**, prove that y + x = i is inclined at 105® to OX. 

2. The lines y + x = o, y — x = o are at right angles, whatever be the 
angle between the axes. 
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3. If 0) » 6o°, find the equation to the J. firom (i, i) on 

2X ■«- 3y + 4 «o; 
find also the length of this JL . 

Arts. 4x-y -3«o, --^. 

4. Find the equation to a line through (h, k) perpendicular to the 
axis of X. 

Am, X + y cos a> » h + k cos co 

5. Prove that the lines y = mx + C, y — m'x + c' are equally inclined 
to the axis of x in opposite directions if 

I 1 

— + — ; «• — 3 COSO) 

m m' 



Exercises on Chapter III 



1, Find the length of the perpendicular from (b, a) on 



A* + b« - ab 
Ans. _ — 

Va« + b« 



X y 

- + ^ - I. 
a b 



2. Interpret the equation sin 3 ^ «b i. 

Ans. Three lines through origin inclined at 30®, 150°, 270® to OX. 

3. Find the centre of the inscribed circle of the triangle whose sides are 

3X — 4y = o, 8x+i5y = o, x « 20. 
Ans, (13, I). 

4. The vertices of a triangle are (i, 2), (2, 5), (3, 4) ; show that the 
co-ordinates of the centre of the inscribed circle are (V5» 4)* 

5. Show that the area of the parallelogram whose sides are 

Ax-fBy+C«:o, Ax+By+C+y=o, 
A'x + B'y + C -c o; A'x -«- B'y + C + / « o 

ie * * I. 

^ AB' - A'B 
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6. Find the lines through (i, — 2) which are inclined at 45° to 

3 X - 4y + 5 = o. 
Am. 7X — y = 9, x+7y+i3 = o 

7. Show that the angle between 

7y « 17X + 1, y -X + 2 

is C08~^^. 

8. Show that the equation to the join of the points whose polar co-ordinates 
are (2 c cos OC, OC), (2 c cos /3, /3) is 

2 c cos/3 cos (X = r cos {fi + (X — 6) 

9. Prove that the equation to the straight line through (r^ 0^) perpendicular to 

^ acosS + b sin 

r 

Pi b cos ^ — a sin 
is — « 



I" b cos ^2 — A sin $1 

10. Find the length of the perpendicular from (3, — 4) on 

4X + 2y- 7, 
the axes being inclined at 60°. 
Ans. f . 

11. From the point P (h, k) perpendiculars PM, PN are drawn to the 

A 
axes. If the axes are inclined at co show that 



MN B sin 0) Vh^ + M + 2 hk cos o) 
INbU—OhA = h + kcoscoi ON = k + h cosco]. 

12. With the notation of the last question, the equation to the perpen- 
dicular from P on MN is 

hx - ky « h« - M 

If this perpendicular meet the bisectors of the angles between the axes in 
R, S, prove that 

OR -2(h + k)cos-, OS=2(h-k)sm-, RS « 2 MN cosecco 



CHAPTER IV 
APPLICATIONS TO GEOMETRY 

PROOF OF GEOMETRICAL THEOREMS 

§ 94. We shall now give some examples to illustrate the 
mamier of applying the method of co-ordinates to the investigation 
of Geometrical Theorems. 



9 95. Ex. 1. Prove that the perpeodiculara from the verticea of a triangle 
ABC on the opposite lides are concnrreot. 

Take the mid point O of BC for origin and OC for axis of x. 




Let ihe co-ord's of A be 
OD - h, AD - k ; 
let BO = OC ^ a 

Thns C is (a, o) 
„ B „ t-a,o) 
,. A „ (h, k) 
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The eq'n to the J. from B (— a, o) on this is 

X + a y 



k - (h - a) 

or (h — a) X + ky + (h — a) a « o (1) 

Similarly we obtain the eq'n of the J. from C on AB 

(h + a) X + ky - (h + a) a » o (2) 

The equation of the X from A on BC, i. e. of AD is 

x=h (3) 

To ascertain whether the three lines (i), (2), (3) meet in one point we must 
solve two of the eq'ns for x, y and ascertain if the resulting values of x, y 
satisfy the third. 

From (2), (3) we obtain 

X = h 

a2- h2 

y--k- 

These values satisfy (i). Q.E.D. 

Cor' — Let M be the point of intersection of the perpendiculars (the 
orihocentre). We have its y, viz. 

(a+h)(a-h) BD.DC 



DM 



k ~ AD 

DM. DA « BD.DC 



§ 96. Ex. 2. Show that the medians of ABC are concurrent. 

'a + h k"* 



The mid point of AC is ( 

The eq'n to the join of this to B (~ a, o) is 



X y I 
a + h k 



= o 



2 2 
— a 01 

or kx — (3 a + h) y + ak = o 

Similarly the join of the mid point of AB to C is 

kx + (3 a — h) y ~ ak = 



.) 



• • a 



0) 



(») 
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The third median is AO ; its equation is 

y k 

^ « j^ , or hy - kx « o (3) 

Solving (a), (3) we get 

h k 

X = -, y = -; 

33 

these values satisfy (i). Q.E.D. 

§ 97. S^c. 3. The perpendiculars to the sides of ABC at their mid points 
are concurrent. 

The J- to AC through its mid point is 

a + h k 

^ — 7- y-- 



a-h 



or (a - h) X — ky = o 

Smilarly the J. to AB through its mid point is 

(a + h)x + ky + -» o 

The X to BC through its mid point is 

X = o 
These three lines concur in the point 

X - o 

h« + k2 



y - 



3k 



-} 



CHOICE OF AXES 

§ 98. We may select any two lines in our figure for axes of 
co-ordinates. Much of the elegance and brevity of a solution 
depends upon a judicious choice. To illustrate this remark we add 
two other proofs of the theorem of § 96. 

§ 99. First Proof. Take OC for axis of x and OA for axis of y (fig^ 
§ 95) ; these axes are usually oblique. 

Let OC - a, OA -= b. 
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llien C is (a, o), B is ( ~ a, o) and A is (o, b) 

The mid point of AC is (- 1 j , and the join of this to B is 



o, or bx — 3 ay + ab 



X y I 

a b 

- — I 

2 2 

— a o I 



Similarly the join of the mid point of AB to C is 

bx + 3 ay — ab « o 

The third median is AO ; its equation is 

x — o . . 



The three lines (i), (2), (3) concur in the point 

X - o, 

This proof is somewhat shorter than that in $ 96. 



b 



100. 



. 0) 



w 



(3) 



\ 



§ 100. Second Proof. Take any lines as axes of co-ordinates ; let the 
co-ordinates of A be (x^ yj), of B (Xgyj), and of C (Xgyg) 

The mid point of BC is 

/ X2 + X8 yg + ysX 

The join of A to this point is 

X y 1=0 

xi yi I 

X2 + Xs ya + ys J 

2 2 

or X (2 yi - ya - yj) - y (2 Xi - X2 - Xs) + Xi (y^ + y^) 

- Yi (X2 + Xs) = o . . . (I) 

By symmetry we may write the eq'ns to the other two medians 

X (2y2 - y3 - yi) - y (3 Xa ~ Xg ~ Xi) + Xj (ya + yi) 

- y2 (Xs + Xi) -= o . . . (2) 

X (2 ys - Yi ~ yg) - y (3 X3 - Xi - X2) + Xs (yi + y^) 

- Vs (Xi + Xa) = o . . . (3) 



loa 
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It wUl be found that (i), (2), (3) concur in the point 

iCxi + Xj + Xj), i(y, +y8 + ys) 
Although longer, this solution has the advantage of symmetry. 

§ 101. Ex. 4. The mid poinU of the three diagonals of a quadrilateral 
ABB^A^ are collinear. 



B' 




Take OA, OB as axes. 

Let OA = a, OB = b, OA' - a', OB' =: b' 

Then A is (a, o) and B' is (o, b') 



A' .-. mid p't of AB' is f- , -^ 
Sim'y mid p't of A'B is ^- , -) 



X y 

Again, eq'n to AB is - + J = i 
^ ^ a b 

Solving these we get the co-ord's of E and thence those of the mid p't 

of OE, viz. 

aa' (b' - b) bb' (a - a') 

a (ab' - a'b) ' 2 (ab' - a'b) 
It may now be verified as in $ 24 that the three points are collinear. 
Or thus : Observe that the values just obtained are the co-ord's of the p't 
which divides the join of ( -, — j and ( — , — j in the ratio 

ab':-a'b (§16) 



LOCI 



§ 102. In § 13, Ex. 5, we have found the equation of the locus 
of a point equidistant from two given points (1,2) and (3, 4). In 
this case we know from Elementary Geometry that the locus is the 
line which bisects at right angles the join of the given points. 
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This might be verified in the present instance by forming the 
equation of the line through the mid point of the join of (i, 2) and 
(3, 4) perpendicular to this join. 

In most cases it is easy to translate a geometrical condition into 
an equation in x and y. Wc now give further examples. 

§ 103. Ex. I. A and B are two given points; find the locus of P if 

PA^ - PB* - a constant = k» 




Take the mid point 
of AB for origin, and OB 
for axis of x. 

Let AB « 2 a. 

Let P, (x, y) be a point 
on the locQS. 



Then A is (— a, o), and B is (a, o) 

... PA2 « (X + a)2 + y\ PB2 = (x - a)» + y^ ($ 10) 

.-. PA2 - PB2 =» 4 ax 

k' 
.*. the equation to the locus is 4 €0C « M, or x « — 

4 a 

Thus the locus is a straight line _L AB. 

Ex. 2. Find locus of P if 

PA2 + PB2 - ka. 

Using fig' and notation of Ex. i, the equation to the locus is 

2 x2 + 2 a2 + 2 y2 - k« 

k^ 
or x2 + y2 -c e? 

This expresses that the distance of x, y from the origin is 
or the locus is a circle centre O and radius 



vr: 
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Ex. 3. Find the locus of P if 

PA - n PB. 
Here PA« « n« PB« ; 

.-. eq'n to locus is (x + a)* + y* = n' [(x — a)' + y'] 
It will be seen hereafter that this represents a circle. 



Exercises 

1. A point moves so that its distance from (i, a) «= its distance from 
(3» — 4) > find its locus. 

Ans, The straight line x — 3 y — 5. 

2. The co-ord's of A are (3, o) and of B (— 3,0) ; a point P moves so that 

PA« + PB* -= 50 ; 
find the locus of P. 

Am. The circle x« + y* = 16. 

3. The co-ord's of A are (— a, o) and of B are (a, o) ; if 

PA - a PB 

find the eq'n to the locus of P. 

Ans, 3 x* + 3 y2 — 10 ax + 3 a* = o 

4. Find the eq^n to the locus of a point which moves so that its distance 
from the origin «■ twice its distance from the axis of x. 

Ans, The two lines x + y a/i « o. 

5. Find the eq'n to the locus of a point which moves so that its distance 
from the axis of y « its distance from the point (1,0). 

Ans. y2 — a X + I = o. 

§ 104. £^x. 4. Find the equation to the locus of P if 

PA + PB = constant = a a. 

As before take the mid point O of AB for origin and OB for axis of x. 
Let AB «s a c ; then A is (— c, o) and B is (c, o) 
The equation to the locus is 

-•(X + c)2 + y2 + V(x - cf + y» « a a 
or V(x + c)2 + y« - a a - -/(x - c)* + y* 
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Square both sides, cancel and transpose ; we get 

4a V(x — c)" + y" - 4a" - 4CX 

Divide by 4 and square again : 

aa (X - c)2 + a«y« - (a« - cx)« 

This gives (a* — c') x* + a^y* = a' (a* — c*) 

Divide by (a^ — c*) a', and put a' — c^ — b* 

}^ / 
• • a« ^ b» 

This equation represents an ellipse ; a curve which will be discussed in 
Chap. IX. 

§ 105. Ex. 5. A, B, C are three given points : find the locus of P if 

PB» + PC« - a PA». 
Take any two lines as axes of co-ordinates. 
Let the co-ord's of A be (XiyO, of B (Xj y2) and of C (Xj y,). 
Let P be a point on the locus ; x, y its co-ord's. 

Then PA^ - (x - Xi)* + (y - yi)«, PB* - &c, PC» - &c. 
and the equation to the locus is 

(X - xa)3 + (y - y^)" + (x - x,)' + (y - y,)* - 2 (x - x,)« + 2 (y - y,y 
or 

(4Xi-2Xa-2Xs)x + (4yi-2y2-ay8)y«4XiU4yi*-Xa«-ya»-Xe»~y5* 

This equation being of the first degree in (x, y) represents a straight line. 

Otherwise thus. 

Take the mid point of BC for origin and OC for axis of x (see fig^ § 95) ; 
let BC «- 2 a, OD «- h, AD « k. 

Then C is (a, o), B is (-a, o) and A is (h, k). 

Thus 

PB2 - (X + ay + y«, PC* == (x - a)» + y», PA* - (x - h)» + (y - k)« 

and the equation to the locus is 

2x2 + 2 a* + 2 y« - 2 (x - h)» + 2 (y - k)« 

or 2 xh + 2 yk = h' + k^ — a* 

This represents a straight line J. OA. 

We have here another instance of the advantage of a judicious choice of 
axes. 
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§ 106. Ex. 6. Find the locns of a point P such that if PM, PN be the 
perpendiculars on the axes the sum of PM, PN is constant and » a. 



Here PM - y, PN - x; and the 
word sum in the questum being under- 
stood to mean algebraic sum the equa- 
tion to the locus is 

X + y = a 

This is the equation to a straight 
line whose intercepts on the axes are 

OA »- a, OB »- a. 




uro 



As an illustration of the force of the words in italics we give the following 
discussion by Elementary Geometry. 

On the axes cut off OA » a, OB » a, and let P be a point on AB between 
A and B. 

Then since OA =- OB 

AAA 

OAB - OBA » MPA 

.-. PM-MA 
.-. PM + PN - MA + OM 

.»0A 
Again, taking a point P^ on AB produced 

P' N' « BN' 
and PM' + (-RNO* RM' - P'N' 

= P'M'-N'B 
«0B 

Thus it is the arithmetical difference of the perpendiculars from P^ that is 
equal to a. 

§ 107- Ex. 7. Find the locus of a point whose distances from the lines 

ax + by + o - o, a'x + b'y + </ = o 

are in a given ratio m : n. 

By § 76 the locus consists of the two straight lines 

ax + by + c a'x + b'y + c' 

n . — ' = + m . — - — 



-•a* + b^ 



Va'« + b'2 



6 2 
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Ex. 8. A, B, C, D are given points ; find the locus of a point P which 

moves so that 

A PAB + A PCD - constant « k^. 

Draw PM X AB and PN ± CO (the reader can easily supply the figure) 

Let AB = h, CD - h'. 

Let the eq'n to AB be xco8CX-«-ysin(X—p«-o 

„ „ CD „ X cosCX' + y sinCX' — p'- o 

Then AB.PM + CD.PN = 2k« 

But PM -= X cosa + y sina - p, PN « xcosCX' + y smCX' - p' (§ 78) 
Thus the locus is the straight line 

h (x cos CX + y sin CX — p) + h' (x cos a' + y sin CX' — p') = a k' 

Note — As in § 106, by sum is meant algebraic sum. 



CASES IN WHICH FORMULAE ARE NOT IMMEDIATELY 

APPLICABLE 

§ 108. Ex. 9. A straight line moves parallel to the base BC of a given 
triangle ABC, and cuts the sides in P, Q ; BQ, PC are joined : find the locus 
of their point of intersection T. 




Take OB, OC for axes. 

Let OB = b, OC « o. 

We cannot as in the preceding Examples 
replace at once the geometrical statement 
by a relation between x, y the co-ordinates 
of T. 



We may proceed thus : 

Let the co-ord's of T be (a, ^) 

Then the eq'n to CT is 



X y I 

CX ^ I 
o c I 

The eq'n to OB is y 



or 



0-c)x-ay + ac = o 



o. 
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Combining these eq'ns we get the co-ord's of P, ( ^ , o j 

Similarly we get the co-ord's of Q, ( o, J- — j 

Thus the eq'n to PQ is 

x(c-^) y(b-tt ) 
ac ^ ^b "^ 

X y 

Now express the condition that this is || BC, whose eq'n is t- + — = i. 

This gives 

b (c - ^ ) c(b-a) 

OCc * /ib 

This is a relation between OC, fi the co-ordinates of T : we may now replace 
or, /3 by X, y and the equation to the locus of T is 

b (c — y) _ c (b ~ x) 
ex "" by 

This reduces to (ex — by) (ex + by — be) « o 

The factor ox •«- by — bo -» o is the equation to BC ; rejecting this irrele- 
vant factor the locus is the straight line through O and the mid point of BC, 

ex — by « o 

N.B. We may account for the irrelevant factor thus. If we take any point 
in BC and join this to C and B, and if the joins meet OB, OC in P, Q ; then 
PQ coincides with BC and .*. fulfils the condition of being parallel to it. In 
this sense then BC is part of the locus. 



LOCUS FOUND BY ELIMINATION 

§ 109- We may solve the last example in another way. 
Take as before OB, OC for axes. Let OB = b, OC = c. 
Then putting OP = /Ltb we have OQ = ^c. 

The eq'n to CP is 4r + - = I (0 

BQisJ + ^ = i (2) 
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no. 



Now T is on CP and also on BQ; thus each of the eq'ns 
(i), (2) states a fact about the co-ord's of T depending on the 
individual value of /i. 

If we eliminate fi/rom (i), (2) we obtain a relation between x and 
y which is independent 0/ fi: this relation is the equation to the 
locus. 

fi is eliminated by subtracting the eq'ns : this gives 



(f-^-)(-^)= 



Thus the locus is 



--^ = 
b c 



We shall frequently in the sequel obtain the equation to a locus by elimina- 
tion : the reader should consider the above illustration carefully. 

§ 110. Ex. 10. A and B are fixed points one on each of the axes : if A' 
and B^ be taken on the axes so that 

OA' + OB' « OA + OB ; 

find the locus of the intersection of AB', A'B. 



Let OA = a, OB = b ; put AA' = k 
The eq'n to AB' is 

a b - k 



or bx + ay + (a - x) k = ab (i) 

The eq'n to A'B is -^ + t « i 
^ a + k b 

or bx + ay + (y — b) k = ab (a) 

The equation to the locus is got by eliminating k from (i), (2). 
(1) — (3) gives (a — X — y+ b)k = o 

.*. the locus is the straight line 

X + y = a + b 
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Ex. ir. The extremities A, B of the hypotenuse of a right-angled triangle 
ABC move on two rectangular axes OX, OY ; find the locus of C. 



A A 

Let AB r:: h, OBA « a>, ABC >= OL, 




Then BC -^ h cos CX 

Let X, y be the co-ordinates of C. 

Project OC and OBC on OX and OY 
(S60); 



/. X « h coso) — h oosCX cos(o) + a) (i) 

y B h cos CX sin (a> + OK) (2) 

The eq'n to the locus is obtained by elim'g a> from (i), (2). 
Now 0) « (o) + tX) - CX, 

h cos 0) » h cos (o> + CX) cos tX + h sin (u) + CX) sin CX 
Substitute this expression for h cos o) in (i) ; thus 

X B h sin (X sin (ot) + CX) (3) 

From (a), (3) y = x cot tX ; or the locus is a straight line through O. 



POLAR CO-ORDINATES 

§ III. If a Straight line revolves round a fixed point and we 
require the locus of a point on the revolving line whose position 
on that line is defined by any law ; it is advantageous to use polar 
co-ordinates. 

Ex. I. A straight line which revolves round a fixed point O meets a given 
line PM in P ; on OP a point Q is taken such that 

OP. OQ rr. k«, a constant ; 
find the locus of Q. 

Draw OM X the given line. 
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Let OM = a. OQ = r, QOM = 0. 

Then OP . r = M, 



Also 



r 



k^ 
a=:OPcos^ = — cos^ 

r 




Thus the equation to the locos is 

ar = k* cos $ 
We may write this 

ar» = k«(rcos^) 
or a (x* + y') «= k'x 



By Chap. VI. this equation represents a circle on ON as diameter, where N 

k> 
is a point on OM such that ON = — . 

Ex. 2. One vertex O of a triangle OBC whose angles are given is fixed ; 
another vertex B moves on a given line BM ; find the locus of the third 
vertex C. 




But 
and 



or 



or 



Take O as origin and OM J. the 
given line as initial line. 

Let OM « a, OC = r, COM = 0. 

A 
Then a = OB cos BOM. 



sm y 
OB = OC.^ ^ 



sin^ 



A 



BOM = ^ - CX 



sin 



.*. the eq'n to the locus is a = r -; — ^ cos (j9 — (X) 



a sin)3 
siny 



sin;3 
r cos 6 cos OC + r sin d sin CX ; 



sin3 
xcosCX + ysma-a— '^ 



sm 



.*. the locus is a straight line. 
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Ex. 3. A straight line revolves round a fixed point O and cuts two given 

Lines DE, FQ in R, 8 ; find the locus of a point P on the revolving line 

such that 

3 _ I I 

op""6r ■*■ OS 

Let (r, ^) be the polar co-ordinates of P. 
Let the equation to DE be 

ajX + biY + Cj = o 
and to FQ 

a2X+b2y + C2 = o 

.*. the polar equation to DE is 

ai r cos ^ + bi r sin ^ + Ci == o 




.*• ai cos ^ + bi sin ^ + — = o 



I ' 

r 



/. - .-= ?^ cos ^ — — sin ^ 



Ci 






That is 



Similarly 



JL« _?icosd-^sin^ 
OR Ci Ci 

^ « — — cos ^ ^ sin ^ 

OS C2 C2 



Thus the polar equation to the locus of P is given by 



I I 

+ 



r"OP OR OS 

Vci C2/ Vci C2/ 

Multiply up by r and replace r cos 6, r sin ^ by x, y : we thus get 

Thb may be written 

aix + b^y 4- Ci ^ a^x + bay + Cg _^ 

Ci Ca 

By Chap. V it is seen that the straight line represented by this equation 
passes through the intersection of the given lines. 
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Exercises on Chapter IV 

1. ACB is a triangle in which C is a right angle. Squares ACED, BCQH 
are described as in the figure to Euclid L 47. Show that BD, AH meet 00 
the perpendicular from C on AB. 

2. PQ> RS are parallels to adjacent sides of a parallelogram. Show tfait 
PR, QS meet on a diagonal. 

3. The base AB of a triangle is given. Taking (— a, o) and (+ a, 0) as 
the co-ord^s of A, B, find the equation to the locus of the vertex C 

i«, If cot A + m cot B sr k 

a«. If A - B « D 

30, If B -= 2 A 

4», If mAC« + nBC«.- k« 

Am. I®, The straight Ime (i — m) x — ky + (i + m) a = o 
20, x' - a xy cot D - y» = a* 
3", 3 X* — y' + 2 ax = a* 
4®, (m + n) (x^ + y^) + 2 (m - n) ax + (m + n) a* — k* 

4. Points P, Q are taken on the sides AB, AC of a triangle ABC such that 

AP.AQ- BP.CQ; 

find locus of mid point of PQ. 

[Take AB, AC as axes ; let AB « a, AC ^r^ b. If mid point of PQ 
is (xy) then AP » a x, AQ = 2 y ; .*. 4 xy « (a — 2 x) (b — a y) 

.*. locus is the straight line 2 bx + 2 ay « ab] 

5. Given base and sum of areas of a number of triangles with a common 
vertex P : show that the locus of P is a straight line. 

6. From a point P perpendiculars PM, PN are drawn to the axes (which 

A 
include a)); if locus of P is a straight line show that locus of mid point of MN 

is a straight line. 

INoie — If P is (xy) and mid point of MN is (hk) : then 

OM -x + ycosa) = 2h, ON a y + x coso) » a k] 
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7. With the notation of the last question, if OM -f ON is given ( » k), find 
the locas of P. 

Ans, The straight line (x + y) (i + cos o)) — k. 

8. A parallel to the base of a triangle meets the sides in B', C ; R, S are 
fixed points on the base : show that the locos of the intersection of B' R, C^ S 
is a straight line. 

Note—'lAX 8 be (-a, o), C ( + a, o), A (h, k), R (r, o) and S (s, o). Let 
eq'nto B'C'bey = X. 

We find that 

eq'n to C'S is X [y (h + a) + k (s - x)] = ky (s + a) 

„ B'R „ X[y(h-a) + k(r-x)]-ky(r-a) 

Elim^ X : locos is 

(r - a) [y (h + a) + k (s - x)] - (s + a) [y (h - a) + k(r - x)] 

9. A and B are fixed points : if PA, PB intercept a constant length c on a 
given line, find the eqoation to the locos of P. 

Note — Let AB meet given line in O; take given line and OAB as axes. 
Let OA = a, OB = b. 

Ans, c (a — y) (b - y) «= (a - b) xy 

10. A line AB of constant length ( =: c) slides between the axes, which 
A 

inclode o) : show that the eqoation to the locos of the orthocentre of the 

triangle OAB is 

x' + 2 xy cos 0() + y' - c* cot'o) 

11. On a line which revolves round the origin and cots the lines 

ax + by + c « o, a' x + b'y + c' = o 

in P, Q a point R is taken such that 

OR = OP + OQ ; 
show that the eqoation to the locos of R is 

(ax + by + c) (a'x + b'y + c') = cc' 

12. Show that the orthocentre, centroid and circum centre of a triangle 
are collinear. 
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13. OIJ, OLM are given straight lines ; I, J are fixed points; IL, JM meet 
at P. Prove that P describes a straight line if 



a b 
( 

where a and b are constants. 



OL "*■ OM ■* ^' 



14. The opposite sides of a quadrilateral meet at P, Q : if the inteaal 
bisectors of the angles P, Q are at right angles, prove that their intersection 
lies on the join of the mid points of the diagonals. 

[Nofe — Take the bisectors as axes ; then sides of quad' are 

y « mx + c, y«— mx — c, x = /xy+k, x— — /my-k 

We find that mid points of diag^s are 

/ /btc mk \ / — ^ c — mk \ ^ 

\i— mfi'i-m/ut/* \i+m/ui*i + m/ui/ 

these lie on the line y/x — mk/fic] 



CHAPTER V 

EQUATIONS WITH LINEAR FACTORS. 
ABRIDGED NOTATION; RANGES AND 

PENCILS 

CASE OF FACTORS 

§ 112. An equation which splits into factors of the first degree 
represents straight lines. 

Ex. I. What is represented by 

x' — 5xy + 6y2=so? 
Here (x - a y) (x - 3 y) - o 

/. either x— 3y = o or x — 3y — o 
Thus the co'ord's of every point on either of the lines 

x-ay-o, x-3y-o 
satisfy the given equation ; which .*. represents this pair of straight lines. 

Ex. 3. What is represented by 

x' - 6 ax' + II a'x - 6 a' - o ? 
Here (x — a) (x — 2 a) (x - 3 a) = o ; 

.'. the equation represents the three lines 

x-^a, x-B2a, x^sa 

Ex. 3. What is represented by 

axy — 8x+ 3y^ la =0? 
axy-8x+3y-ia = y(ax + 3)-4(2X + 3) 

= (y ^ 4) (a X + 3) 

j4tis. The two lines y«4, 3X + 3-0. 
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Ex. 4. Show that the equatioo 

6x'-xy — y* — x + sy— 3— o 
represents two straight lines. 
Arrange according to powers of x, and solve for x. 

.*. 6x' - (y + i) X - y' + 3 y — 2 -« o 

. ^ y -f I j. V(y + 1)8 + a4(y« ~ 3y + a) 

12 



y + I + V25y' — 7oy + 49 
12 

_ y + I ± (5y-7) 
12 

y-i 2 -y 

-« = or i 

^ 3 

Thus the given equation implies that either 

y- I 2 — y 

X — ' or X ; 

a 3 

i. e. it represents the two lines 

2X — y + i«o, 3x + y — 2«o. 

Not£ — The quantity under the radical, viz. 

35y'-7oy + 49 
turned out to be a perfect square : had it been otherwise the equation would 
not represent straight lines. 

§ 113. The homogeneous equation 0/ the second degree 

ax* + 2 hxy + by' = o 

represents two straight lines through the origin. 
Dividing by x', 

y 

If nil, iDa ^^ ^^ T00X& of this quadratic in - 



-h+Vh'-ab , _ _h_yh»-ab 
m, = ; ana m, = -, 
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y y 

Thus the equation implies that either — = mj or - = iDj ; 

i. e. it represents the two lines 

y = iDiX, y = m,x. 



§ il4. If is the angle between the lines 

ax' + 2 hxy + by^ = o 

tan0= ^i-^t (§68) 
^ I + miiTij ^' ' 



2 Vh^ - ab 
b 

2 Vh^ — ab 



-(-I) 



a+ b 
Co/{i) — The lines are X if a + b = o 

Co/ {2) — Any two lines at right angles through the origin 
may be represented by 

x'* + A xy — y* = o 

§ liS. If the axes aie oblique 

tan d> a —^ — i -^ (§ 93) 

^ I + (mi + mg) coso) + mim^ ^ 

a sing) Vh^ — ab 
a + b — 2 h cos o) 
Cor' — ^The lines are X if 

a + b — a h cos o) «« o 

§ 116. To find the equation to the bisectors 0/ the angles between 
the lines ax' + 2 hxy + by* = o 

The bisectors of the angles between 

y — m,x = o, y — m,x=o 
are 

y— m,x y — nfijX y— rriiX . y— iDaX 

•^ ' — ' ' * — = O, '' ■ — + — =: O 

^1 + nil* Vi + tx\^ Vi + iDi* Vi + m^ 
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Multiplying, the equation to the pair of bisectors is 

(y - m, x)' _ (y-mgx)' ^ ^ 
I + rrii* I + m,' 

or (m,« - m,«) (y« - x«) 

+ 2 (mi nrij — i) (m^ -^rr\^)xy = o 

(m^ + m,) (y* — x') — 2 {rr\^ mj - i) xy = o 



or 



or 



-^(y'-x')-2(i-x)xy = 



x' — y' _ 3^ 
•■• a - b ~ h 

This result should be remembered. 



§ 117. To .find the condition that the general equation of the 

second degree 

ax^ + 2 hxy + by*+2gx+2fy + c = o 

should represent a pair 0/ lines. 

Rearrange, 

ax^ + 2 (hy + g) X + by* + 2 fy + c = o 

Solving for x, 

ax + hy + g = ± V(hy + gf - a(by' + 2 fy + c) 

= ± V{W — a¥)y' + 2 (gh - af)y + g* — ac 

The expression under the radical is a perfect square if 
(h'* - ab) (g^ - ac) = (gh - af)« 
or abc + 2 fgh - af' - bg' - ch' = o . . . (i) 
This is the required condition ; it should be remembered. 
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§ 118. The quantity 

abc + 2 fgh -- af ' — bg' - ch^ 
is called the discriminant of the expression * 

ax* + 2 hxy + by' + 2 gx + 2 fy + c 

The discriminant is usually denoted by A. 
The condition (i) then is A = o 
We have also 



A = 


a 


h g 






h 


b f 






g 


f c 




Ex. Determine A so that 




x^ + Axy- 8 


y2 + lay — 4 s= 


may represent a line-pair. 




Here a — 


I f-6 


b= - 


-8 g = o 


c = - 


-4 h-iA 


.-. A - 3a - 


- 36 + Aa = A2 - 4 


Put A « < 


5; 


.-. A = + 


a or — 2 



§ il9. If Ix + my = I (i) 

and ax' + 2 hxy + by' + 2 gx + 2 fy + c = o . . (2) 

then evidently 

ax' + 2 hxy + by' + 2 (gx + fy) (Ix + my) 

+ c(lx+my)' = o . . (3) 

* The notation 

ax' + a hxy + by*+ 2gx+2fy + c = o 
will be invariably used to represent the general equation of the second degree. 

If we introduce the linear unit z ^ \ so as to render the expression homo- 
geneous it assumes the symmetrical form 

ax' + by' + cz' + 3 fyz + 3 %tk + 2 hxy « o ; 
this remark will assist the learner to remember the notation. 

H 
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Since the values of x and y which satisfy (i) and (2) also satisfy 
(3), the locus represented by (3) passes through the points of 
intersection of the loci represented by (i), (a). 

Also since (3) is homogeneous and of the second degree, it 
represents a pair of lines through the origin: .*. (3) represents 
the pair of lines joining the origin to the inters^ns of the loci 
represented by (i), (2). 

Ex. The liDc-pair which joins the origin to the inters'iis of ax + y »6, 
x^ + y^ « X + 5 y + 6 is 

x«-ey'-(xH.5y)(^^y).6(i^yy 

or reducing, xy » o ; i. e. the axes. 

Exercises 

1. Show that 3 x' + a xy — 3 y' — o represents two lines at right angles; 
and x' + axy + y2 — X— y — 6 = two parallel lines, 

2. Interpret the equations 

(x- 3)(y-4) =o> x» - 3ax + 2a» = o, xy = o, x^-y'-o, 
xy— ax+3y — 6 = 0, 6xy + 3bx+3ay + abso. 

3. Show that the angle between the lines 6x' — xy — y's=ois— * 

4. Show that 3X* + xy— ay* + x + 6y — 4 = represents two lines in- 
clined at tan-* 5. 

5. Show that the angle between the lines x'— axysec^ + y^ ^o is 6, 

6. Determine X so that 

6xy — ax + Ay + 5 «= o 
may represent straight lines. 
Ans, A = — 15. 

7« Determine A so that 

x* + Axy + y* — 5X-7y + 6 = o 

may represent straight lines. 

Ans. A « f or ^f. 



lao 
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8. Find the line-pair joining the origin to the intersections of 

y + x«3, x' + y'— ax — 4y — 31=0. 
Ans, 31 x' + 74xy + 35 y' « o. 

9. Show that the lines joining the origin to the intersections of 

y = X(x-4), y« = 4x 
are at right angles. 

Ans, The line-pair b A (x* — y*) — xy = o. 

10. Find the bisectors of the angle between the lines 

3X* + 4xy- 5y* = 0. 
Ans, X* — 4 xy — y' « o. 

11. Find the bisectors of the angle between the lines 

3X* + 8xy + 3y*- o- 
Am. x' — y^ = o. 

12. Show that the lines 

ax« + a hxy + by« -» A (x^ + y2) 
are equally inclined to the lines 

ax' + a hxy + by' — o 

\NoU — They have the same bisectors of angles.] 

IMAGINARY POINTS AND LINES 

§ 120. Further examples. 

Ex. I. What is represented by x* + y' = o ? 

Since the square of any positive or negative number is positive, x' + y''' is 
never negative ; it can only be zero if both x = o, y =» o. It was .*. formerly 
the custom to say that x' + y' » o represented the point X = o, y ^s o. 

Another account may be given : x' + y' is the product of 

x + yV^, x-yV^ 

Thus we may say that the equation represents the two imaginary straight lines 

x + yV— i«o, X — yV— i-o 

These imaginary lines intersect in the real point 

X « o, y = o, 
H 2 
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£x. 3. Interpret 

4 (3 X -.y - i)« + 3 (X + y - 3)' - o 

The. only real values of x, y which satisfy this are given by 

3X-y-i-o, x + y-3-:o, i.e. x « i, y = a 

If ,\ we do not admit imaginary lines the equation represents the point 
(I, 2). 

If imaginaries are admissible, then factorizing, we see that the equation 
represents the two imaginary lines 

2 (3x - y - I) + V^ (X + y - 3) * o 

a (3X - y - I) - V^ (X + y - 3) - o 
These intersect in the real point, (x -« i, y « a). 

§ 121. Let us now recur to the investigation of § 113. 
If h* — ab > o the values obtained for nip iDj are real and unequal. 
„ h^ — ab = o „ „ real and equal. 

„ h' — ab < o „ „ imaginary. 

Thus the two lines through the origin represented by 

ax' + 2 hxy + by* = o 
are real and different, coincident, or imaginary according as 

h' - ab > = < o 

§ 122* -^ homogeneous equation of the vS^ degree 

ay" + bxy""^ + cx^y^-^ + ...+ kx^-^ + lx° = o . . . (i) 

represents n straight lines through the origin. 

Dividing by x**, 



al^ 



y 

Let the roots of this equation in - be nrii, ma, mg, ... 

The equation then represents the n straight lines 

y ^ ^iX, y = mjx, ... 



24.] Linear Equations loi 



Note — The sinister side of (i) 

= ~°0-"'')0-"")- 

= a (y - nriix) (y - iriax) (y - iriaX) ... 
Similarly it is proved that the equation 

a(y-yi)^+b(y-yi)^-Ux-xO 

+ c (y - yj'^-^x - xi)« + ... + I (X - xi)^ = o 

represents n straight lines through (Xiyi). 

LINE THROUGH INTERSECTION OF TWO GIVEN LINES 

§ 123. Consider the equation 

Ax + By + C + A (A'x + B'y + C) = o . . (r) 

I. This is of the first degree in x, y ; 

/. it represents a straight line. 

II. It is satisfied if 

Ax + By + C = o and A'x + B'y + C' = o : 

thus (i) represents a line through the inters'n of 

Ax + By + C = o, A'x + B'y + C' = o 

By giving A a suitable value (i) may be made to represent any 
such line. 

§ 124. Thus, to find equation to join of^K^y^ to intersection of 

Ax + By + C <= o, A'x + B'y + C = o, 

\ is determined by 

Axi + Byi + C + A (A'Xi + B'y^ + C) = o 

Substitute the value of A. so determined in (i) ; .*. the eq^n req^d is 

Ax + By + C _ A^x -f B^y + 0' 
Axi + Byi + C ~" A'xi + B'y^ + C 
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iVb//— The form 

I (Ax + By + C) + m (A'x + B'y + C) « o 

by dividing by I and putting -j- ■■ X is reducible to (i). 

§ 125. £x. Find equation of line ± SX+4y + 5so through inters^n 

3X-y— i=o, x + y-3«o. 
A line through this inters^n is 

3x-y-i +X(x + y-3)«o 
or (3 + X) X + (X — i) y - 3 X — I «= o 
This is X 3X + 4y+5 — o, if 

3(3 + A) + 4(^-i)=o [§ 68, Cor' (3)] 
.*. X = — ^, and the eq'n req'd is 

3x-y- I -?(x+y-3)=o 
or 4X — 3y + 2s=o 

Exercises 

1. Find equation of join of (i, —2) to inters'n of 

3x-4y + 5=o, 2x-3y + 4 = o 
j4ns. X — 1. 

2. Find join of same intersection to origin. 
Jns, 2 X — y = o. 

3. Find line through same inters^^n J. 10X+ 7y«8 
j4ns. 7x — loy + 13 «= o 

4. Find the equation of join of origin to inters^n of 

X y X y 

a b ' b a 
Jns. X = y. 

5. Find the equation of join of origin to intersection of 

Ax + By + C « o, A'x + B'y + C = o 
Ans. (AC - A'C) x + (BC - B'C) y « o 
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6. Find the equations to diag^s of □ whose sides are 
3X-2y-i, 4x-5y-6, 3X-2y-2, 4x-5y = 3 

^ns, 13X - iiy + 9, 5x-y. 

7. Find the area of this (Z7 

ABRIDGED NOTATION 

§ 126. It is often convenient to represent such an expression as 
Ax + By + C by a single symbol. 

Thus we may put 

u = Ax + By + C, V = A'x + B'y + C 

The proposition of § 123 may then be stated thus. 

^ U = o, V = o represent straight lines then u + Av = o 
represents a line through their intersection ; and by giving a suitable 
value to X // may be made to represent any such line. 

Thus u + Xv = o represents a ray of the pencil through the 
intersection of u = o, v = o. 

§ 127. Greek letters are used as abbreviations for expressions 
of the form x cos a + y sin a — p. 

We put 
oc = xcosa + ysina— p, ^ = xcos)3 + ysin^— p',&c. 

Thus a + jS = o, a — jS = o are the bisectors of the angles 
between a = o, ^ = o (§80, Cor') 

No ambiguity results in practice from the double signification of 
the symbols OC, ^, &c. 

§ 128. If we write at full length the equation 

a=ki3 

it becomes 

X cos a + y sin a — p 

= k (xcosiS + ysin^ — p') . . . (i) 
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Let P, (x, y) be any point on (i), and draw PM, PN respec- 
tively ± a = o, fi = o. 

Then (i) expresses that 

PM = k PN 

PM _ PN 
' CP^'^CP 

C M cr=o ""' sin^= ksin0 

Thus OC — k )3 = o divides the angle between a = o, )3 = o into 
parts whose sines are in the ratio k : i . 

Again, u — kv « o where 

u = Ax + By + C, V = A'x + B'y + C 
may be written 

Ax + By -H C ^ Va^2 + B^2 A^x ^- B^y ■¥ C 

VA2 + B2 




or a = k. 



VA3 + B2 Va'* + B'2 
VA2 + B2 



Thus u — kv = o divides the angle between u — o, v = o into parts 
whose sines are in the ratio 

k VA'2 + B'2 



VA2 + Bs 



: I 



CONDITION FOR CONCURRENCE OF THREE LINES 

§ 129. If the equations to three lines U = o, V = o, ^n •=■0 are 
connected by an identical relation lu +mv + nw = 0; the three 
lines are concurrent. 

For w = . u .v; 

n n 

thus the equation to the third line is 

I m 

.u .v = o 

n n 

or la + mv = o 
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This passes through inters'n of u = o, v = o (§ 123). Q.E.D. 

Ex. I. The lines 

x-y + i.-r:o, x + y-3«o, 3x-3y + 4=o 

are concurrent. 

For mnltiplying the first equation by 5, the second by — i, and the third 
by — 2, and adding, the restilt is identically zero, 

or 5U-V— 3W = o 

Note — The beginner will see from this example that the proposition is 
sufficiently obvious. Thus multiplying the first equation by 5, and the second 
by — I and adding, we get 

4X— 6y + 8 = o, or 2X — 3y + 4 = o, 

which is the third equation. 

Thus the values of x, y which satisfy both of the first two equations must 
satisfy the third. 

Ex. 3. The medians of the triangle (Xjyi), (X2y2), (Xgys) are concurrent. 
Let u, V, w stand for the sinister sides of equations (i), (2), (3), § 100. 
The medians are u » o, v » o, w =» o. 
Adding the three equations we find that the sum vanishes identically ; 

or u + V + w = o. Q.E.D. 



LINE THROUGH A FIXED POINT 

§ 130. We have seen that the line u + A v = o, where X is a 
variable parameter, passes through a fixed point, viz. the intersec- 
tion of u = o, V = o. 

Thus if the equation to a line contain a variable parameter A in 
the first degree, the line passes through a fixed point. 

Ex. I. A straight line moves so that the sum of the reciprocals of its 
intercepts on the axes is constant ; show that it passes through a fixed 
point. 

The equation to the line is 

X y , . 

i*b"' (') 
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Also - + - = constant = k (2) 



We may eliminate r- from (i) by means of (2) ; thus 



b a 

and (i) becomes - + vl^ — )~' 

or - (X - y) + ky - I =:= o 

a 

Whatever be the value of - thb equation is satisBed if 

X — y«o, ky— ibq; 

i. e. the line passes through the fixed point 

I I 

" = !<' y = k 

Ex. 2. A straight line moves so as always to have two of the three points 
(Xi yO, (X2 y2)> (X3 ys) on one side of it and the third point on the opposite 
side; and the sum of the Xs on the movable line from the first two points 
— the JL from the third point: show that the line passes through a fixed 
point. 

Let its equation in ai^ position be 

X cosa + y sina — p = o (1) 

Then the algebraic sum of the J.s = o 

.-. (Xi cos a + yi sin a — p) + (Xj cos a + y2 sin a — p) 

+ (Xs cos a + ys sin a — p) = o 

or (Xi + Xa + X3) cosa + (yi + yj + ys) sin a - 3 p « o . . . (2) 

Eliminate p from (i) by means of (2) ; thus the equation to the movable 
line becomes 

(Xi + Xj + Xs\ ^ / Yi + y2 + YsN . ^ 
X — 1 — 23 51 cos a + ( y - — — — — —) sm a = o 



or 



(x - ^s^t^^tJ^) + (y - yj-t^Jiy-') tana = 



Whatever tan OL may be, this passes through the fixed point 

J (xi + X2 + xj), i (yi + ya + ys) 
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THE LINE AT INFINITY 

§ 131. The intercepts which Ax + By + C = o cats off on the axes 
C C 

"*-A' -B »5') 

Q 

I. If A is very small, — a is numerically very great ; or the point where 

the line cuts OX is very distant from O. The line 

Ax + By + C « o 

is then nearly parallel to OX. 

C 
Let now A = o, then -^^ = oo ; and the line 

Ax + By + C « o 
is parallel to OX. This agrees with § 45. 

C C 

II. If both A and B are very small, both the intercepts — -j- » "~ 5 ^® 

A D 

nomerically very large. Let now A = o, B = o ; then the intercepts are 
infinite ; or the line is altogether at infinity. 

We see then that if a line cuts off infinite intercepts on both axes its equation 
iso.x+o.y + C«o. 

This statement is nsnally abbreviated thus : 

77ie equation to the line at infinity is 

constant = o. 

§ 132- Parallel lines intersect at infinity 

Let the equations to two lines be 

Ax + By + C s= o (i) 

Ax' + B/ + C = o (2) 

The equation to the line at infinity is 

o.x + o.y + C" = o (3) 

The condition that the lines (i), (2), (3) may be concurrent is 

ABC « o (§ 62) 
A' B' C 
o o C 

or (AB' - A'B) C" = o 
or AB' - A'B r. o 
But this is cond'n that the lines (i), (2) may be i| (§ 63) 
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Otherwise, solving (i), (2), 

^ " AB^ - A'B ' y ~ AB' - A'B 
When the lines are || , 

AB' - A'B = 0; /. x = oo, y*oo 

HARMONIC RANGES 

§ 133. Def' — I^our collinear points A, B, C, D form a har- 
monic range if 

AB _ A D 

BC'CD ^'^ 

That is AC is divided internally in B and externally in D in 
the same ratio. B and D are said to be harmonically conjugate to 
A and C. 



A BCD 

For example, the internal and external bisectors of any angle 
of a triangle divide the opposite side harmonically (Euclid VI. 3). 

From (i) we deduce : 

* o. ^n. n.^ AB AD 

I. Since CD « - DC, /. — 4. _ = - i. 

II. Multiplying up, AD . BC = AB . CD. 

Or, rectangle under whole line and middle segment — rectangle under 
extreme segments, 

III. AB, AC, AD are in harmonic progression ; or -^= , -^j^ , -j-=^ are in 

, AB At* AD 

arithmetical progression. 

For let AB « x. AC =r y, AD « z. 

X z 

Then (i) gives 

.-. X (z - y) = z (y - X) 

Divide by xyz, 

I I I I 

• y z" x""y 

211 

or _ Bs _ + - 

y X z 

That is, - , - , E are in A. P. 
x' y z 
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IV. Similarly DC, DB, DA are in H. P. 

Also V. If M be the mid point of AC, 

MB.MD » MC\ 
This a proved in Nixon's Euclid Revised: page 360 

VI. From V. we see that if the points A, C are given then B, D are on the 
same side of M ; and if B approaches M indefinitely D moves off to infinity. 
Let 00 denote the point at infinity on AC ; then the points AMC 00 form an 
harmonic range. 

§ 134. The points on OX determined by 

ax' + 2 hx + b B o . (i) 

aV + 3 h'x + b' - o (3) 

are harmonic if M + a'b — 2 hh' ■■ o. 

Let the roots of (i) be OA = a, 
Q i ^r— i? ^, OA' = a'; and of (3) OB = /3. 

The condition is AB' . BA' - AB . A' B' 

or O' - «)(«'- /3) = 03 - a)(/3' - OC) 

or 3^)8' + 3aa' = (a + /3) (a' + ^') 

■^4-(-^)(-^) 

/. ab' + a'b - 3 hh' « o 

* CROSS RATIOS 

§ 135. Def' — ^The Cross Ratio (or Anharmonic Ratio) in which 
two points A, C on a line are divided by two other points B, D 
on the same line is the ratio of the ratios in which AC is divided 
by B, D and is denoted by {ABCD}. 

rA«^,^. AB AD AB.DC 
Thus {ABCD} = g^-^p-C=gC:^ 

If {ABCD} = — I, the range is harmonic. 



or 



* The beginner may omit the rest of this Chapter. 
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Ex. If {ABCD} - - I, prove {BDAC} - 2. (See figure, § 133) 
By Art 9, Ex. 2, 

AD . BC + BD . CA + CD . AB B o 

Divide by AD . BC ; 

BD CA AB DC 



• • 



' DA • BC BC • AD " ® 



or I - {BDAC} - {ABCD} - o 

.'. {BDAC} - I - {ABCD} - 2. 

§ 136. Def' — The Cross Ratio (or Anharmonic Ratio) in 
which two lines OA, OC of a pencil are divided by two others 
OB, OD is 

sin AOB sin AOD ... j, ,^ Ar^^.^. 
sin BOC -^ iiTTDOC ^^ '^ denoted by {O . ABCD}. 

§ 137. If a pencil of four lines whose vertex is O he cut by any 
transversal in A, B, C, D ; then the cross ratio of the range 
{ABCD} is constant and = that of the pencil 

Let the X from O on AD = p. (fig' page in) 

_ AB A AOB ^ ,..__. . 
^^""bC = AB6C (E^^l^dVLi) 

= i OA . OB sin AOB ^ i OB . OC sin BOC 
OA sin AOB 



OC ' sin BOC 



(I) 



^. ., , AD OA sin AOD , , 

SimUarly ^ = ^ . ^-^-^^ (2) 

Divide by (i) by (2) ; thus 

AB __ A D _ sin AOB sin AOD 
BC ■ DC ~ sin BOC * sin DOC 

.-. {ABCD} = {O. ABCD}. Q.E.D. 

(See Euclid Revised: page 324.) 



138.] 
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III 



Note (i)— Since sine of an angle - sine of its supplement, it is indifferent 
on which side of the vertex O any ray of the pencil is cut by a transvenal ; 

e. g. in fig' 

{ABCD} - |A'B'C'D'}. 

Note (a)— It will be remarked that in 
our diagram 

AD : DC and sin AOD : sin DOC 

are both negative. 

Note (3)-— Draw a transversal A"B"C" 
parallel to CD. 

This will meet CD in a point at an 
infinite distance which we shall denote 
by 00. 

Thus 

f/^ AO/^r.! A"B" A" 00 

|O.ABCD}«g,^,-^^^ 




Now 



A'' 



00 



A" 



00 



00 C" 
00 C " 



C"oo ' 



if we put A"C" = p, C" 00 - q, 



q V q/ q 



P 

q 



A"B 



.-. {O.ABCD} --g;^,. 
Thus if the pencil is harmonic A^'C is bisected in B^'. 

§ 138- £x. The joins of a point O to the vertices of a triangle ABC 
meet the opposite sides in D, E, F ; FE meets BC in D' : prove that 
{BDCD'} is a harmonic range. 

A 




Let AO meet EF in D". 

Then {BDCD'} 
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Notice the points in which the ra3rs of this pencil are cut by the transvc 

F; thus 

{BDCD'} - {ED"FD'} 

- {A.ED"Fiy} 

- {CDBD'}. 

^ CD CD' BD' BD 
Now {CDBD'} = U^^-g%^9g=i^{BDCD'} 

.-. {BDCD'}2 - I 
.-. {BDCD'} = ±1 
But {BDCD'} cannot — + 1, for this would imply that D, D' coincide; 

.-. {BDCD'} =- I. Q.E.D. 

§ 139. The cross ratio of the pencil 

u — o, V = o, u « kv, u — k'v is p 

Let u = ax + by + c, v = a'x + b'y + c' 
Let ft Q' be As which u = kv makes with u « o, v « o; 
and </),</)' As which u = k'v makes with u ^ o, v i« o. 



sin^' 


A /a'2 + b'2 


and ^!5^- 
sm</>' 


^ a« + b* 


sin (9 
sin^ 


. 8in<<) k 
sm<p' *c 


Cor' (i)— The four lines 




u ■« O, V «= 0, 


u + kv — o, u-kv«o 


rm a harmonic pencil. 




Cor' (2)— The lines 




X = o, y - o, 


X + ky ■= 0, X — ky — 


rm a hannonic pencil. 




As X + ky = o and x — ky » o are equally inclined to the axis of : 



infer — 

Cor' (3) — If a pencil is harmonic and two alternate rays are at right an 
they bisect the angles between the other two. 
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§140. The cross ratio of tht four lines 

I — n r — m 

u = Iv, u « mv, u « nv, u -= rv u -. 

n — m I — r 

Pot U = u — Iv, V = u — mv, W = u — nv 

Then (n - m) U + (I - n) V + (m - I) W = o 

.'. W « o, or u B nv is eqnivalent to 

(n-m)U + (l-n)V « o 

or U + -^^^ V - o (I) 

n — m 

Similarly the equation u -■ rv may be written 

u + -!^^ V - o (2) 

We have then the four lines U -■ o, V «* o, and (i), (a) whose cross 

ratio is (§ 139) 

I — n I — r ^ ^-^ 
+ Q.E.D. 



n — m r — m 

§ 141. The lines 

a'u* + 3 h'uv + k/v* = o 

^n harmonically conjugate to the lines 

au^ + 3 huv + bv' = o 

«/ ab' + a'b - 3 hh' -= o 

Ut au* + 3 huv + bv* = a (u — Iv) (u — mv) 

a'u' + a h'uv + bV = a'(u — nv) (u — rv) 

Then the pencil is harmonic if 

(n — m) (I — r) 
or if anr + ami = Ir + In + mr + mn 

= (I + m) (n + r) 

3^ + ^^-r-^)(-^') 

a' a \ a / \ a' / 

or'if ab' + a'b - 3 hh' = o. Q.E.D. 

Cor' — In general, if x is the cross ratio of the pencil 

(I - n) (r - m) 
'"'Cn-m)(l -r) 
I 
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X — I (I - m) (r - n) 



X + I (I + m) (,r + n) — a ^m + nr) 
Reducing, we get 

fx - iV (h2 - ab) (h'2 - a'b^) 



C^)' 



(ab' + a'b - 2 hhO* 



.*. req'd eq'n is x* xy y* 



§ 14*2 • Ex. Find the equation to the bisectors of the angles between 

the lines 

ax' + 2 hxy + by' - o 

A 
the axes being inclined at co 

Let the required equation be 

a'x' + 2 h'xy + b'y' - o (i) 

Since bisectors are at right angles 

a' — 2 h' coso) + b' =» o (2) 

Since lines and bisectors form a harmonic pencil 

a'b - 2 hh' + ab' - o (3) 

We can eliminate a', h', b' linearly from (i), (2), (3) : 

= o 

I - COSO) I 

b -h a 
or x' (h - a cosco) — xy (a — b) + y* (b cosco — h) - o 

INVOLUTION 

§ I4'3* Z>^'— Let O be a fixed point on a straight line, and let A, A' ; 
B, B' ; C, C ; be pairs of points on the line such that 

OA . OA' - OB . OB' = OC . OC = &c. « constant - k' : 

then the points A, A', B, B', &c. form a system in involution. 

The point O is the centre. Points such as A, A' are called conjugate points. 
The point conjugate to the centre is at infinity. 

A point which coincides with its conjugate is called a double point or 
2i focus, 

§ 144. If F is a focus, OP = k', .-. OF - + k. Thus there are two 
foci F, F' at equal distances on each side of the centre. 

Since OP = OA . OA', the range F'AFA' is harmonic (§ 133, V). Thus 
any two conjugate points and the two foci form a harmonic range. 



I 
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If two conjugate points A, A^ are on opposite sides of the centre 

k« - OA.OA' 
is negative ; the foci are /. imaginary. 

S 145. The cross ratio of any four points of the system is equcU to that 
«f their conjugates. 

Let A, B, C, D be any four points of the system, A', B', C, D' their 

conjngates. 

k< 
Let OA = a, OB « ^, OC « y, OD - 6. Then OA' = — , &c. 

Also lA'B'C'D'i - ^ ^^^y ^^ - (^-«)(y-^) 

Also {ABCD} -/k«__k«wk«__k2x-(y_^)^g_a) 

\y p/\b (x) 

.-. {ABCD} = {A'B'C'D'} 

Cor'— {ABCA'} = {A'B'C'A} 

This relation enables us to ascertain whether six points A, B, C, A^ B^ C 
are in involution. 

§ |4'6- If two pairs of conjugate points are given, the system is com- 
pletely determined. 

For let Of, CX' ; P, &' he their distances from any fixed point on the line, 
X the requij-ed distance of the centre from this point 

Then (a - x) (a' - X) - ()3 - X) ()3' - x) 

.-. (a + a'-j3-)80x = aa'-)8^' 

This equation determines the centre. 

§ I4'7. If & system of points in involution be joined to any point P we 
obtain a pencil of lines in involution. The cross ratio of any four lines of the 
pencil = that of their conjugates and any transvei:sal is cut by the pencil 
in a system of points in involution (§ 137). There are two lines of the pencil 
which coincide with their conjugates ; these are called focal lines. The two 
focal lines and any two conjugate rays form a hrrmonic pencil (§ 144). 

I 2 
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§ 148. To find the condUum that the three line-pairs 

au' + a huv + bv' = o, a'u' + a h'uv + b'v' 
a'^u* + a h"uv + b"v' — o 
should form apencilin involution 
Let the equation to the focal lines be 

Au' + a Huv + Bv* = o 
These are harmonically conjogate to each of the above : 

Ba - a Hh + Ab = o 
Ba' - a Hh' + Ab' - o 
Ba" - a Hh'' + Ab'' = o 
Eliminate B, H, A : the required condition is .*. 



=r. O, 



»// 



h b 
h' b' 
h'' b'' 



= o 



on Chapter V 

1. The sides of a parallelogram are 

4X + 5y = 6» 4X+5y=9» 5X + 4y = 6» 5X + 4y = 9- 
l^ow that its area «> i, and find equations to its diagonals. 

Ans, x = y, 3X + 3y=5 

2. Show that the equation of the join of the 

inters^n of ajX + bjy + Cj — o, a2X + b^y + Cj «= o 

to that of agX + bgy + 03 = 0, a^x + b4y + 04 = 

is ajx + bjy + Cj + X (a2X + bay + Cj) - o 

where A is detennined by 



aa bj Ca 


+ 


ai 


bi Ci 


as bs Cs 




a. 


bs Cs 


84 b4 C4 




a4 


b* C4 



3. Show that the lines 

hx* — a hxy + ay* = o 
are at right angles to the lines 

ax* + a hxy + by* = o 
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4. Show that one of the lines 

ax' + a hxy + by' — o 

'^ill coincide with one of the lines 

a'x' + a h'xy + b'y« 

•^ 4 (ah' - a'h) (hb' - h'b) - (aV - a'b)« 

Find also the condition that a line of the first pair should be perpendicular 
to a line of the second pair 

-'ins. Write b, — h, a for a, h, b in preceding cond'n (by Ex. 3). 

5. Find the lines represented by 

x' — 3x2y — 3xy' + y» = o 
[Subst' rcos 6, rsinS for x, y; deduce tan 3d = i ; $ » 15°, 75® or 135**] 

6. Find the lines represented by 

m (x* — 3 xy'-^ + y* — 3 x'y = o 
[NoU— deduce tan 3d =* m] 

7. Show that the lines 

a«x« + a h (a + b) xy + b«y2 « o 
are equally inclined to the lines 

ax* + a hxy + by* = o 

8. Show that 

(ha + k* - I) (x« + y2 - I) « (hx + ky - i)* 
represents a line-pair. 

9. Find the lines through (jOC, jS) perpendicular to the lines 

ax8 + bx* y + cxy* + dyS « o 

j4fis. d (X - a)' - c (X - ocy (y-fi) 

+ b (X - Of) (y -i3)« - a (y - ^)« = o 

10- Prove that the product of the perpendiculars from (x'y') on the lines 

ax' + a hxy + by* = o 

axf^ + a hxy + b/» 
* V(a - b)a + 4 h» 
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11. Prove that the distance between the points where the line 

xcosOf + y fin(X = p 
meets the lines ax' + 2 hxy + by* = o 



IS 



2 p Vh' — ab 



a sin? OC — ahsinCXcosOC-i- b cos^ OC 



12. The line Ix + my + n 

cuts the lines ax' + 2 hxy + by' = o, 

making angles OC, fi with them. Prove that 

,.„«, ^ t,„rt , (a - b) Im - h (P - in «) 

13. Find the conditions that the polar equation 

AtanS + BsecS =^ I 

should represent the bisectors of the angles between the straight lines whose 

polar equation is 

Asecd + Btand^i 

Ans. I + A' - 2 B«, (I - B«)2 + a AS =: o 

14k. If the equation 

ax' + 2 hxy + by' + agx + 2fy + c-o 

represent straight lines, the co-ord^s of their inters'n are determined by any two 
of the equations 

ax+hy + g^o, hx + by + f«o, gx + fy + c = o 
INoie^By § 117 the lines are 



ax + hy + g = + V(...); 
adding these ax + hy + g » o] 

^ 15* Find the condition that the line 

Ax -h By + C « o 
should pass through the intersection of the lines 

ax' + 2 hxy + by' + 2gx+2fy + c = o 



j4ns. 



a h g 
h b f 
ABC 



= o 
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16. A straight line moves so that the algebraic sum of the perpendiculars 
on it from n fixed points * o: show that the line passes through the 6xed point 

^ (Xx + Xj + ...+ x^), ^ (yi + Ya + ... + Yn) 
[Note — These values may be briefly expressed 

iSx, iSy. 
n n 

The fixed point is the ffiean centre of the given points.] 

17. More generally, if mi times the first JL -i- mj times the second 
1 + &c. » o ; the line passes through the fixed point 

^2 mx 2 my"* 



(Smx 2. my \ 
2^' "2^/ 



[Nate — This point is the mean centre for the system of multiples mi , m.^ , 
m,, ... See Euclid Revised^ p. i ic] 

18. Given three fixed lines meeting in a point, if the three vertices of 
a triangle move one on each of these lines, and two sides of the triangle 
pass through fixed points, prove that the third side passes through a fixed 

point. 

A 

19. If the axes are inclined at (i), show that 

x' + a xy cos (D + y^ cos 1 (D « o 
represents lines inclined at 45°, 135° to the axis of x. 

20. Find the equation to the locus of a point which moves so that the 
product of the perpendiculars from it on the four lines 

ax* + bx'y + ox'y' + dxy' + ey* 

is constant (* 8*). 

Ans, ax* + bx'y + ox' y* + dxy« + ey* = 8* V(a - c + e)'-* + ^h - d)' 
{Note—ljsx 

ax* + bx'y + cx*y* + dxy* + ey* 

= e (y - m,x)(y - maX) (y - msx) (y - m4X) . . . (1) 

_, , . y — mx 5^ 

The locus IS H , "^ " 

VI + m* 



or 



ax*+ bx8y +...= e8*\^n(i + m«) 



Again in the identity (i) substitute successively (i, V — i) and (i, — V — 1) 
for X; y and multiply the results : 

/. (a - o + e)« + (b - d)2 = e^Il (i + m^)] 
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21. Determine k so that two of the Imes 

2 xy (ax + by) — k (x* + y*) « o 
may be at right angles. 
Jns, k « o, a •*- b. 
{^Noie — We must have 

2 xy (ax + by) — k (x* + y*) = (x* — Xxy — y^) (/ytx + j;y) 
Multiply out dexter and equate coeff's: we get eq'ns to determine yi, Vf X, k 

22. Find the conditions that two of the lines 

ax* + bx*y + cx*y* + dxy* + ey* = o 

should bisect the angles between the other two. 

Jns. sa + 3 e -I- c » o, 2 (a - e)' (a + e) = (b + d) (be + da) 

[AW^— Put 

(A — B \ 

x' Tj— xy - yM 

Multiply out and equate coeff's ; then elim' A, H, B.] 



23. The condition that one of the lines 

ax* + 3 bx'y + 3 cxy* + dy» - o 

may bisect the angle between the other two is 

a(b + d/ - d (a + c)» = 3(a + c}(b + d) (b« + bd - ac - c*) 



CHAPTER VI. THE CIRCLE 

EQUATION TO A CIRCLE 

§ 149. To find the equation to a circle whose centre is (a, b) 
<ind radius r. 

Let P (x, y) be any point on the circle, its centre. 




P (xy ) 



Then OP = r 
/. CP» = r» 

(X - a)^ + (y - b/ = r' {§ lo) 



This is the required equation. 



§ ISO. Note these particular cases. 




JO. When the centre is the origin, 
a « o, b = o. 

The equation is 

This is also obvious from the figure. 
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2^ When the circle passes through the origin and its centre is on OX. 



Let the centre be (a, o) 

Then the radins is a. 

.*. the equation is 

(X - a)» + (y - o)2 = a^ 
or (x - a)« + y2 - a^ 

or X* + y^ « a ax 



Otherwise, by Euclid III. 35, 

PN« « ON . ND 

- ON. (a a - ON) 
i.e. y' - X (a a - x) ; 
or x^ + y' — aax 

40. When the circle passes through the origin and its centre is on OY. 





Let the centre be (o, b). 
Then the equation is 

x« + (y - b)2 - b^ 
or X* + y' — a b y 



§ iSl. Ex. I, Let the centre be (3, — 4) and the radius 5. 
The equation to the circle is 

(x-3)' + (y + 4)^^ = 5^ 
or x^ + y^ — 6x + 8y«o 

Ex. 2. What locus is represented by 

9x2 ^ 9y2- 4a X + 36y « 59? 
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»9 
9 



Divide by the coeff ' of x', viz, 9, 

/. X* -f y' — ^ X + 4y 
RearraDge, x« - ^ x + y* + 4y - ^ 

Complete the squares (as in solving quadratics) : 

x2 - Y^ + «)' + y* + 4y + a' « nr + IT + 4 

» 16 

/. (X - i)2 + (y + 2y - 42 

Thus the locns is a circle, centre (}, — 2) and radius *■ 4. 
CONDITIONS THAT AN EQUATION REPRESENT A CIRCLE 

§ IS2. To discuss the locus 

X« + y«+ 2gX+ 2fy + C = o 

Rearrange, x' + 2gx + y*+2fy=— c 

Complete the squares, 

x'+ 2gx+ g' + y'+ 2fy + f« = g* + f2-c; 

••• (X + g)' + (y + ff = g' + f * - c 

Compare this with 

(X - a)^ + (y - b)^ = r» 

/. a=-g, b=-f, r» = g*+f^-c 

Thus the locus is a circle, centre (— g, — f ) and radius 

= -/g^ + f^ - c 

§ iS3. We notice then that an equation of the second degree in 
rectangular axes represents a circle if 

lo, there is no term in xy 

and 20, the coeff's of yO and y^ are equal. 

If the coeff' of x' is not unity we may divide by it ; thus the 
general form of the equation to a circle is 

X« + y2+ 2gx + fy + c=o 
The centre and radius of this circle are determined in § 152. 
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CONDITIONS DETERMINING A CIRCLE 

§ 154. Three conditions determine a circle. 
For let the circle be 

x» + y' + 2 gx + 2 fy + c = o. 

Each condition gives a relation between g, f, c. 
We have .*. three eq'ns to determine g, f, c. 

Ex. Find the circle through (o, o), (3, o), (3, 4). 
Let its eq'n be x^+y' + agx+afy + c — o 

Express that co-ord's of each of the given points satisfy this eq^n : 

c — o 
9 + 6g + c = o 
35+6g + 8f+c«o 
Solving these, c=o, 2gaa — 3, fss— a 

.*. req'd eq'n is x^ + y* — 3X — 4y = o 

INTERSECTIONS 

§ 155. The points of intersection of a line and a cin 
obtained by solving the simultaneous equations (§ 34). 

Ex. I. Find the inters^ns of the line y « x + i and the circle 

x* + y* — ax — 3y + 3«o 
Eliminate y ; we find ax' — 3X + 1 "O 

.*. X = I or J 
and y«x + i«a or J. 

Jns. (I, a) and (J, 5) 

We have here two distinct p^ts of inters^n. 

Ex. a. Find the inters^ns of 

X + y = 7 and x* + y* - a x — 4y » 3 
Eliminate y. We find 

x2 — 6 X + 9 - o, or (x — 3)' « o 

.-. X « 3, y = 7 - X - 4 

^^' (3,4). 

Here the two p^ts of inter^n coincide : in fact the line touches the cir 
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Ex. 3- Find the p'ts of inters'n of 

X + y " la and x' + y' — 25 

Solving these, 

X - i (" ± V^), y - i (" + ^■^) 

Here the Ime does not meet the circle. 

It is however proper to say that it meets the circle in the two ima^nary 
points whose co-ord's have just been assigned. 

I^e beginner should illustrate these examples by figures. 



1. Find the equations to the following circles : 
P, centre is (i, — 2) and radius = 3 
a», centre (a, b) and radius V9? + b' 
3% on join of (i, — 3), (3, 5) as diameter 
4<', touching OY at O and on left of OY ; radius » 4 
5% in first quadrant touching OX, OY ; radius = c 

^ns. !•, x' + y' — 2 X + 4y - 4 
a®, x' + y' « 2 ax + 2 by 
3S x' + y* — 4X — 2y— 12 »o 
4®, X* + y* + 8x ■ o 
5», x' + y' — 2 ox — a cy + o' — o 

2. Find the centre and radius of each of the circles 

x' + y* — 4X + 4y — I « o 
x* + y" + 2X — 6y «o* 

4x* + 4y' + 12 ax — 6 ay — a' = o 
sec a (x' + y") — a ex — 2 cy tan (X «* o 

Ans. (a, -a), 3; (-1, 3), \^io; f - ^, ^V i—\ (c cos a, c sin Of), c 

3. Find the circle through the origin which cuts off intercepts (3, 4) on 
the axes. 

Ans, x' + y' -a 3X + 4y 
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4. Find the circle through the three points (o, o), (h, o), (o, k). 
Ans. X* + y' « hx + ky 

5. What is represented by 

x* + y'-6x — 8y + 25 ^o? 

[Here (x — 3)' + (y — 4)' = o ; a circle centre (3, 4), radius o : i. e. 
point-circle *] 

6. Fmd the circle through (o, o\ (2, 3), (3, 4). 
Ans. x' + y' — 23 X — II y 

7. Find the circle through (2, 3), (4, 5), (6, i). 
Ans, 3x' + 3y* — 26X + i6y — 61 

8. Find the circle on the join of (Xj y^), (x^ '^^i as diameter. 
[Here centre is 

\ (Xi + X2), J (y + ya) and (diam'^« - (Xi - Xa)^ + (yj - ya)* 
.'. eq'n is 

[X - i (Xi + Xa)]2 + [y - J (yi + ya^P = -1 [(x^ - Xa)^ + (y^ - ya)' 
or reducing, (x - Xj) (x - Xa) + (y - yO (y - ya) = o.] 

9. Find the points where the line 

3x + y - 25 

cuts the circle x* + y* = 65 

Am. (7, 4) and (8, i). 

10. Find the inters^ns of the line 

y = X + I 
and the circle X* + y^ « 23X — iiy 

Ans. (2, 3), (3, 4). 

11. Find the intei/ns of 

4X + 3y = 35, x2 + y2- 2X - 4y = 20 
Ans. The line touches the circle at (5, 5). 

* The factors of 



(X- 3)' + (y-4)* are x - 3 + (y - 4) V- i : 
.*. the given equation may also be regarded as representing two imaginary lii 

X - 3 + (y - 4) V^^ « o, X - 3 - (y - 4) V^ - o. 
These intersect in the real point (3, 4). 
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12. Find the length of the chord which 

x' + y' — 5X — 6y + 6e^o 

intercepts on OX. 
[Pat y « 0, .'. x' — 5 X + 6 - o ; x - a or 3. 

/. intercept — 3 — 2 » i. See § 28] 

13. Find the chords which the circles in Ex. 2 intercept on OX. 
^^' 3 V5, a, a -/id, a c cosOC. 

14. Find the chord which the circle 

X* + y' — 4 X + 2 y + 20 

intercepts on the line 3X + 4y + 5 — o. 

[Centre of circle is (a, i) and its radius 5. Draw a figure, let C be centre 
and let line cut drcle in P, Q. Draw CM ± PQ. 

Then CM » ± ftom (a, i) on 

(3X + 4y + 5 = o) -= 3; 
.-. PQ - a PM - a VCP» - CM* = a V25"- 9 « 8] 



15. Find the chord which 

x« + y» 
intercepts on y 

I 



ax + 3y 
X + 1 



- 3 



Ans, 



Va 



16- Find the chord which 



X2 + y3 



intercepts on 
Am. Vsi 



2X + 2y + 23 
X + 3. 



17. The co-ord's of A are (— a, o) and of B (+ a, o) ; find the locus 
of a point P which moves so that 

PA - 2 PB. 
[Let P be (x, y) ; then PA^ « 4 PB« 

.-. (X + a)« + y2 - 4 [(X - a)2 + y^] 
or 3x' + 3y* - loax + 3a2 « o. 

Ans. Locus is a circle, centre (| a, o), radius f a.] 



128 



Analytical Geometry 



[•£' 



18. If PA « nPB ; find the locus of P. 

Ans. A circle, centre ( -z a, o), radius —5 a. 

\n2 — I ' / ' n* — I 

A 

19. If APB « a constant p ; find the locus of P. 

-^«j. The circle x* + y^ — 2 ay cot y3 « a^. 

20« Find the locus of a point which moves so that the sum of the square- 
of its distances from the sides of a square (side « a) is constant *» 2 k^. 

Ans, Taking two adjacent sides of square as axes, the circle 

x' + y* - ax - ay + a* — k' - o 

21. Find locus of a point which moves so that sum of squares of its dis- 
tances from sides of an equilateral triangle «» constant » k^. 

[Let two vertices of A be (— a, o), ( + a, o) so that third vertex is o, a -/sJ 
Ans. Locus is the circle 

6x2 + 6y2 - 4ayV'3 = 4k« - 6a2 



DEFINITION OF TANGENT 



§ IS6. Def (i) — If P is a point on a curve, then if P be 
joined to another point Q on the curve, the limiting position of 
the chord PQ when Q moves up to P so as ultimately to 
coincide with it is called the tangent at P. 




Def (2)— The normal at P 
is a line PG through P per- 
pendicular to the tangent. 



The following geometrical illustration will assist the beginner to understand 
the preceding Def ' (i) 
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In the case of a circle, centre C, 




But 
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A 







Now let move up to coincidence with P. Then ultimately 

A A „ 

^-o; /. Of - 90**. 

That is, the angle between CP and the tangent at P is a right angle. This 
agi«es with Euclid m. 16 



EQUATION OF TANGENT 



§ 157. To find the equation of the tangent at (x' /) to the circle 

x^ + y* = r' 



Let P be the point (x'/); 
Q (x'^y'O an adjacent point on 
the circle. 




The eq'n to PQ is 



X — X 



x' - x" 



. . . (I) 



If Q approaches P indefinitely, then ultimately 



/-/'=o, 



- x" = o 



and the dexter side of (1) assumes the indeterminate form §. 

K 



But 
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if we make use of the fact that Q always remams on the cir< 
can find a determinate limiting value. 

Since P, Q are on the circle 

Subtract, .-. x'»-x"»+/'-/'« = o 

/. (x'-x'0(x' + x'0 = -(/-/0(/ + /0 



/ ~ /" _ x^ + x ^" 

•• x'-x""" / + /' 



Thus (i) becomes 

y-/ ^xNo^'^^ 

X — x' / + y" 

Now put x'' = xf and y'' = y', and multiply up 

» 

.-. /y — /* + x'x — x'* = o 
/. xx' + y/ = x" + /• 

= r*, since (x'yO is on the circle 
Thus the equation of the tangent at (x'^yO is 

xx'+ y/= r* 

Ex. The tangent to x« + /» = 35 at (3. 4) is 

3X + 4y - 25 

§ 158. The normal is the X to the tangent through xfy'; its eqoati 

y — / X - x^ 
/ * x' 

or X'y — y'x — O 

Thus the normal passes through the origin. 

§ 159. The result of § 157 may be obtained by assuming Euclid I; 
The normal is the join of P (•/) to the centre (o, o). 
Its equation is .*. 

y y' 

- = ^> Off x'y-./x-o 
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The tangent is the X to this through P (x'/) ; its equation is .*. 

^ -/ 

or / (y - /) + X' (X - x') == o 

or x'x + /y = x'* + /* r^ r\ as before. 

§ 160. To find the equation of the tangent at (x'y^ to the circle 
x' + y'+ 2gx+ 2fy + c = o 

Let Q (x"y'') be an adjacent point on the circle. The equa- 
tion of PQ is , . -, 

y-y _/-/ 



X — x' x'— x'' 



(I) 



Since P, Q are on the circle 

X'2 + /« + 2gX' + 2y + C = O 

x''2 ^. y//s ^ agx'" + 2y + c = o 

Subtract, 
/. (x'-x'0(x'+x''+2g) + (/-/0(/ + /'+2f) = o 

. /-/^ _ _ x"+X""+ 2g 

Thus (i) becomes 

y-"/ _ x^ + x'^^- 2g 
X — x' / + y"+2f 

Now put x''= x', /'= /; the equation of the tangent at 
(x'Z) is .-. 

y~/ _ x^ + g 
X - x' / + f 

This equation may be reduced. Multiply up, 
.-. (X - xO (x' + g) + (y - /) (/ + f) = o . . . (2) 
••• XX' + yy' + gx + fy = x'* + /* + gx' + fy' 

Add to both sides 

gx' + y + c 

K 2 
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.% xx'+y/+g(x + x') + f(y + /) + c 

= x'^ + /' + 2gx' + 2y + c 

= o, since (x'y) is on the circle. 
Thus the equation to the tangent at (x'y') is 

xx' + y/ + g(x + xO + f (y + yO + c = o 

§ I6la Otherwise, assuming Endid III. 16. 




The normal CP is the join of the centre 
C (- g, - f) [§ 153] to (x'/), .-. its eq'n is 

X y I = o 
x' / I 
-g -f I 

or x(/ + f) — y(x' + g)+gy'-ftc' = o 



The tangent PT is the ± to this throngh (x'y') ; its equation is .*. 

(x-x')(x' + g) + (y-yO(/ + f)-o 
This is equation (2) of the last §, and is reduced as before. 

§ 162. The equation of the tangent at (x'/) 

xx' + y/ + g(x + x') + f(y + /) + o = o 
may be remembered by this rule : — 
fVrit^ the equation to the circle thus, 

XX + yy + g(x + x) + f (y + y) + o = o ; 
then dash one letter in each term, 

Ex. Find the tangent at (i, 2) to 

x' + y* — 2x — 3y + 3«o 
Write this xx + yy— (x + x) — f(y + y) + 3 = o 
The req'd eq'n is 

X (i) + y (2) - (X + i) - * (y + 2) + 3 - o; 
or reducing, y m 2 
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CONDITION OF TANGENCY 

§ 163. To find the condition that the line y = mx + n may 
touch the circle, x' + y* = r' 

Eliminate y; /. x* + (mx + n)* = r* 

.-. (i + m*)x* + amnx + n* — r* = o 

This quadratic determines the abscissae of the points of inter- 
section. 

The quadratic has equal roots, i. e. the line touches the circle, if 
(i + m*)(n*- r«) = m*n' 
or n*= 1^(1 + m') 

or n = ± r Vi + m'* 

Co/ — Whatever m is, the line 

y = mx + r Vi + m'* 
is a tangent to the circle x' + y' = r^ 

§ 164* The method in the last ( is applicable to any curve. In the case 
of the circle however the following method is easier. 

It follovrs from Euclid that a line touches a circle if 

X on line from centre = radius. 
.*. condition is that 

length of X from (o, o) on [y « mx + n] is r ; 

n 

i.e. « r 

i V I + m^ 

or n -■ + r Vi + m^ as before. 

Ex. I. Find the tangents to 

x2 + 'y2 - 25 

which are parallel to 3y-4X»o 

Any parallel is 3y-4X + k=o 
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Fint method. Fliminating y, 



x» 



'(^7-» 



or redttdng 25 X* — 8 kx + k* — 225 — o 

This quadratic in x has equal roots if 

64k* « 4.a5.(k«- aas) 
Solving this, k - + 25 

and the required tangents are 

ay - 4X + as « o, 3y - 4X - as - o 
Second method. 

Length of ± from centre, viz. (o, o) on [3 y — 4 x + k >s o] «= 5 

.*. — ■» s Mid k -■ + 35, as before. 
±5 ~ 

Ex. 3. Find the equations of the tangents from the origin to 

x' + y' — 4x — 4y + 7«o 
Here centre is (a, a) and radios — i. 

Any line through the origin is y « mx ; this will be a tangent if 

X from (3, a) on [y — mx « o] « i 
a — am 



± Vi + m* 
.*. (a — a m)* « i + ip* 
Solving this, m « i (4 ± */i) 

and the required tangents are 

y-*(4 + V7)x, y-i(4- V7)x 

LENGTH OF TANGENT 

§ 165. To find the length 0/ either tangent from (x'y^ to 

(x-a)«+(y-b)'-r»=o 
Let C be the centre, T the point (x'y'), P the point of co 

Then CPT = rt'Z; 

/. TP = TC»-CP» 
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But TC» = (x'-a)« + (/-b)«, (§ lo). 

/. TP = (x'-a)»+(/-b)«-r» 




Thus fhe square of the tan- 
gent = result of substituting* 
the given co-ordinates in the 
sinister side of the equation^ pre- 
pared if necessary by dividing 
by the coejf of x\ 



Ex. Find the length of the tangent fropi (3, 4) to 

3X* + 3y2 + ax + y+i«o 
The ' prepared * equation is 

x« + y2 + |x + iy + J - o 

Length req'd - v^3* + 4* + (f)3 + (i)4 + i 



^ 8 



Ezeroises 

1. Find the equation of the tangent at (5, 4) to 

x* + y*-4X-6y + 3-=o 
Am, 3 X + y "■ 19 

2. Find the tangent and normal to 

x« + ya = as at (3, - 4)- 
Ans, 3x -4y « 35, 4X + 3y- o 



* Def — The p&wer of a point (x'yO with regard to a curve S « o is the 
result of substituting x', y instead of x, y in S. 

The power of T (x'/) with regard to the circle 

(x-a)«+ (y-b)«-ra = o 

is (x' - a)» + (/ - by - r» 

This B CT^ — r^ ; it is .*. positive, zero, or negative according as T is 
outside, on, or inside the circle. 

If the point T is outside, its power « square of tangent from T (§ 165). 
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3. Find the tangent at the origin to 

Am. 4 X + 5 y » o 

4. Find the tangent at the origin to 

X* + y' + hx + ky«o 
Am, hx + ky « o 

5. Find the tangent and normal at (~ 2, 3) to 

x«+y«-ax-4y = 5 
Am. 3X — y + 9«o, x + 3y = 7 

6. Hud the tangent at (3, 2) to 

(X — i)' + (y + a)* = 20 
Am. X + a y = 7 

7. Find the tangents to x* + y* = 36 
which are inclined at 60° to OX. 

Am. y =* X Vs + 12, y = X-/3 — la 

8. Find the tangents to 

X' + y'— ax — ay+ i =0 
which are parallel to x = y. 
Am. X — y ± ^2 = o 

9. Show that the line x •!• y = 2 + Va 
touches the circle x^ + y*— ax— ay + i =0 
and determine the point of contact. 

Am. (i + i^2, I + i^/2) 

10. Find the tangents to 

x^ + y* — 4X — ay+ i =0 

which are parallel to OX ; also the tangents from the origin. 
Am. y«3>y + i=o; x-o, 3x + 4y = o. 

11. Find the length of the tangent from (i, — a) to 

3x2 ^ 3y» «x- 4 = 0; 
also of the tangent from the origin to 

ax*+ay2 + 5x + 6y + 8 = o 
Am. v^, a. 

8 



167] The Circle 137 

12. Find tiie length of the tangent from (13, 8) to 

x* + y* + 22x — ay = 278 

Ahs. 15. 

13. If the tangent from (h k) to 

X* + y* = 3 

^ twice the tangent from the same point to 

X* + y* «= 3 X + 6 
Pfovethat h«+k2-4h + 7 

14. Find the condition that the line 

X y 
h k 

may be a tangent to the circle x' + y* «■ r* 

^«j. M k2 = rHh^ + k2) 

15. Any tangent to a circle whose radius is r meets the tangents at the 
ends of a diameter AB in Q, R : prove that 

AQ.BR « r» 

TANGENTS FROM A GIVEN POINT 

§ 166. We may obtain the equation to the pair of tangents from (x'y^) to 
the circle x' + y* « r* thus — 

Let (^hk) be a point on either tangent from (xfy'). 

Form the eq'n to the join of (x'y'), (hk) ; it is 

x(/- k)-y(x'- h) + x'k-/h = o 

The -L on this from the centre (o, o) is r, i. e. the join touches circle if 

x^k - /h 

± V(/ - k)a + (x' - h)« " 

Writing x, y instead of h, k we obtain the required equation, 

r» { (X - xO^ + (y - /)« } - (x/ - x'y) « 

Another method is deduced in the next §. 

§ 167. We may find the ratio m : n in which the join of two points 
(x'yO, (x'yO is divided by the circle x» + y^ = r^ thus— 



The values 


mx" + nx' _ m/' + n/ 
m + n ' ^ m + n 


(§15) 


must satisfy 


x* + y2 « r* 
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,\ (mx" + nx')* + (m/' + n/)* - r» (m + n)« 

.-. m^ (x"2 + /'2_ r") + 2 mn (x'x" + //'- r«) + n* (x'* + /«- O = o 

This quadratic determines the values of m : n corresponding to the tw 
points where the join cuts the circle. 

Cor' — The quadratic has equal roots, i. e. the join touches the circle if 
(x'a + /2 _ p2) (xf'« + /'2 _ r2) - (x'x" + //' - r2)« 

This is true if {x"y") is any point on either tangent from (xfy^. 

Writing then x, y instead of x", y", we obtain the equation to the pair 
of tangents from (x^), viz. 

(x'2 + /2 - r2) (x2 + ya - r8) = (xx' + y/ - r^^ 
Note — The preceding method is due to Joachimsthal. 



POLES AND POLARS 



§ 168. Bef^ — If L, M are the points of contact of tangents 
from P, the line LM is called the polar of P, and P is called the 
pole of LM. 




P(xy) 



To find the equation to 
the polar of (x'yO ^Ih 
respect to the circle 

x« + y« = r'. 

Let (hk), (hV) be 
the points of contact of 
tangents from (x'y'). 

The equation of the 
tangent at (hk) is 

xh + yk = r*. 

But (x'/) is a point 
on this tangent, 



x'h + /k = r« 



(0 
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Similarly ' x'h'+Zk'rrr' (2) 

Now consider the straight line whose equation is 

xx' + y/=r« (3) 

By (i), (hk) is a point on thb line 

B7 (3), (h'kO „ 

/. (3) is the equation to the join of (hk), (h'k^. 
Therefore the required equation is 

xx' + y/= r* 

§ 169. If (x^yO ^® '^ this equation Tq>re8eD^ a real straight line ; 
if (x^/) is inside the drde the points (hk), (h^k^) are imaginary, but their 
join is the real straight line 

xx' + y/ « r* 

§ 170. The equation of the tangent at (x^/) is 

xx< + y/ =» r", 

with the implication x'* + y'* — r* 

The equation of the polar is of the same form as the equation of the tangent, 
but the values of (x'yO ^'^ unrestricted. Thus if a point is on the circle its 
polar coincides with the tangent 

This may also be seen geometrically. 

If in fig' § 168 P approaches L along the line PL (the point L remaining 
fixed), then M ¥dll approach L along the circle; and as P approaches to 
coincidence ¥nth L the polar LM approaches coincidence with the tan- 
gent LP. 

§171. Tojindthepoliofthelifte 

Ax -f By + C B o (i) 

Let it be (x^yO > the polar of this point is 

xx< + y/ — r* — o (2) 

(i) and (a) must represent the same line; 

•• ABC 
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These values of x', / are real if A, B, C are real. Thus every line has 
a real pole. 

§ 172. If a point P lie on the polar of Q, then Q will lie on the 
polar of p. 

LetPbe(xY), and Q (xVO- 

The polar of P is xx' + y/ = r^ (i) 

The polar of Q is xx'' + yy'' = r' (2) 

Express that (x'y^ lies on (2) ; 

/. xV + //' = r« 
But this is also the condition that (x^'y'') lies on (i). Q.E.D. 

§ 173. Straight lines are drawn through a fixed point P cutting a circle 
in R and S ; the tangents at R and S meet in Q : to find the locus of Q {set 
fig', § 168). 
We see here that P lies on the polar of Q ; 

.'. Q lies on the polar of P (§ 173) 
i. e. the locus of Q is LM the polar of P. 
The proposition may be otherwise stated thus : 

If a line revolve round a fixed point P ; then its pole moves on a fixed line, 
viz. the polar of P. 

Conversely, if a point P move on a fixed line^ then its polar will pass through 
a fixed point f viz, the pole of the fixed line. 

For let Q be the pole of the fixed line. 

By hypothesis P lies on the polar of Q ; 

.•. Q lies on the polar of P (§ 172) : 

i. e. the polar of P passes through the fixed point Q. 

§ 174. Ifthepolars of ^ and B intersect in C, then C is the pole of^B. 
The polar of A passes through C, 

.*. the polar of C passes through A (§172). 
Similarly the polar of C passes through B : 

.*. AB is the polar of C. Q.E.D. 
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S 175. To deduce a constrnction for the polar of a point P with respect 
toadide. 

I Let be the centre of the circle. 





Fig. (1) 



Fig. (2) 



Take O for origin and OP for axis of x. Let the co-ord's of P be (x', o), 
and the equation to the circle 

x« + y« - r» 

Then the polar ofPis xx' + y.o«r* 

or xx' « r* 

This is a line parallel to the axis of y at a distance -j . 

We have then this construction for the polar of P : 
Join OP, let OP meet the circle in A. 
Take a point N on OP such that 

OP. ON = OA«. 
Then a X through N to OP is the polar. 

§ 176. If the equation to the circle be 

x'+y'+ agx+ 2fy + c — o, 
it is proved as in $ 158 that the polar of (x^yO is 

xx^ + yZ + gCx + xO + fCy + yO + o-o. 

This is of the same form as the equation of the tangent. 



1. Find the polars of (i, 2), (o, i), (i, — i) with respect to 

x« + y« - 3 
^Ms. x+ay-3»y-3»x-y-3. 
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2. Find the poles of 

3x — 3y-»5, x + y-i, xcosOC + ysinOC-p 
with respect to x^ + y* « 50 

A f N / \ /50 cos a 50 sin OfV 

Ans. (20, - 30), (50, 50), y—z — » ) 

3. Find the points of contact of tangents from (r, 2) to 

x« + ys - 4 
Ans, (o, 2), (t, f) 

4. Find the condition that the polar of (hk) with respect to 

X« + y' - 9 
may touch x* + y* — 6 y 

Ans. h' + 6 k « 9 

5. Find the condition that the polar of (hk) with respect to 

x^ + y« - a* 
may touch (x - «)« + (y - /3)* - r« 

Ans. (ah + /3 k - a2)2 - r* (h^ + k*) 

RADICAL AXIS 

§ 177. Let the equations of two circles be 

X* + y* + 2 gx + 2 fy + c = o . . . . (i) 

X* + y» + 2 g'x + 2 fy + c' = o . . . . (2) 

and let us interpret the equation 

x2+y2+ 2gx + 2fy+c = x' + y»+ 2g'x+ 2fy + c' . (3) 

Any values of x, y which satisfy (i) and (a) also evidently 
satisfy (3) : 

/. (3) represents a locus passing through the inters^ns of (i), (2). 

Again, (3) reduces to 

2(g-gOx+ 2(f-f)y+ c-c'=o ... (4) 

This equation represents a straight line. 

Accordingly, (3) represents the join of the points of inters^n 
(real or imaginary) of the circles (i), (2). 
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§ 178. Def^ — ^The join of the points of intersection (real or 
"Daginary) of two circles is called their radical axis. 

Equation (3), or (4), represents the radical axis of the circles 

(0»(2). 

Although the circles may not intersect in real points, we see 
from (4) that the radical axis is always a real line. 

Put S = x'^ + y' + 2 gx + 2 fy + c 

S' = x* + y«+ ag'x+ 2fy+ c' 

so that S = o, S' = o are the prepared eq'ns to two circles. 
Then the equation to the radical axis is 

S-S'=o 

§ 179. The equation S — S' = o expresses (§ 165) that the 
square of the tangent from (x, y) to S = o is equal to the square 
of the tangent from (x, y) to S' = o : thus tangents drawn to two 
circles from af^ point on their radical axis are equal. 

§ 180. The radical axis is perpendicular to the join of the centres. 
For the join of the centres is 

X y I 

-g -f I 
-g/ -f I 

or x(r-f)-x(g'-fir) +gf'-g'f'=o 

This is X the radical axis, 

a(g - g')x + 2(f - fOy + - c' - o [§ 68, Cor' (3)] 

§ 181* One of the circles may be a point-circle. 

Thns the radical axis of the circles 

(x - a)2 + (y - b)2 - r2 -= o (i) 

(X - a')* + (y - b')'^ - o (2) 

is the line 

1 (a' - a) X + 2 (b' - b) y + a2 + b* - a'2 - b'a - r2 = o . . (3) 

Accordingly the line (3) [the radical axis of the circle (i) and the point 
(a'bQ] is the locos of a point which moves so that the tangent drawn from it 
to the circle (i) is eqoal to its distance from the point (a'b^* 
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§ 182. Suppose two circles to intersect in P, Q so that PQ is 
the radical axis. 

Let Q approach coincidence with P : then the circles touch ar»<l 
PQ becomes the common tangent 

Thus iftvoo circles touchy their radical axis is the common tanger^^ 
at the point of contact, 

Ex. Determine so that the circles 

x2 + y«-3x-4y-c«o, x* + y' — 4X-3y — c = o 
may tonch. 
Subtracting, the radical axis is 

X - y — o 

At the points where this meets the first circle 

2x'— 7x — c = o: 
this eq'n has equal roots if 

49 + 8 --= o, or o = — " , 

§ 183. Let the prepared equations to three circles be 

S = o, S'=o, S'' = o 

Taking these in pairs, the radical axes are 

S-S' = o, S'-S''=o, S''-S = o 

It is evident that any values of (x, y) which satisfy two of these 
equations will satisfy the third. 

Thus the three radical axes of three circles taken in pairs are 
concurrent. 

The point of concurrence is called the radical centre, 

CO-AXAL CIRCLES 

§ 184. Let the equations to two circles be S = o, S' = o where 

S =x' + y'+2gx +2fy +c 

S' = x« + y' + 2g'x + 2 fy + c' 

and let us interpret the equation 

S-AS'=o 
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Writing it at full length we see that it represents a circle (§ 153). 

Again, any values of (x, y) which render S = o and S' = o 
vill also render S — A S'= o. 

Thus S — X S' = o represents a circle passing through the 
points of intersection of S = o, S' = o. If we choose A suitably 
S - A S' = o will represent any such circle. 

§ 185. Def — ^A system of circles passing through two fixed 
points is called a co-axal system. 

The points may be real or imaginary. Their join is the conmion 
radical axis of any two circles of the system. 

If S = o, S' = o are two circles of the system, any other 
isS-AS' = o (§184). 

§ 186. S — A S' = o signifies (§ 165) that the square of the 
tangent from (x y) to S = o is A times the square of the tangent 
from (x y) to S' = o. Therefore if a point move so that the 
tangents from it to two given circles are in a constant ratio, its 
locus is a co-axal circle. 

§ 187. If S r:^ o be one circle of the system and u = o the 
radical axis, then any other circle of the system is 

S + A u = o (i) 

where A is a numerical constant 

For the radical axis of (i) and S = o is Au = o^ or u = o. 

Q.E.D. 

§ 188. A co-axal system may be simply represented thus. 

Take the join of the fixed points for axis of y, and the mid point of this join 
for origin. Let the fixed points be (o, + c). 

The common radical axis is x ^s o. 

x> + y' — c' = o is evidently one of the circles. 

Therefore by § 187 the equation 

x2 + y2 + aXx - c2 « o (i) 

represents any circle of the system. 

is the same for all the circles ; A. varies from circle to circle. 

L 
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§ 189. Equation (i) of the last § may be written 

(X + \)2 + y2 « \2 + c« 
If A' + c^ « o, this reduces to a point-circle. 

If .'. X «= + c V — I, the circle reduces to one of the points (± C V— i, o). 

These points are called the limiting points of the system. 

If the circles intersect in real points, c is real and the limiting points are 
imaginary. 

If the circles intersect in imaginary points, i. e. if 



c = + k V— I, 
then the limiting points are real, viz. they are (+ k, o). 

Ex. The polar of a limiting point is the same for every circle of the system. 
For the polar of (k, o) with respect to 

X2 + y2 + 2 X X + k' « O 

is kx + \ (x + k) + k2 = o 

or (x + k) (A + k) — o, or X + k *» o : 

i. e. the line through the other limiting point || radical axis. 

Exercises 

1. Find the radical axis of the circles 

x3 + y3 + 4x + 5y = 6 and x* + y* + 5x + 4y = 9 
Ans. X — y ■= 3. 

2. Show that the circles 

x3 + ya + 4x + y-3, x' + y^-x— y = i, x* + y*+i4X + 5y''^ 
are coaxal. 

3. Find the radical centre of the circles 

x2 + y3 + 3 X « o, x2 + y2 + 5 y « I, x' + y2 + 2 X + a y - ' 
Ans. (3, a) 

4. Find the radical axis of the circles 

(X - a)2 + (y - b)« « c2, (x - b)* + (y - a)* « c«; 
and determine c so that the circles may touch. 

Ans, X — y = o, -^ (a — b). 
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B, Find the length of the cmnmoa chord of the circlet 

xi + y2.4x — 2y — ao«o, x2 + y' + 8x + i4y«=o. 
[The radical axis is 

lax + i6y + 20 » o, or 3X + 4y + 5«o. 

The chord which the first circle intercepts on this line is obtained, £xercise 
I4» page 137.] 
Ans, 8. 

6. Fuid the length of the common chord of the circles in Ex. 4. 
Am. V4C2- 2 (a- b)* 

?• Find the equation to a circle through the points of intersection of the 
circles io Ex. i and throng^ the point (i, 2). 

[The reqM eq^n is of the form 

x' + y* + 4X + 5y-6 + X(x« + y»+ 5x + 4y-9) - o. 

Expressing that tliis is satisfied by 

x=i, y-2, i3 + 9\-o.] 

j4ns. 4X* + 4y2 + 29X + 7 y - 63 = o 

8. Find the circle throogh the origin and the inters^ns of the circles 

x* + y' + 2gx+2fy + c—o, x' + y* + 2 g'x + 2 f 'y + c' - o 
j4ms, (c' - c) (X* + y^ + a (go' - g'c) x + 2 (f (/ - f'c) y = o 

9. Find the locus of a point which moves so that tangents firom it to 

x2 + y« = 3, x« + y« « 3x + 6 
are in the ratio 2 : 3. 
Ans. The circle 6 (x* + y*) + I2X — 3 

CENTRES OF SIMILITUDE 

§ 190. Def^ — If the join AB of the centres of two circles is 
divided internally in O' and externally in O in the ratio of the 
radii : then O' is their tniernal centre of similitude^ and O their 
external centre of similitude. 

The following properties are easily proved by Pure Geometry 
(see Euclid Revised^ p. 343). Analytical proofs are indicated in 
the Exercises. 

L 2 
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(i) The two direct common tangents pass through O and the 
two transverse common tangents through O'. 




(2) Any line through either centre of similitude is cut similarly 
by the circles. 

Thus if a line through O cut the circles in P, Q, P', Q' then 

OP: 0^=00:00'= r:K, 

where r, r' are the radii. 

(3) The six centres of sim'de of three circles taken in pairs 
lie in threes on four straight lines (called axes of similitude). 

§ 191. Ex. I. Find the external common tangents to the circles 
x^ + y2 — 26X — I2y + aoi =0, x* + y^ — I2x — 4y + 39 « 

The centres are (13, 6), (6, 2) and the radii are 2, i 
.'. the external centre of similitude is ($ 16) 

2.6 — I. 13 2.2—1.6 

2—1 * 2—1 

or (- I, - 2) 

Any line through this is y + a « m (x + i) 

If this touch the first circle, the X on it from (13, 6) >= 2 

8 - 14 m 



± Vi + m^ 

Solving this, m = | or t|^ 

the common tangents are 

y + 2 »4(x + I), y + >2 »t|^(x+ i) 

Vr 3x-4y*5> 5X-i2y«i9 
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X* + y' + 4X + 2y - 4 



!■ Find the direct common tangents to the circles 
x« + y2-.4X-. ay + 4- o, 

^«J. y«2, 4X-. 3y= 10. 

2. Fmd the transverse common tangents to the same circles, 
^w. x-i, 3X + 4y = 5^ 

3. Find the direct common tangents to the circles 

x" + y* — 6x — 8y « o, x' + y' — 4X- 6y ■» 3 

i^Kx. X + 2 s o, y + I « o. 

4. Show that the tangents from the origin to the circle 

(X - a)8 + (y - ^)2 - r3 
tonch the circle 

(x-.Xa)«+ (y-X^)2 = (\r)2 

5. Also, if any line throngh the origin cut these circles in P, Q, P^, Q', prove 

OP : OR - OQ : OQ' - I : \ 
[Writing p cos $, psinS for x, y in the equation to the first circle it becomes 

p«- a/3(acos^ + )3sin^ + a2 + )32-r3-o 
Solve this quadratic in p ; its roots are OP, OQ ; &c.] 

Noie — Exercises 4, 5 afford proofs of properties (i), (a), § 190. 

6. The centres of three circles are (a)3), (a'^0» (a'')3'0 and their radii 
are r, K, r^'. If these circles are taken in pairs, show that the three external 
centres of similitude lie on the line 



r K K' 
III 



X — 



a a' a" 
III 



y = 



r K r" 

a a' a" 



ANGLE OF INTERSECTION 



§ 192. If two circles whose centres are A, B intersect in P, 
then since the tangents at P are ± AP, BP the angle of inter- 
section is APB. 
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Let APB = a, AB = 5, AP = r, BR = K 
then 5* = r* + r" — 2 rK cos a 

If the circles be 

S = x' + y' + 2gx + 2fy + c = o 
S' = x« + y' + 2g'x + 2fy + c' = o 
then i^ = g«+f«-c, K^ = g'^ + f'-c', 

3"=(g-g')*+(f-f)'^ 
.'. 2 rK cos a = 2 gg' + 2 fP — c — c' 

C^^r' — The circles cut orthogonally if 

2 gg' +2fr— c — c'=o 

§ 193. If a variable circle cut the two circles S = o, S' = o a/ constant 
angles (X, ^ then it cuts any co-axal circle S + kS' = oa/a constant angle y. 

Let the variable circle be 

x2 + y2 + 2 Gx + 2 Fy + C « o, 

R its radius. 

S + k S' « o when * prepared ' is 

o o g + kg' f+kf' c + kc/ 

xs + y2 + a ^ ^ X + 2 p- y + f- = o 

^ i + k i + k"' i + k 

Let r^' be its radius. The formula of $ 192 gives 

•-» ## ^2+ kg' _f+kf c + kc' ^ 
2Rr"cosy= 26^ p- + 2F j = C 

'^ I + k I + k I + k 

.'. 2 R r" cosy (i + k « 2 Gg + 2 Ff — c — C 

+ k [2 Gg' + 2 Ff - c' - C] 
« 2RrcosO( + 2 kRr'cos^S 
.*. (i + k) K'cosy « rcosa + kKcos^S 
Tliis formula shows that y is constant. 

§ 194- -^ system of circles which cuts orthogonally two given circles has a 
common radical axis. 

Let the given circles be 

x2 + y2 + 2gx + 2fy + c-o, x2 + y2+2 g'x + a f y + c' = 
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and x^ + y^ + aQx+aFy + C-o 

one of the orthogonal circles. 

.'. agQ + afF — c — C « o . 
ag'Q + afF-c/ -C -o . 

Eliminate Q, F linearly from (i), (2), (3). 

Thus (1) is replaced by 

X y x' + y^ + C 

g f -o -C 

g/ f -cZ-C 



C3) 



or 



X y x' + y* 
g f - c 
g/ f -c/ 



+ C 



X y I 
g f -I 
g' f -I 



If C varies this represents a circle of a co-axal system whose common 

radical axis is 

X y I 

g f -I 
g' f -I 
i. e. the join of the centres of the given citdes. 

§ 195. Otherwise thus : 

Let L, M be the limiting points of the system determined by the given 
circles S, S^. 

Let P be any point on the radical axis. Then PL «= PM *= tangent from 
P to any of the drdes. 

.*. a circle, centre P, radius PL, passes through M and cuts each of the 
circles orthogonally. 

The system passing through the two fixed points L, M is .'. orthogonal 
to S, S'. 

Cor' — ^The centre of the circle which cuts three given circles orthogonally 
is their radical centre. 

§ |96t £^* Find the circle which cuts orthogonally the three circles 

x2 + y2+2gX +2fy +C «0 

x« + y2 + 2 g'x + a f y + c' = o 
x2 + y« + 2 g^'x + a f y + o" « o 
Let the orthotomic circle be 

X* + y* + a Qx + a Fy + C - o (i) 
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Then 2gQ +afF-c-C«o . , 

a g'Q +afF-c'-C-o . . 
ag^'Q + af'F-c"-C=o . . 

From (i), (a), (3), (4) we may eliminate linearly Q, F, C. 
The required equation is /. 

x« + y2 
— c 



— c 



// 



X 


y 


I 


g 


f 


— I 


g' 


f 


— I 


g" 


f 


— I 



(a) 

(3) 
(4) 



POLAR CO-ORDINATES 

§ 197- To find the polar equation to a circle. 
In x' + y^ + 2 gx + 2 fy + c = o, 

substitute rcos^, rsin^ for x, y. 

This gives the required equation, viz. 

r*+ 2 r(gcos^ + fsin^) + c = o 

If the cirple pass through the origin c = o; dividing by r 
the equation becomes 

r + 2(gcos^ + fsin^ =0 

§ 198. Another method. To find the polar equation to a 
circle, centre (v^d^y radius = 5. 

P(r0) 



M ^C(rA) 1 


Let C be the centre, P any 
point (r 0) on the circle. 


A/\^ — ""^^^ 




Then CP=OP'+OC'- 


-2OP.OCCOSCOP; 
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.-. 5»= r»+ Pi'- 2rriCOs(^-^i) 

This is the equation required. 



. . (I) 



§ 199. The equation (i), viz. 

r3 - a rriC08(^ - ^1) + r^^ - 6^ - o 
^ a quadratic in r. 
Thus for each valne of 6 it determines two values OP, OP' of r. 

% the theory of qoadratics the product of the roots is Pj* — b^ ; this is 
"»dependentof^. 
Thus OP. OP = ri« - aa == 002 _ CP». 

This agrees with Euclid III. 35, 36. 

£x. I. What locus is represented by r — a cos ^ ? 
Mnltiply by r ; . •. r' = a (r cos ^ 

That is, x^ + y2 = ax ; thus the locus is a circle. 
Otherwise thus. Along the initial line measure OA =s a. 
Let P be a point on the locus ; join PA. 



Then OP = OAcosd 

A 
.-. OPA = rt. Z 

.'. locus is a circle on diameter OA. 



Ex. 2. Show that 

r — 3 a cos ^ + 2 b sin ^ 

represents a circle ; find its radius and the polar co-ordinates of its centre. 

Multiply by r, .*. r^ = a a (r cos 0) + 2 b (r sm $) 

.*. x' + y2 = 2ax + 2by 

.-. (X - a)2 + (y - b)2 = a2 + b2 

This represents a circle, centre (a, b), and radius » Va^ + b^ 

By § 39, (2), the polar co-ordinates of the centre are 

(r^Va^Tb^, ^ = tan-i^) 

Ex. 3. Two circles intersect in O ; through O any line is drawn cutting the 
circles in P, Q ; find locus of mid point of PQ. 

Take O for origin ; let the equations of the circles be 

X2 + y2+agx+2fy«o, x^ + y^ + a g'x + 2 f y « o 




154 Analytical Geometry [aoo. 

Or, in polar co-ordinates ($ 197) 

r + agcos^ + afsin^ = o, r + ag'cos^ + afsin^^o 

A 
Now let OPQ be inclined at $ to OX 

.-. OP =- 2gcos^ - afsin^, OQ «- ag'cosd — af sin0 

Let R be mid point of PQ ; let OR = r. 

Then a r = OP + OQ. 

Thns the locus is 

a r = — a (g + g') cos ^ — a (f + f) sin ^ 

or !•* + (g + gO (•* cos ^) + (f + f ) (r sin ^ « o 

or x2 + y2 + (g + g') X + (f + f ) y « o ; 

another circle through O. 

OBLIQUE CO-ORDINATES 

§ 200. To find the equation to a circle whose centre is (a, b) 
and radius r ; the axes being inclined at O). 

If (x, y) be any point on the circle, the distance between the 
points (x, y) and (a, b) is r. 

Thus by § 14 the required equation is 
(x-a)'-}- (y- b)'+ 2(x-a)(y-b)cosa) = r» . . (i) 
If this be expanded, we see that the terms of the second degree are 

x^ 4- 2 xy cos 0) + y". 

Thus the most general equation of the second degree represent- 
ing a circle is 

h (x'* -I- 2 xy cos 0) + y') + 2 gx -f 2 fy -I- c = o . . (2) 

We may find the co-ordinates of the centre and the radius of (a). 

Thus divide (a) by h, and comparing its coefficients with those of (i) we get 

f 

? ■= — a — b cos o), -r- = — b — a cos <o, 
n n 

T- = a^ + b^ + a ab cos o) — r^ 

Solving these we obtain the values of a, b, r. 
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CO-ORDINATES EXPRESSED BY A SINGLE PARAMETER 

§ 201. (r COS dt r sin 0) is evidently a point on the circle 

x« + y« = r». 

We may call this * the point 6.* 

£x. I. The equation to the chord joining the points OL, ^ is 

X y 1=0 

r cos 01 r sin 0( i 
rcos/3 rsin^ i 

or iieducing, 

xcosJCa + /3) + ysinJCa + ^) - rcosJCa - p) 

Ex. 3. Put /3 = Ot in the preceding : the tangent at (X is .*. 

xcosa + ysina = r 

Ex. 3. Find locus of mid points of chords of 

x« + y« = r» 

drawn through a fixed point (hk). 

Let (r cos (X, r sin Ot), (r cos /3, r sin /3) be the extremities of one of these 
chords. We have to eliminate tX, fi from 

h cos J (a + /3) + k sin J (a + ^) - r cosj (a - )3) 

a x =■ r (costt + cos/3) 

2 y = r (sin a + sin ^) 

The result is x^ + y^ = hx + ky 

MISCELLANEOUS PROPOSITIONS 

§ 202* If O is the centre of a circle, and A, B two points, then 
OA : OB ^ X from A on polar of B : X from B on polar of A 

{Salmon) 
Let the circle be x« + y* = r^, let A be (Xiyj) and B (Xay2). 
Let the J.s be AM, BN. 
The polar of B is xxj + yya — r^ 

.-. AM - (X1X2 + yiya - r2)/Vxa2 + y^a 
/. AM. OB ■» XjXa + yiya - r^ 

s BN .OA by symmetry; .'. &c 
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§ 203. If the polars of the vertices of a A ABC form a A A^ B^ < 
then AA', BB', CC are concurrent. 

Let the circle be x* + y^ = r'. 

Let A be (x^y^), B (Xay^), C (x^y^). 

The equation to A' B' is xxg + yys ■■ r^ . * 

„ „ A'C „ xx2 + yy2-r« 

As in § 124, the equation of the join of (XiyJ to inters^n of (i), (2), is 

(xxs + yys - ra)/(?CiX8 + yiys-r») =» (xxj + yy^ - f^)/ixiX^ + yiyj- 

or 

(X1X2 + yiya - O (xx, + yyj - r«) 

- (XiXs + yjys - r»)(xxa + yya - r^) * 
say u «= o. 

If by symmetry we write down the equations of BB', v = o and of C( 
w — o, we observe that 

u + V + w B o identically 

.\ &C. (§ 129) 



Ezeroises on Chapter VI 

1. Find the circle through the origin and the inters^ns of the line 

2x + 3y + 4 « o 
and the circle x* + y'+ 3x + 4y+ 2=0; 

also the circle through (i, 2) and the same intersections. 
Ans, 2x2 + 2y*+4X + 5y = o, ax' + 2y'«y + 8 

2. Find the cirde whose diameter is the conmion chord of the circles 

x2 + y2 — 33 X + II y = o, X* + y* — 12 X + II = o 
Ans. x* + y* — 5X — 7y+ 18 = 

3. Given base of a triangle, and ab sin (C — Ot), where 0( is a given an] 
find locus of vertex* 

[Let ab sin (C ~ (X) « 5^; take side AB as axis of x, A being origin] 

Ans, The circle x' + y* — ex — cy cot a + 6* cosec (X « o 
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'B'fl 4t A and A^ are two points moving along a given line connected by a rod 
of length a, B and B^ two other points connected by a rod of length b, moving 
along a line at right angles to the first Show that if A and B are connected 
by a third rod of length c, the middle point of A' B^ will describe a circle. 
Ans. Taking the given lines as axes, the equation to the locns is 

(2x-a)2 + (2y-b)2 = c2 

B, Two segments AB, CD of a given line snbtend equal angles at P ; find 
the locns of P. 

Ans. Taking the given line as axis of x ; if (X, fi,y, b are the distances of 
A, B, C, D from origin, locns is the circle 

(a-i3-y + a)(x«+y8) + 2g3y-a6)x+y6(a-^)-a^(y-6) = o 

6. A and B are fixed points ; R, S are variable points on AB such that 

AR« + RS" + SB2 « c2 = constant. 
If PRS is an equilateral triangle find the locus of P. 
Ans. Taking A as origin, AB as axis of x, AB » a ; 

2x'+ay2 — aax 7^ = c^ — a^ 

7. Prove that the diameter of the circle through the origin and (Pi6i), (^2^2) i^ 
Vpi" + Ps* - 3 Pi p2 cos (^1 - ^2) /sin (^1 - ^2) 

8. A point moves so that the square of its distance from the base of an 
isosceles triangle » rectangle under its distances from the sides 1 show that its 
locus is a circle. 

[Take mid point of base for origin and base for axis of x. 

Let vertices be (a, o), (— a, o), (o, h).] 

Ans. h (x" + y2) + 2 a^y « ha^ 

9. A, B, C, &c. are given points ; a point P moves so that 

PA2 + PB« + PC* + &c = constant : 

show that its locus is a circle whose centre is the mean centre of the given 
points. 

10. If niiPA* + maPB* + msPC* + &c = constant, 

the locns of P is a circle whose centre is the mean centre of the points A, B, 
C, &c. for the system of multiples nr^, m2> &c. 
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11. A point moves so that the sum of the squares of its distances from the 
sides of a regalar polygon is constant : show that its locus is a circle. 

[Equation to locus is 

(x cosa + y sina — p)2 

+ X cos fa + — j + y sinja + — J — p + ... = constant 

Then 

coefT' ofxy = sin2a +sin(aa+ — j+sinfaa+ — I +...= 0* 
Also 
coeff' of x2 - coeff' of y^ 

= cos 2 a + cosf 2 0(+ —J + cosyiOC + — ) + ... = 0] 

12. On a line which revolves round a fixed point O and meets a given 
circle in P a point Q is taken such that 

OP.OQ = constant « k^; 

show that the locus of Q is a circle except in the case when O is on the given 
circle, when the locus is a straight line. 

[Proceed as in $ iii, Ex. i. The locus of Q is the inverse (see Euclid 
Revised, p. 351) of the given circle. Accordingly the inverse of a circle is a 
circle, unless the centre of inversion is on the givoi circle, when the inverse 
is a straight line.] 

13. Show that the inverse of a straight line is a circle (see $ iii). 

14. A point moves so that the square of its distance from a fixed point 
varies as its distance from a fixed line : show that its locus is a circle. 

15. The co-ord^s of the ends of the base of a triangle are (a, o), (— a, 0) : if 
the vertical angle C is given, show that the locus of the orthocentre is the circle 

x2 + y2 + 2 ay cot C «= a' 

16. A and B are fixed points on rectangular axes such that 

OA » OB - a; 

A A 

a point P moves so that OPA = OPB : 

show that the equation to the locus of P is 

(x - y) (x2 + y« - ax - ay) « o 
Interpret this. 

* See Nixon's Trigotumutry, page 328. 
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17i Show that the equation to the tangents from the origin to the circle 

(X - a)« + (y - py - r2 

is 03x-ay)« = r2(x2 + y2) 

18. Show that the equation to a segment of a circle through (Xj yx), (X2 y2) 
cootainioganangleais 



(x-xiXx-xa) + (y-yi)(y-y2) - ±cota 



X y I 

xi yi I 
X2 y2 I 



[Express that joins of (hk) to (x^yj) and to (x^y^ include (X : then write 
x,yforh, k.] 

19. The area of the triangle formed by the two tangents from (hk) to 



r2 



8 — rS 



and thdr chord of contact is 

r (h^ + k^ - pg,* 
h* + k« 

20. The circle whose diameter is the join of (r^ 0^, (Pg ^2) ^ 

r^ = Pj p cos(^ - ^1) + Pj r cos(^ — ^2) — ''1 ''2 cos {O^ — 6^ 
[Express that PA« + PB« = AB^, where P is (p^), A (Pi^i), B (P2^2)] 

21. Find the equation of the chord joining the pdnts 

(2 a cos (X, 0C)f (2 a cos /3, /3) 
on the circle p = 2 a cos ^ 

Ans. aacos/3cosa =pcos(/3 +a— ^) 

22. Find the tangent to the circle 

r = 2 a cos ^ 
at the point (2 a cos (X, OL). 

Ans. 2 a cos'a — r cos (a a — ^) 
[Put /3 « OC in preceding result] 

23. Find the condition that the line 

- = acosd + b sin^ 
p 

may touch the circle p « 2 c cos 

Ans. b« o* + a ao = I 
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24. If x2 + xy + y2+2x + 3y = o 

represent a circle, show that o) — 60°. Determine the centre and radii 
Ans. (- J, -I); jVai 

26* Find the equation to a circle whose centre is (i, — 2) and radj 
axes being inclined at iao°. 

Ans. x^ — xy + y2 = 4X — 5 y + 18 

26. The axes being inclined at an angle o), find the equation to t 
through the origin which intercepts lengths OC, ^ on the axes. 

Ans. X* + 2 xy cos o) + y^ = OLx + fiy 

27* If the intercepts in the last question are connected by the relat 

la + m^* I 
where 1, m are constants, show that the circle passes through the fixec 

( ! »" ^ 

\l* + 2 Im cosoi + m^' 1^ + 2 Im coso) + mV 

A 
28. A circle touches the axes (which include a>) at points A, B su( 

OA = 0B « b: 

show that its equation is 



(x + y - 6)2 = 4 xy sin* - 



X Y 

29. Show that h "*" k ** ' 



6\ . oO) 

sin* — 
2 



touches the circle in the last question if 

(■-S(-D 

[Combining eq^ns of line and circle 

x + y — 6=±2 8in— Vxy 

we get X + y + 2 sin - Vxy ="^(17 + 1^) 

or X ^i - j^j ± 2 sm^ Vi^ ^ y (' " k) "^ ° • 

Express that the roots of this quadratic for Vx : Vy are equal.] 
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80. Find the equation to the locos of a point whose polar with regard to 

touches (X - a)« + (y - ^)« - r» 

^«' (ax + )3y - a«)« - r» (k» + y«) 

81, Show that the polar of a point with regard to any circle of a co-axal 
ijstem passes through a fixed point 

[The polar of x'y' with respect to 

x« + y« + aAx = c« (§ i88) 

» xx' + y/ + A (X + x') - o« 

The fixed point is determined by 

x + x' = o, xx'+yy'-c*] 

32. If AB is a diameter of a circle, prove that the polar of A with respect 
to any circle which cnts the first orthogonally will pass through B. 

33. Show that the orthotomic circle of 

x« + y« = a«, (x - b)« + y« - a«, x» + (y - c)« = a« 
is x' + y* — bx — cy + a* - o 

[^ofe — Centre of req'd circle is radical centre ; its radins « tangent firom 
radical centre to one of the circles.] 

34. Find the circles through (i, a), (i, i8) touching the axis of x. 
Ans, x' + y* + lox — aoy + as — o, x* + y*— 14X — ao y + 49 « o 

35. Find the circle throng^ (a, o) which cnts 

x« + ys as 4 and x* + y* - a y + 8 
at right angles. 

Ans. X* + y* — 4X + 4y + 4 « o 

36. Show that a circle can be inscribed in the qoadiilateral whose sides are 
x«o, y==o, xcos(X+y8in(X">p, x cos/3 + y sin/3 = p', 

if p(i + sfai/3 + cos/3) = p'Ci + sinOt + cosOt) 

37« Find the system of circles which cat orthogonally each of the circles 

x2 + y2 + aAx - c^ « o 
where A is a variable parameter. 

Ans, x' + y* + a fiy + c^ ■> o, where fi is a variable parameter. 
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38. Show that any common tangent to two circles is bisected by their 
radical axis, also that the common tangent snbtends a right angle at either 
limiting point. 

IJVote — If A, B are p'ts of contact, L a limiting p't, C point where AB 
meets radical axis: then 

CA «= CB -> CL (§ 179)] 

39. The equation to the circle whose diameter is the join of the centres 
of similitude of two circles S = o, S' = o is 



.2 



K^ 



where r, K are the radii of the circles. 

INo^e — This is the ctrc/e of similitude of the two circles. See Euclid Re- 
visedf page 336. We see then that tangents to S, S^ from any point on their 
circle of similitude are in the constant ratio r : K.] 

40. Find the locus of a point P at which two circles subtend equal angles. 
Ans, The circle of similitude. 

41. Show that the circles 

S S 

- + -7 = 

cut at right angles. 

{Note — The centres of these circles are the centres of similitude.] 

42. Show that the circles in the last question bisect the angles between 
8 « o, S^ ^ o. 

43. Show that the equation to the circle through the three points 

(XiYi), (XaYa), (Xjys) 
is 



X-z + y» 


X 


y 


I 


Xi' + Yi* 


Xi 


Yi 


I 


V + Y2' 


X2 


y2 


I 


X3' + Ys' 


Xs 


Ys 


I 



{Note — Let circle be 

Then Xj^ + Yi* + 2 gXi + a fyi + c = o, ... = o, ...= o. Elim'g f, c] 

44. Find the condition that (XiYi)> (X2Y2)> (XsYs)» (X4Y4) ""^7 ^ ^^' 
cyclic ; interpret geometrically. 

Ans, (i) Write X4 , y* instead of x, y in preceding result. 

(3) If A, B, C, D are four concyclic points and O any other point, 
0A2. area BCD + OC^.areaABD - OB^.areaACD + OD*. area ABC 
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45. Show that the Nine-points* circle of the triangle whose vertices are 

(,a.i). (,b.i), (,o.i) 
passes through the origin. 

46. Show that the radical axis of a circle and a point bisects the distance 
between the point and its polar with regard to the circle. 

47. A and B are points on the circle 

x« + y2 = a« : 

if AB subtend a right angle at a fixed point (xfy'), show that the locus of the 
mid point of AB is the circle 

(x - xfy + (y - /)* + x« + y« = a2 

[Nbie^Lei A be (acosOt, a sin OK) and B (acos/3, asin/3). Eliminate 
Of, P from 

(• - a cosOt) (x' - a cos/3) + (/ - a sina) (/ - a sin/3) - o 

(Page 136, Ex. 8) 

2 X = a cos (X + a cos /3, a y » a sin OK + a sin /3] 

48. Show also that locus of the foot of perpendicular from centre of 

x2 + y2 - a« 

on AB is the same circle ; and that locus of intersection of tangents at A^ B 
is the circle 

(x'« + /» - a«) (x« + y2) - 3 a^x'x - 3aVy + ^.a* - o 

49. Two chords of a circle cut at right angles ; show that tangents at their 
extremities form a quadrilateral whose vertices are concydic : and deduce that 
tile problem 'to inscribe a quadrilateral in a circle whose sides shall touch 
another given circle * is either indeterminate or impossible. 

[JVbte—Tlus follows from Ex. 48] 

50. Show that the points where the line 

Ax + By + C « o 
cnts the circle x* + y' + 3gx+2fy+c 

are concydic with the points where the axis of x cuts the circle 

X2 + y2 + 3 gfx + 2 f y + C' = O 

if 2C(g-g')-A(c-cO 

[AS?^— The lines y - o, Ax + By + C = o 
must meet on radical axis (§ 183)] 

Jf 2 
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51 • The equation to the real common tangents to the circles 

x^ + y^ = a ax, x' + y* — a by 
is a ab (x^ + y* — a ax) = (by -. ax + ab)* 

52. Show that the locus of the centre of a circle which cnts two fiic^^ 
circles orthogonally is their radical axis. 

53. The centres of three circles are A, B, C and their radii Pn Pg, r*^ ' 
show that the circles are co-azal if 

BC . Pi» + CA. Pa« + AB. Pj* + BC. CA. AB = o 

54. Prove that if t^ , tg > ts are the tangents from any point to three co-ax^t-^ 
circles whose centres are A, B, C, then 

BC.ti« + CA.ta« + AB.ts'-o 

55. A variable circle cuts two given circles at constant angles (X, /3 ; sho^^ 
that it cats their radical axis at a constant angle y given by 

8 cos y '^ r cos a — K cos /3 

where p, K are the radii of the given circles and $ the distance between their 
centres. 

56. Deduce that the perpendicular p from the centre of the variable circle 
on the radical axis varies as its radius R. 

INofe — p -» R cos y] 

57. Show that three circles are cut at equal imaginary angles by one of 
their axes of similitude. 

[JVote — Observe that J.s from centres on an axis of simMe are proportional 
to radii.] 

58. A circle which cuts two given circles at constant angles touches two 
fixed circles. 

59* Find locus of centre of a circle which cuts three given circles at equal 
angles. 

Ans. A perpendicular from radical centre on one of the axes of similitude. 

[JVbU — Obtain eq'u of locus by elim'n from three eq'ns like that in § 19a ; 
observe that radical centre, being centre of orthotomic circle, is a point on 
locus, and that axis of sim'de is a circle of infinite radius cutting given circles 
at equal angles.] 
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60. One vertex of a rectangle is fixed (x^y^) ; two other vertices move 

on the dicle 

x« + y« - a« : 

find the locus of the fourth vertex. 

Ans. The circle x« + y« = a a* - x'^ - /« 

61, Find locos of intersection of two straight lines at right angles, each 
of which touches one of the two dreles 

(X - a)« + y« - b«, (X + a)« + y« - cS 

and prove that the bisectors of the angles between the straight lines always 
touch one or other of two fixed circles. 

[Note— Tyto JL tangents are 

(x — a) cos ^ •!> y sin s b, y cos » (x + a) sin «> c ; 

elim' 6, locus is 

(x> + y* — a*)* - (bx + cy + ab)* + (by — ox -f ac)* 

The bisectors are 

(x — a + y)cosd + (y + x + a)sindBb4:C, 

which touch (x - a + y)« + (y + x + a)^ - (b ± c)*, 

or x« + (y - a)« - i (b + c)«, x« + (y + a)« = J (b - c)»] 

62. The vertices of a triangle are (x^yi), (X2y2), (Xsys). If the lengths 
of its sides are a, b, c, show that the co-ordinates of its incentre are 

axi + bxa + cxg ayi + byg + cys 
a+b+o ' a+b+c 

A A 

[A^«/^— Let bisector of A meet BC m D, and bisector of C meet AD in O. 

Then BD : DC = o : b, and 

AO : OD r^ b : CD -i b : ^ -> b + c : a; apply $ 15.] 

63. Show that the co-ordinates of the limiting points of the circles 

x' + y*+3gx+3fy+c«o, x' + y' + a g'x + a f y + o' = o 
are given by the equations 

g + Xg^ „_ f + \f^ 

where X is either root of the equation 

(g + Xg')8 + (f + kfy - (1 + X)(c + Xc') 
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TRANSFERENCE OF ORIGIN 

§ 204. It is sometimes useful to refer points to a new pair of 
axes. 

To transform to parallel axes through a given point (hk). 

Let C be the new origin ; 

OR = h, RO'=k 
its co-ord's. 

O'/ L-. _ Let CM = X, PM = y 

be the co-ord's of any point 
P referred to the old axes ; 

O'W = x', PM' = y' 

its co-ord's referred to the new 

axes. 
We see from the figure that 

X = CM = CM' + OR = x' + h 

y = PM = PM' + RO^ = / + k 

Thus if, in the equation to a curve which expresses a relation 
between x and y, we substitute x' + h for x and y' + k for y we 
obtain a relation between x' and y'; i. e. this is the equation to the 
curve referred to the new axes. 

Ex. The equation to a curve is 

5x8 + 6xy+5y«-38x-43y + 93 = o 
What is its equation referred to parallel axes through (3, 3) ? 




Transformation of Co-ordinates 



167 



Substitute x' + 2 for x and y' + 3 for y and reduce ; then 

5x'« + 6x'/ + 5/*- 8 
We may now suppress the accents : and the req'd eq^n is 

5X« + 6xy + 5/^-8 




RECTANGULAR AXES TURNED THROUGH AN ANGLE 

§ 205. To change from a set of rectangular axes to another set 
through the same origin inclined to the first set at an angle 6, 



Let the old co-ord's of 
a point P be 

OM = x, PM =y; 

and the new co-ord's 
OM' = x^ PM' = /. 



Project the broken line OM'P on OX; this projection = the 
projection of OP, .'. (§60) , 

X = x'costf — /sintf (i) 

Again, project OM'P on OY, 

/. y = x'sintf + y'costf (2) 

(i) and (2) are the required equations expressing the old co- 
ordinates in terms of the new. 

206. The equations (i), (2) may also be obtained thus. 

Join OP; let OP = r, POX' = 

Then x = OM = r cos POM = r cos {6 + 0) 

.-. X = r (cos 6 cos — sin ^ sin 0) 
= (r co5 0) cos 6 — (r sin 0) sin 

.'. X = x'cos tf — y' sin tf, which is (i) 
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Also y = PM = r sin POM = r sin {& + 0) 
/. y = r (sin 6 cos + cos 6 sin 0) 
= (r cos 0) sin ^ + (r sin 0) cos tf 
or y = x' sin tf + y' cos 6, which is (2) 

Ex. The equation to a carve is 

5X« + 6xy + 5y*« 8; 

what is the eqnatioii lefeired to rect^ axes through the same origin, inclined 
at 45° to the old axes? 

Here x = xf,—z /.-?-» Y "* x'. -7- + /. — 7- 

this reduces to 4X'* + /* ■- 4. 

We may now suppress the accents : and the req'd eq^n is 

4x2 + ya-4 

Note — After a little practice the learner will find it unnecessary to use 
accented letters. 

Thus the preceding example would be worked thus 

Substitute —^ instead of x 

va 

X -f y 

7=~ >» » y 

va 
.-. eq'n becomes f (x - y)« + t()^ - y*) + *(x + y)« ^ 8 
or reducing, 4 x* + y* = 4 

Exercises 

1. If the origin is transferred to (~ 3, 4), what does the equation 

x* + y* + 6x — 8y = o become? 
Ans. )^ + y* = 35 

2. What do the equations 

x« - y« « a, X* + 3 xy + y» r-. a 
become when the axes are turned through 45° ? 
Am, xy = — I, 5 x* — y* — 4 
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3. What do the equations 

3X« + Vsxy + y* = 7> 3x' + a Vsxy + y' ^ 5 
become when the axes are turned through 30° ? 

Am. 5 ^ + y* = i4> 4x' « 5» 

4. What does the equation 

8x' + 24xy + y* + sax — aoy =■ 37 
become when referred to axes through (i^ — a) inclined at tan~^| to the 
original axes ? 

Ans, 17x2 — 8y8 « i. 

5. What does the equation 

x' + 3xytana/3 — y'^rac' 

become when the axes are turned through an angle fi ? 
Ans, x' — y* = 2 c^ cos 2 fi, 

6. With the notation of § 205 verify the relation 

x'^ + /« « x« + y« 

7. If by the transformation of § 205 

ax' + 2 hxy + by' 
becomes a'x" + 2 hV/ + b'/', 

verify the relations 

a' + b' = a + b. a'b' - h" = ab - M 

§ 207. To transform from oblique to rectangular axes, retaining 
the origin and axis of x. 



Let OM = X, P v1 = y 

be the old co-ord's of a point P ; 

ON = x\ PN = / 

the new co-ord's. 





) M N X 

We see from fig' that 



x' = X + y cos 6) 
/ = ysin6) 



\ 
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Solving these eqaations, for x, y we have the required formulae 
expret$sing the old co-ord^s in terms of the new : 

X = X' — / cot G) 
y = / COSeC 6) 



{ 



§ 208« Suppose that we take the point (h, k) as origin of polar 
co-ordinates, the initial line being parallel to OX. 

By drawing a figure we see at once that 

X = h + r cos 6 ^ 
y = k + r%\x\6 3 

These formulae are sometimes useful. 

Tlie above are the most useful cases of transformation. The formulae in- 
YMtigated in the next § are rarely used. 

^ 209. To transform from one set of oblique axes to another, retaining 
the same origin. 



Let OX, OY be the old 
axes, OX', OY' the new 
axes. 

Let XOY - 0). 

Also let XOX'= O, 
YOY'=^. 




Let the old co-ord's of a point P be 

X - OM, y « PM ; 

and its new co-ord's x' « OM', y' = PM'. 

Draw PN X OX. 

The broken lines OMP, OM'P have equal projections on any line. 
Project these broken lines on PN ; 

.•. y sin 0) = x' sin a + y' sin (o) - ^) 
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Similarly by projecting on the X from P to OY we obtain 

X sin 0) « x' sin (o) — a) + / sin /3 

CV>r'— If we change to axes through the point (h, k) parallel to OX', OY'; 
then from § 204 it follows that the equations expressing the old co-ordinates in 
terms of the new are of the form 

X = h + Ix' + m/, y * k + IV + m'/ 

DEGREE OF TRANSFORMED EQUATION 

§210. We have just seen that however the axes are changed the old co- 
ordinates are expressed in terms of the new by equations of the form 

X = h + Ix' + m/, y = k + IV + m'/ 

The degree of an equation is unaltered by transformation of co-^yrdinates. 

For when the above expressions for x, y are substituted any term Ax^'y* 
(whose degree is r + s) becomes 

A (h + Ix' + m/f (k + IV + my )» ; 

and if this be expanded no term is of a degree higher than r + s. Thus the 
degree cannot be raised by transformation. Neither can it be depressed: for if 
it could the degree of the new equation could be raised by returning to the 
original axes. 

INVARIANTS 

§ 211. Suppose that we are transforming from axes inclined at 
an angle o) to other axes through the same origin inclined at an 
angle co^ and that on making the substitutions of § 209 (which 
are of the form 

X = Ix' -f m/, y = Tx' + m V)> 
the expression ax^ + 2 hxy -f by* 

becomes a'x'^ + 2 h'x'/ + bV^ J 

we proceed to investigate relations between the coefl5cients a, h, b, 
a', h^ b^ 

There are two expressions for the square of the distance of any 
point from the origin ; if P is the point whose old co-ordinates 
are x, y and new co-ordinates x^ y', 

OP* = x^ + 2 xy coso) + y*, 

and C P2 = x'* + 2 x'y' cos co' + /'. 
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Therefore when the substitutions are made 

x*+ 2xycosoi> + y* 

must become x^* + 2 x'y' cos g/ + y'* 

Also ax* + 2 hxy + by* 

becomes a'x'* + 2 h'x'/ + b'/' 

Therefore 
ax' + 2hxy + by*+ X(x'+ 2xycosa) + y') . . (i) 

becomes 
aV* + 2 h'xy + by* + A (x'; + 2xy cos (o' + /*) . (2) 

Whatever be the value of X the expression (i) is identically 
equal to (2) ; if we suppose X a constant and its value so chosen 
that (i) is a perfect square, then (2) is a perfect square for the 
same value of X. 

(i) is a perfect square if 

(a + X) (b + X) = (h + X cos ©)* 

^, a + b — 2hcos6)v . ab — h* 

or X* H 7-5 A H r-o — = o 

sin*a) sin*6) 

Similarly (2) is a perfect square if 

xa . a'+ b'-2h'cosa)'x aV-h^* 

A H . ., . A + — . , , = o 

Since these quadratics have the same roots, we see that 

a + b — 2 h cos 6) a^ + b^ — a h^ cos o)^ 
sin*G) sin*Q/ 

ab-Ji^ ^ aVj-h^ 
sln*6) sin*G)' 



and 



If both sets of axes are rectangular, a> = O)' = 90^ 

/. a + b = a' + b' 
and ab - h* = aV - h'» 
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§ 212* Functions of the coefficients which are equal to the same functions 
of the new coefficients obtained by transformation are called invariants. We 
have then obtained two invariants of the expression 

ax' + a hxy + by*, 

a + b — a h cos o) , ab — h* 

VIZ. r-5 and —3-= — 

sm' 0) sin' o) 

When the axes are rectangular the invariants are 

a + b and ab — h' 
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1. The equation to a line referred to rectangular axes OX, OY is 

y - 3X + a; 

find its equation referred to OX, OY' where OY' makes an angle of 60° 
with OX. 

Ans, 6 X + (3 - Vz) y + 4 ■■ o 

2. If X, y are the co-ord's of a point referred to rectangular axes ; find its 
co-ord's referred to the two lines whose equation is 

X2 yll 

a« * b« 

3. Show that 

(X - a cosa)« + (y - a sm «)« = k« (x cosOt + y sfaiOt - a)« 
represents two straight lines ; and that the bisectors of the angle they include are 

y = xtan(X, xcosO( + ysinO(«>a 

4. If the formulae for transformation to a new pair of axes with the 
same origin be 

X ■= mx' + n/, y « m V + ny ; 

prove that nn'(m* + m'* — i) = mm' (n* + n'* — i) 

xf^ + 2 x'/ cos 0)' + / * = X* + a xy cos o) + y* — (mx' + ny')^ + &c. 
Equate coeff's of x'*, y'* and elim' cos o).] 
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5. If Ix + my + n = o, Lx + My + N » o 

represent the same line, referred to axes with a common origin but inclined at 
angles o), X2, prove that 

(|a + m* - 2 Im cosco) sin«X2 =t (L« + M^ - 2 LM cosX2) sin^o) 
{Note — n » N ; compare expressions for length of J. on line from origin.} 

6. If a straight line meet the sides of a triangle ABC in X, Y, Z, then 
the product of the ratios 

(BX : XC) (CY : YA) (AZ : ZB) - - i 

\Note^\jt\ A be (Xjyj), B (X2y2) and C (Xjys); and let the equation 

to XYZ be 

ax + by + c =^ o 

_, BX axj + by- + c ,, . „ 

Then w^ = - — ^ Tp^ (§ 73), &c- 

XC ax, + bys + c ^ '^'' 

This is M^elaus' Theorem. See Euclid Revised, p. 321] 

7. The three sides of a triangle pass each through one of three colUnear 
points, and two of its vertices move on fixed lines : show that the third vertex 
describes a straight line. 

8. Show that the lines 

(ah' - a'h) x* + (ab' - a'b) xy + (hb' - h'b) y* - o 

are harmonic conjugates of the lines 

ax^ + 2 hxy + by* « a 
and also of the lines 

a'x' + 2 h'xy + b'y* - o 

9- If the circles 

(y - b)« + (x - a) (X - aO = o 
(y - B)a + (X - A) (X - AO - o 
touch each other, prove that either 

(B - b)« + (A - a) (A' - a') « o 
or (B - b)« + (A - aO (A' - a ) « o 

10. Determine the equation of the circle intersecting the circle 

x* + y' + 3X + 5y + a«o 
in the chord x + ay — 3^=0 
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and the circle x* + y^ — x + y — a — o 

in the chord ax + y + 6 = o; 

and examine under what circumstances snch a problem is possible. 
Am. 3X* + 3y' + 5X + 7y+i8 = o 
IJVbte — The two lines must meet on the radical axis of the circles.] 

11. Determine A so that 
X(x« + ya-a«) + xcos +yrin ^-acos 

X cos ^ + y sm ^ «. a cos I 

may represent a pair of straight lines. 

. V . a-/3 . y-tt 

^«j. A = sin sm ' 



12. The equations of two circles taking a centre of similitude as origin 
may be written 

x* + y' — 2 ax + a' cos^y « o, x* + y* — a a'x + a'* cos* y » o : 

find that of the circle passing through the fonr points of contact of the conmion 
tangents from the origin. 

Am, x' + y* — (a + a') x + aa^ cos* y r= o 

13. If 2 hxy + agx + afy + c»o 

represent two straight lines, show that 

afjg « ch, 

and that these lines and the axes form a parallelogram whose diagonals are 

X y X y I 

14. Find the locus of a point snch that the two pairs of tangents drawn 
from it to the circles 

X* + y* + 3 gx « o, X* + y' + a fy « o 

may form a harmonic pencil. 

Am, The two parallel lines gx — fy ■> ± fg* 
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16, If S = o, S' = o be two circles whose radii are r, K, prove that their 
internal centre of similitude is the centre of 

S S' 

and their external centre of similitude the centre of 

S S" 

Thence infer that the six centres of similitude of three circles lie three by 
three on four right lines. 

16« A, B, C are three points on a circle; show that the feet of the perpen- 
diculars from any point O on the circle on the sides of the triangle ABC are 
coUinear. 

[Take O as origin of polar co-ord's ; let eq^n of circle be 

r — 2 a cos 
Let a, ^, y be the vectorial As of A, B, C. 

The eq'n of BC is 

2 a cos ^ cos y « r cos ()3 + y — d) 

The eq^n of the X on this line from O is 

o « r sin (^ + y — d) 

The co-ord's of foot of JL from O on BC are .*. 

(a a cos^ cos y, fi + y) 
Similarly the feet of the other Xs are 

(2 a cos y cos (X, y -^ OL) and (lacosOLcosfi, OL + fi) 
These points evidently lie on the line 

2 a cos OL cos ^ cos y ■■ r cos {OL + fi + y -^ 6) 
This line is SimsorCs Line ; see Euclid Revised, p. 168]. 

17. One diagonal of a complete quadrilateral is altogether fixed, the 
second diagonal is a segment of a fixed right line ; show that if one extremity 
of the third diagonal describe a right line, the other extremity describes 
another right line. 



CHAPTER VIII 



THE PARABOLA 



§ 213* A Conic Section or a Conic is the locus of a point which 
moves so that its distance from a fixed point is to its distance from 
a fixed line in a constant ratio e : i. Thus if (see fig^ § 214) 
S is the fixed point, KK' the fixed line, and PM the ± on this 
line from a point P on the curve ; then 

SP = e PM 

The fixed point S is called tht focus and the fixed line KK' the 
directrix ; e is called the eccentricity. 

The curve is called a parabola if e = i, an ellipse if e < i, and 
a hyperbola if e > i. 

The properties of the curves obtained by cutting a cone on a circular base 
by a plane were first mvestigated by the Greek Geometers, ApoUonins, &c. ; 
any such section, as will be seen hereafter, is one of the curves just defined. 

Ex. I. Find eq'n to a parabola whose focus is (i, a) and directrix 

3X + 4y + 5 - o 

Express that distance of a point (x, y) on the curve from focus « its distance 
from directrix. 

.-. -/(x - !)« + (y ~ 2)« «, 3X H- 4y •*• .S 

±5 

Squaring and reducing, the req'd eq'n is 

i6x* — a4xy + 9y* — Sox — i4oy + 100 - o 

N 
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n ellipse whose focus is (i, o), directrix 



and eccentricitj' J, is 
or redncing, 



■v'Cx-i)* + y»-i(«- 
3Jt* + 4/- la 



EQUATION TO PARABOLA 

§ 214. Let S be the focus, KK' the directrix, P a point on 
the curve. 



Draw PM, SX ± KK'. 

Bisect SX in A; then bydef 
A is a point on the curve. 

Take AS and the J. to AS 
through A as aies of co-ord's. 

Put AS = a, 
and let 

AN = X, PN = y 
be the co-ord's of P. 



SP= PM 
.-. SP = NX 
.-. SP, or SN'+NP=NX' 

i. e. (x - a)' + y" = (x + ay 
.-. y'=4ax 
This is the simplest fonn of the equation to a parabola. 

§ 215. De/y — The point A is called the vertex, and the line 
SX J- the directrix is called ±e axts of the curve. 

Cer's—The co-ord'a of the focns are (a, o). 
The equation lo the directrii it 




ai 
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Again, SP - PM - NX = AN + XA 

.-. SP « X + a 

FIGURE OF THE CURVE 

§ 216. From y« - 4ax 

we deduce y ■■ ± 2 '^ax 

Thns to each value of x correspond values of y which are equal in magnitude 
and of opposite sign. 

If then p is the image of P with respect to the axis, p is also a point on the 
curve. 

.*. the curve is symmetrical with respect to the axis. 

If X is negative, y is imaginary. 

Thus the curve lies wholly on the same side of the axis of y as the point S. 

If X is very great so is y. 

The curve .*. widens out indefinitely. 

The axis of y is the tangent at the vertex. This is proved in § 2ai. 

§ 217. The double ordinate LSL^ through the focus is called 

the laius rectum. 

The laius rectum = 4 a. 

For by def SL = X from L on directrix = SX = 2 a ; 

.-. LL'= 2SL = 4a 

INTERNAL AND EXTERNAL POINTS 

§ 218. If (x, y) are the co-ord's of an internal point Q (see 
(fig' §214). 

y'- 4ax = QN»- 4a. AN 

= QN* — PN*, which is negative. 
Thus the y' — 4 ax of an internal point is negative. 
Similarly the y' — 4 ax o/an external point is positive. 
Of course the y^ — 4 ax of a point on the curve is zero, 

N 2 
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§ 219. £x« I* If a chord PP^ passes through a fixed point O on the axis 
and FN, P N' are drawn JL the axis. Prove that AN . AN' is constant 




Let AO •■ h, .". co-ord's of O are (h, o) 
The eq'n to any line PP through O is 
y ■= m (x — h) 

If we combine this equation with 
y»«=4ax 
we obtain the co-ord's of P, P. 



Eliminating y, 



m«(x- h)« = 4ax 



-i'^^'J) 



X + h« « o 



If the roots of this are X| , X2 then 

XjXg - h« 
i.e. AN.AN'-AO» 

Ex. 2. Trace the curve x' « — 4 ay. 

The curve passes through the origin. 

Giving any value to y there are two values of x, viz. 

+ V — 4 ay 
That these may be real, y must be negative. 

The curve is evidently a parabola of which the origm is the vertex, and axis 
of X tangent at the vertex ; the curve lies delaw the axis of x. 

The co-ord's of the focus are (o, — a) and the equation to the directrix is 

y- a 

The learner should draw the figure. 

Ex. 3. Trace the curve (x — i)* « a (y + 3). 
Changing to parallel axes through (i, — 3) this becomes 

X* « ay 

As in Ex. a we see that this eq'n represents a parabola having for tangent 
at vertex the new axis of x, and its axis along the positive direction of the new 
axis of y. 

Its latns rectum or 4 a ■> a, .*. a ■■ |. 
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The co-ord^s of the focus with reference to the new axes are (o, |) and 
the eqoation to the directrix is 

y--i 

Returning to the original axes, the focns is (i, — 2^) and the directrix is 

y = - 3j 
These details will be clear from a figure, which the learner should draw. 

Exercises 

1. Is the point (i, a) inside or outside the parabola 

y« « 8x? 

2. Find the equation to a parabola whose focus is (i, o) and directrix 

3X - 4y 

Am. (4X + 3y)* = 50X - 25. 

3. The three vertices of an equilateral triangle are on the parabola 

y« - 4ax, 
one of them beirg the vertex : find the length of its side. 
Ans. 8aV3 

4. Find the points where the line 

y «« 2x — 4a 
cuts the parabola y^ « 4 ax 

Am. (a, - a a;, (4a, 4a) 

5. Show that the line y « x + 5 
touches the parabola y* — 8x — 8 ao 
Am. The point of contact is (i, 4). 

6. Find the length of the chord which the parabola 

y« « 8x 
intercepts on the line 2 x + y — 8 

Am. 6 V5. 

7. Find the co-ordinates of the focus, the equation of the directrix, and the 
length of the latus rectum in each of the parabolas 

y« + 4ax = o, x«--4ay, (y - 0* = 4(x - 2), x« + 4y + 8«o. 

Am. (- a, o), x - a, 4a; (o, - a), y « a, 4a; (3, i), x = i, 4 ; 

(o, - 3). y + I -« o, 4 



iSz Analytical Geometry [220. 

8. Show that x^ + 2ax-i-4by-(-a' + 4bcso 
represents a parabola whose focns is 

(-a, - c - b), 
and directrix y + c — b. 

9. PSQ is a focal chord ; PA meets the directrix in M. Prove that QM is 
parallel to the axis of the parabola. 

10. A chord PQ of the parabola 

y« - 4ax 

snbtends a right angle at the vertex. Prove that PQ passes through the fixed 
point (4 a, o). 

11. The vertices of a triangle are three points on the parabola 

y* — 4ax ■* o 
whose ordinates are y^, y2, yj. 
Show that its area is 

^(Yi - Ya) (ya - Ys) (Ys - Yi) 

12. Show that the polar equation of a parabola, the vertex being pole, is 

r sin^ B 4 a cos 

13> Two chords through the vertex, whose lengths are r, K, are at right 
angles. Prove that 

r^KF = i6a*(r» + r'^) 



EQUATION OF TANGENT 

§ 220. To find the equation of the tangent at (x'y'). 

If (x'y'), (x^y'O are two points on the curve, the equation 
of their join is ^_^ / - /' 

But since (x'y'), (x'^y") satisfy the equation to the curve 

/'^ = 4 ax' and /'« = 4 ax" 
... y'2-/'a=: 4a(x'-x") 
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/. by substitution (i) becomes 

X - x' / + /' 

or y (/ + y'O - 4ax = /' + //' - 4ax' 

= //' (2) 

since y'* = 4 ax' 

In (2) put y" = y', x'' = x' : it becomes 

2 y/ — 4 ax = /* 

= 4ax' 

Thus the required equation is 

y/=2a(x + x') (3) 

This equation should be remembered. 

§ 221. Cor' (i)— The tangent at the vertex (o, o) is 

o B a ax, or X « o ; 

i.e. the axis of y. 

Cor' (2) — ^The equation of the choid obtained above, viz, 

y (/ + y") = 4ax + //' 

is sometimes useful. 

Cor' (3) — The normal is the line through (x'y') 

X y/ = 2 a (x + x') 
y — y' X — x' 

Its equation is .*. ' ."^ = 

J —" 2 a 

or 2 a Cy - /) + / (x - x') - o 

§ 222. If we eliminate y between 

y = mx + c and y* = 4 ax 

we get (mx + c)^ = 4 ax 

or m*x^ + (2 cm — 4a)x + c* = o . . . (i) 
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This equation determines the abscissae of the points where the 
line y = mx + c cuts the curve ; and since the equation is a 
quadratic we see that the line meets the curve in two points ; these 
may be real, coincident, or imaginary. 

If the pomts are coincident (i) has equal roots : the condition 

for this is , x« a « 

(cm — 2 a)* = c' m' 

or 4 a' — 4 acm = o 

or c = a/m 

Again, substituting this value of c in (i) it reduces to 

(mx — a/m)' = o 

••. the abscissa of the point of contact is given by 

mx — a/m = or x = a/m*. 
Substitute this in y' = 4 ax 

/. y = 2 a/m 

Thus whatever be the value of m, the line 

. a 

y = mx + -- 

m 

(d 2 a \ 
5» )• 
m m / 

This result should be remembered. 

§ 223 • Otherwise thus. Compare 

y/ — 2 a (x + x') 



or 




y = 


2a 


2ax' 


and 




y = 


mx + c 


This gives 


m • 


2a 


i 


2ax' ' 


These enable us to 


express 


c,x', 


r/in 


terms of m. 



rn. 2a , 2a 

Thus m — — 7- /. y ■* — 

/ "^ m 
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4a 



X' = ^ = -, 



the same results as before. 



2 ax' 2 9? I 



2 a 
m 



a^ 
m 



§ 224. Or thus. Since 

we see that ( — ^ , — j is a point on the parabola 

y 2 = 4 ax ; 

a 2 a 

and substituting — j, — for x', y in the equation of the tangent 

y/ = 2 a (x + xO 

it reduces to y = mx + — 

(a 2 a\ 
— ^ , — j on the parabola *the point m.' 

GEOMETRICAL PROPERTIES 

§ 225. We shall now deduce some properties of the parabola. 

Def — If N is the foot of the ordinate at any point P of a curve, 
and the tangent and normal at P meet the axis of x in T, G 
respectively, then NT is called the suhtangent and NG the suh- 
normal. 

I. The subiangent is bisected at the vertex. 



M 

Z 




^.^ 


\ 


^ 


\ 


T > 


C 


\p< s r 


4 c 



Let (x'y') be the co-ord's of P. 

/. tangent at P is y/ = 2 a (x + x') 

To get the intercept of this line on the axis of x put y 



= o 
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.-. X + x' = o 
or x' = — X 

i.e. TA = AN 

Co/ — We deduce this construction for the tangent at P : — 
Draw PN ± the axis, measure AT = N A and join PT. 

II. The subnormal is constant 
Put y = o in eq'n of normal 

2 a(y - /) + /(x - xO = o ; 
thus its intercept on the axis of x is given by 

— 2 a/ + y' (x — x') = o 
or X — x' = 2 a 

i. e. AG - AN, or NG = 2 a 

III. SP = ST 

For ST = AT + a = AN + a by L; 

.-. ST = x' + a = SP (§215) 

IV. If P\A is drawn X the directrix then the tangent bisects 

SPM. 
We have just proved SP = ST 

.-. SPT = STP (Euclid 1. 6) 

= TPM (Euclid I. 29) 

V. The foot of the 1, from the focus on the tangent lies on the 
tangent at the vertex. 

Let SM, PTmeetin Y. 
Then in the As SPY, MPY we have 
SP= PM 
PY = PY 

A A 

SPY = MPY 

/. SY = MY and SYP = MYP = a right angle; 

i. e. Y is foot of X from focus on tangent. 
Also since SY = MY and SA = AX, AY is || XM. 
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VI. If the tangents at Q, Q' intersect in T, a parallel to the axis 
through T bisects QQ'. 

Let the || to the axis meet QQ' in V (fig' § 231). 

Let the co-ord's of Q be (x'/) and of Q' (x"/0- 

The equation to QT is 

y/=2a(x + xO (0 

The equation to Q'T is 

y/' = 2 a (x + x") (2) 

The co-ord's of T are got by solving these eq'ns for x, y. 

By subtraction 

y(/--/') = 2a(x'-x'0 

= I (/» - r') 

/. ordinate of V = ordinate of T = i (y' + /') 
/. V is mid point of QQ'. 

Exercises 

1, Find the equations of the tangent and normal at L (fig^, % 214). 
Ans, y==x+a, y + x==3a 

2. The tangent at P meets the directrix in Z ; prove that PZ subtends a 
right angle at S. 

3a Y is the foot of perpendicular from focus on tangent at P ; prove that 

SY2 = SA.SP 

4. Find co-ord's of the inters'n of tangents at (xy ), (x'VO* 
Ans. y/'/^a, (/ + yO/^ 

6. If J> J' are points on the axis equidistant from the focus, the difference of 
squares of JLs from J, J^ on any tangent is constant, and » 2 a . J J'. 

6. P (xy) and Q (x"y") are two points on the parabola 

y2 « 4 ax: 
prove that their join passes through the focus if 

//' + 4 a* -» o 
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7« Show that tangents at the extremities of any focal chord meet at right 
angles on the directrix. 

8. Show that the tangent at any point meets the directrix and latus rectum 
at points equidistant from the focus. * 

9. Find the locus of the foot of the perpendicular from the focus on the 
normal. 

Ans. The parabola y* = a (x — a). 

10. Prove that the parabolas 

y' — ax, x' «= by 

1 1 
3a'b^ 
cut at an angle tan~^ — j-r ^ 

2 (a* + b') 

11. Tangents are drawn to the parabola 

y' = 4ax 

at points whose abscissae are in the ratio fx : i ; show that the locus of 
their intersection is the parabola 

y2 = (fji + ix-iy ax 
S 226- £x. I. To find locus of foot of J. from focus on tangent. (See 

§ 235, V.) 

Any tangent is y = mx + — 

The JL to this from focus (a, o) is 

y = (x - a) 

To eliminate m, subtract the eq'ns ; this gives 

(m f — I X = o 
m/ 

.-. X «-o 

i. e. the locus is the tangent at the vertex. 

Ex. 2. To find locus of inters'n of tangents at right angles. 
Let the tangents be 

y « mx + — , y « m'x + — , ; 
•^ m -^ m' 

then mm' « — i 

We have to eliminate m, m' from these three eq'ns. 
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Subtract second cq'n from first and divide by m — m' 

a 
mm' 
Using then the third eq^n, x » — a 

i. e. the locos is the directrix. 

TANGENTS FROM A GIVEN POINT 

§ 227. Any tangent is 

. a 

This will pass through a given point (x'y') if 

y = mx' + — 

m 

or m'x' — m/ + a = o (i) 

This quadratic gives two values of m, and /. in general two 
tangents can be drawn from a given point (x' y'). 

If the roots of (i) are m, m' then the two tangents are 
y=mx + ^, y = m'x + ^. 

The roots of (i) are real, coincident, or imaginary, according as 

/* — 4 ax' > = < o 

The two tangents are /. (§ 218) real, coincident, or imaginary 
according as (x'y') is outside, on, or inside the parabola. 

A 
Ex. I, Find <f> between tang^ents from (x'y') 

From (i) 





( 






(m 


- mO* - (m + my - 4 mm' 




/2-4ax' 
x'^ 


• 
• • 


tand) ■■ ; 

^ I + mm' 
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A 
Ex. a. Find locus of point of inters'n of tangents which cut at (f>. 

Writing x, y instead of x', / in the last result, we obtain the equation 
to the locus, viz. 

y' - 4ax = (a + x)« tan« (f>. 

This may be written 

y« + (X - ay - (x + &y sec2<^ 

This evidently (§ 213) represents a hyperbola having the same focus and 
directrix as the parabola and whose eccentricity » sec <f). 



Exercises 

1. Find co-ord^s of the point of inters'n of tangents at the points m, m'. 

a /I i\ 

Ans. ; , a I — + — > I 

mm' \m my 

2. Find the co-ord's of the point where the directrix is intersected by the ± 
from the inters'n of 

a a A 

y = miX+ — , y«m2X+— , on y « mjX + 



mi " ' mj " * mj 

/III I \ 
Ans. x«-a, y-a( — + — + — + I 

" \mi m2 mj mj m2 ms/ 

3, Deduce that the orthocentre of the triangle formed by any three tangents 
lies on the directrix. 

[The symmetry of the above result shows that each J. intersects the direc- 
trix in the same point.] 

4. Two tangents to the parabola 

y« - 4ax 

make angles $, ^ with its axis. Find locus of their intersection, 

i«, If tan ^ tan ^ — constant « \ 

2®, If cot + cot ^ - constant -= A 

3<», If sin d sin ^ = constant « A 

Ans, i^ the straight line a » Ax 
2®, the straight line y = A a 
l\ the circle x^ + y* - aax -» e?(i - A«)/A« 
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DIAMETERS 

§ 228* To find the locus of the midpoints of a system of parallel 

chords, 

A 
Let the chords be inclined to the axis at u> 

Let (x'y'), (x''y") be the extremities of one of the chords; 
(xy) its mid point. 

Then 2 x = x' + x", 2y = / + /' . . , (i) 

Also ^/_^// = tang (2) 

Since (x'y'), (x"y") are on the parabola 

By subtraction y'' — y''* = 4 a (x' — x") 

••• (/-y'0(/ + /0 = 4a(x'-x") 

Divide by W — • x^'; then from (i), (2) we see that 

2 y tan ^ = 4 a 
.-. y = 2 a cot 6 

This is the eq'n to the locus. It is /. a straight line || the axis. 

§ 229- Def^s — The locus of mid points of a system of parallel 
chords of a conic is called a diameter. The chords which a 
diameter bisects are called its ordinates. 

We have proved then that the diameters of a parabola are 
straight lines parallel to the axis. 

^ 230. The tangent at the end of a diameter is parallel to its ordinates. 
In fig' § 231 QQ' is one of the chords bisected by the diameter PV 
Let QQ' move parallel to itself until V comes to P. 
Then ultimately the bisected chord becomes the tangent at P. Q.E.D 
Or thus. 
By §228 y=: 2a cot ^ is diameter bisecting chords |i y = x tan ^. 
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The co-ord's of its extremity satisfy the equations 

y — 2 a cot ^, y* = 4 €0C 

.-. they are (a cot^ 6, 2 a cot 6) 

The tangent at this point is 

y . a a cot ^ » 2 a (x + a cot^ 0) 
which is (i y = X t^^ ^' 



Q.E.D. 



§ 231 . To find Ike equation of a parabola referred to a diameter and the 
tangent at its extremity as axes. 

Let the new axes be PX', PJ. 

Let QVQ' be one of the chords bisected by the diameter, so that the 

co-ord's of Q are 

PV - X, QV = y 
Draw QN X AS. 




• Let P be the point m, (§ 224). Then 

m « tand 

where ^ = JPX'; 

and the co-ord's of P referred to the old axes are 

a/m2 = acot^d 

and 2 a/m » 2 a cot d 

Project the broken Ime QVPA on AN and NQ 

/. AN - y cos d + X + a cot^ 6 
NQ -ysin^ -h aacot^ 



} 
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Bat QNa-4a.AN 

/. (y sin ^ + a a cot ^* — 4 a (y cos d + X + a cot^ ff) 

which reduces to y* sin^ d » 4 sue • • (') 

Again, SP « a + a cot^^ (§ 215) - a/sin2(9. 

Putting SP = a', (i) becomes 

y« - 4a'x 
This is the required equation. 

Car' — As in § aao the tangent at (x'/) is 

y/ =* a a' (x + x') 

Patting y « we get intercept on axis of x : 

.*. X « — x' 

i. e. if Q be (x'y') we deduce (see fig') 

TP « PV 

§ 232 » Ex. Any diameter of the parabola meets the tangent at P, a 
chord PQ and the curve in I, V, J respectively : prove that 

IV : IJ = QP : VP 



Take for axes the diameter through 
P and the tangent at P; let the eq'n 
to the parabola be 

y2 « 4a'x. 
Let eq'n to PQ be 
y-mx, 
and to IJ> y a c. 



Then co-ord's of Q are determined by y* = 4 a'x, y « mx 
„ V „ „ y - o, y-mx 

J ., „ y =0, y2«4a'x 

.-. co-ord's of Q are (4 a'/m^, 4 a'/m) 
„ „ V „ (c/m, c) 
„ „ J „ (02/4 a', c) 
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u J .1 OP yofQ 4a' 

Also !Y = ?L2Ly.ii?:. . 4c. 



.v 



POLES AND POLARS 

§ 233. Def'—\i P, Q are the points of contact of tangents 
from T, then PQ is called the polar of T, and T is called the 
pole of PQ. 

To find the equation of the polar o/{y^^. 

Let (hk) be the point of contact oi either tangent from (x'yO to 

y*= 4ax 

Express that the tangent at (hk) viz. 

ky = 2 a (x + h) 
passes through (x^y') 

.-. k/ = 2 a (x' + h) 

This equation expresses that (hk) lies on the straight line 

yy' = 2 a (x + xO 
As both points of contact lie on this line, it is .*. their join. 
The equation of the polar of (x'y^ is .*. 

y/ = 2 a (x + xO 

§ 234. IfPlieson the polar cfQ., then Q lies an the polar of P. 

Let P be (Xi.yi) and Q (XjYa). 

The polar of Q is yyg » 2 a (x + x^) 

P (Xj yi) lies on this if 

yiYa « 2a(xi + Xj) 

The symmetxy of this equation shows that it is also the condition that Q 
lies on the polar of P. 

Cor' — The polar of the focus (a, o) is 

X + a = o, 

i.e. the directrix; .'. tangents at the ends of a focal chord intersect on the 
directrix. 
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NORMALS , 

§ 235* If we substitute a/m^, 2 a/m for x^, y' in the equation of 
§ aai, Car' (3), we obtain, after reduction 

m'y + (x — a a) m* — a «= o (1) 

This is the equation to the normal at the point m. 

This may be expressed differently. 

If the normal is y » /m x -h C 

then m = 

since normal is J. tangent. 
Substituting this value of m in (i) the equation of the normal becomes 

y « fix — aaft — a/ut' (2) 

Ex. Find locus of point of inters'n of normals at right angles. 
A normal through (hk) is 

y « fix — a aft — a/ut' 

where fx is one of the roots of the cubic 

k = /uth — aapi — a/ut* (i) 

Let the roots of this cubic be fx^ , jui2 , /UI3 . 
Then /iAj /iXa Ms =■ - k/a 

But MiM2=*-i» 

if two of the normals are at right angles. 

.'. Ms = k/a 
Substitute this value of yi^ instead of M ui (i) : then writing x, y for h» k 
we obtain the locus required, viz. 

y2 « €oc — 3 a* 

§ 236. Suppose we wish to find the normals which can be drawn through 
a given point l^hk). 
Let {Xi yi) be the foot of one of the normals. 
Express that normal at (Xjyi) passes through (hk) : 

/. 2a(k~yi) + yi(h-Xi)-o 

.-. 2a(k-yi) + yi(h-yi2/4a)-o 
or yi* + 4 a (2 a — h) yi - 8 a* k « o 

This cubic in y^ has three roots /, /', /'' ; .*. three normals can be drawn. 
C(»r'— As the term in y^^ is absent, 

y' + y" + y"' *^ o 
o 2 
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Kk, If churdi are drawn parallel to 

y = mx, 

tUni locUK of intersection of normals at their extremities. 

IM (x'y'), (x'yO be the extremities of one of the chords. 

\M the normals at these points meet in (hk) : let (x"y) be the foot of the 
thinl normal from ^hk). 

Then [♦ 321, C<v' (2)] / + /' « 4a/m 

.•. (by preceding Cor') y"' = — 4 a/m 

Thus (x"y") is a fixed pomt ; and the locus is the normal at (x"'/")- 



Exercises on the Parabola 

[Unless otherwise implied, the equation of the parabola in these questions is 

y* - 4ax.] 

1. If p, p' are perpendiculars from the extremities of a focal chord on 

tangent at vertex, prove 

pp' « constant « a^ 

2« Find equation of locus of interseclion of tangents inclined at 60^. 
Ans, 3x* — y* + io€oc + 3a* = o 

3. Find equation of chord joining the points m, m'. 
Ans, 2(mm'x + a) « y(m + m') 

4« Find locus of intersection of tangents inclined at complementary angles 
to the axis. 

Ans, The latus rectum. 

5. The join of a point P on the parabola to the vertex cuts the perpen- 
dicular from the focus on the tangent at P in R ; find equation of locus of R. 

Ans. y* + 2 x' = 2 €0c 

6. The equation of the parabola referred to its axis and latus rectum as 

axes of co-ordinates is 

y« = 4a(x + a); 
and any tangent is 

X cosa + y sinOt •¥ a/cos (X « o 
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7. Show that the line 

y « m (x + a) + a/m 

touches the parabola y^ «i 4 a (x + a) 

8. Find locus of intersection of rectangular tangents to the confocal parabolas 

y* = 4a(x + a), y^ ^. 4a' (x + a') 

Ans. The straight line x + a + a' *= o 

9. If R is the mid point of a chord PQ, show that the polar of R is parallel 

to pa 

[Note — Taking diam^ through R and tangent at its vertex as axes; if 
co-ord's of R are (h, o), then eq'n of PQ is x — h : and the polar of R is 

X + h « o*.] 

10. The equation of the tangents from (hk) may be written in either 
of the forms 

h (y - k)2 - k (y - k) (X - h) + a (x - h)2 - o 
or (k2 - 4ah) (y^ - 4ax) « [ky - aa (x + h)]« 

[Note — Proceed as in §§ 166, 167.] 

11. If the intercept of the tangents from P on tangent at vertex is constant : 
prove that locus of P is an equal parabola. 



INoU—li P is (hk), intercept « Vk^ - 4 ah.] 

12. Find equation of chord whose mid point is (hk). 
Ans, (y — k) k = 2 a (x - h) 

[Note— By Ex. 9, chord is || yk - 2 a (x + h).] 

13. Find locus of mid points of chords through (xfy), 
Ans, The parabola y (y — /) « a a (x — x') 

[A^oie — Express that chord whose eq'n is obtained in Ex. 12 passes through 
(x'/) ; then write x, y for h, k.] 

* This may also be seen geometrically ; the polar of R is the join of the 
poles of PQ and the diameter through R : the latter pole is the point at 
infinity on PQ. 
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14. Given base and area of a triangle ; find locus of orthocentre. 
Ans, If (+ a, o), (— a, o) are extremities of base and 

area «= ap/2 ; 

locus is the parabola x^ + yp » a^ 

15. If P, Q» R are three points on the parabola whose abscissae are in 
geometrical progression; prove that the tangents at P, R intersect on the 
ordinate of Q. 

16. The area of the triangle formed by three tangents is half that of the 
triangle formed by joining their points of contact. 

17* SY is the perpendicular from the focus on the tangent at P : show that 
locus of centre of circum circle of the triangle SYP is the parabola 

y2 = a (3 X — a) 

18. Show that the length of the chord of contact of tangents from (hk) is 

V(ka + 4a2)Ck2-4ah)/a 

19* Find equation of lines joining vertex to points of contact of tangents 
from (hk). 

Ans. hy2 = 2 x (ky — a ax) 

20. Find locus of mid points of focal chords. 
Ans. The parabola y* « 2 a (x — a) 

21. PQ is a double ordinate of a parabola ; the join of P to the foot of the 
directrix cuts the curve in R. Show that KQ passes through the focus. 

22. Find locus of mid point of PQ. 
Ans. The parabola y^ = a (x — a) 

23. Find locus of intersection of normals inclined at complementary angles 
to the axis. 

Ans, The parabola y* = a (x — a) 

24. Show that the locus of the mid point of the intercept on a variable 
tangent between two fixed tangents is a straight line. 

25. (Xjyi), (X2y2), ... are the vertices of a re-entrant quadrilateral whose 
sides touch the parabola. Prove that 

XiXg^Xgx^ and yi + ys = y2 + y4 
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26. Normals are drawn at two points on opposite sides of the axis whose 
abscissae are in the ratio i : 4. Show the locus of their intersection is the curve 

27 ay* =-. 4 (x — 2 a)' 

27* A perpendicular A p from the vertex to the tangent at P meets the 

curve in q. Prove that 

A p . A q = 4 a* 

28. The tangents at P, K meet in T. Prove that 

TP2;TP'2«:SP:SP' and ST» = SP.SP' 

29. If the normals at P, Q meet on the curve ; prove that PQ passes 
through a fixed point on the axis of the parabola. 

[JVoie — Let normals at P, Q meet in R: let R, P, Q be the points 
mi, m2, ms. 
The m's of the normals through (xy) are the roots of 

m' (my — a a) + m*x — a = o 
In this eq'n write a/m^^, 2 a/mi for x, y ; .*. mj, mj, m^ are the roots of 

(m \ m* 

Hence mg, m^ are the roots of 

a m^ + — + 1=0; 
mi 

.*. m2 ms = J, and join of mg, mj [Ex. 3, p. 196] passes through ( — 2a, o).] 

30. The circle whose diameter is the join of the points m^ , mj meets the 
parabola again in the points m^, m^ : show that 

I I 

- + 4 

mg m4 mi mg 

[Nofe — The circle is (Ex. 8, p. 126) 

(X - a/mi^) (X - a/mg*) + (y - 2 a/mO (y - 2 a/mj) -= o 
.*. mi, m2, ms, m4 are the roots of 

(a/m^ - a/mi^) (a/m^ - a/mg*) 

+ (2 a/m - 2 a/mi) (2 a/m - 2 a/mj) =^ o : 

.'. mj, m4 are the roots of 

Vm mj \m rt\J 



2m2 
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31. The drcle whose diameter is a chord PQ meets the parabola again 
in R, S: prove that if PQ passes through a fixed point on the axis so 
does RS. 

[Note — Deduce from Exercises 3, 30 that distance between fixed points 
is 4 a.] 

32. The sides of a quadrilateral inscribed in a parabola are respectively 
inclined at angles CX, ^, y, 5 to the axis : prove that 

cot a + coty =» cot^ + cot 6 

Hence infer that if three of the sides are parallel to given lines the fourth 
side is parallel to a given line. 

\^Note — ^Let parameters of vertices be mj, m2, nis, m4* It follows from 
^* Zi P^ge 19^ that 

a cot a = — + — ; &C.J 

VTii m2 

33. Find the co-ordinates of the second point in which the normal at the 
point m meets the parabola. 

a (a m' + i)' — aa (a m" + i) 

AHS, 5 I ■ 

m^ m 

[Note — Elim' x from 

y* = 4 ax, m'y + m^ (x — a a) - a « o (§ a35) 

This gives m^y* + 4 am' y — 4 a* (a m* + i) ■= o ; 

a quadratic in y the product of whose roots is 

-4a2(am2 + i)/m2. 
One root is a a/m ; &c.] 

34. Find equation of locus of mid points of normal chords. 
Ans. y* + 8 a* « a ay^ (x — a a) 

35. A circle cuts the parabola 

y* « 4ax 

in four points whose ordinates are yi> yg} ysj Yi ; prove that 

yi + y« + ys + y* - o 

[Note — Elim' x firom 

ya = 4ax, (X - OL)^ + (y-^)^ - r«; 
this gives a biquadratic in y which wants the term in y',] 
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36. The circle through the feet of the three normals from any point passes 
through the yertex. 

[Note — ^Let y^, y2, y^ be ordinates of feet of normals; y^ the ordinate of 
fourth point in which circle meets parabola. Then (§336, Cor^) 

from preceding Ex. it follows then that 

y* - o ; &c] 

37. If P, Q, R are the feet of the normals from T : prove that 

SP.SQ.SR = aST2. 

[JVbte — Let T be (h, k) : the normal at (x'/) passes through (hk) if 

a a (k — /) + / (h — x') = o 
Write X, y for x', y' ; we infer that feet of normals lie on the curve 

a a (k — y) + y (h — x) « o 
But they also lie on y^ "* 4 ctx. 

Eliminate y; we get (x + a a — h)*x = ak* 
Now if SP « p and x is abscissa of P, 

p = x + a: 
/. (p + a-h)2(p-a) = ak2 
The roots of this cubic in p are SP, SO, SR ; 

.-. SP.SQ. SR = a [k2 + (a - h)«] - aST«] 

38. Find the equations of the common tangents to the parabola 

y2 = 4ax 
and the circle a (x* + y*) « 9 ax. 

Ans, i3y + i6x + 9a = o 

39. Show that the polar of any point on the circle 

XS + y2 -: ax 

with respect to the circle x* + y^ ■« a €0C 

touches the parabola y^ a 4 ax 

40. Find locus of poles of tangents to the parabola 

y« « 4a'x 
with respect to the parabola y^ = 4 ax 

Ans, The parabola a'y^ ^ j^a^x 
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41. Two parabolas have a common axis, but different vertices; show that 
the portion of a tangent to either intercepted by the other is bisected at the 
point of contact. 

42. Find locus of poles of chords of the parabola whose mid points 
lie on a fixed line 

Ax + By + C a o 

Ans. The parabola A (y^ — a ax) + 2a(By + C)=o 

43. Find loctis of intersection of tangents which form with tangent at vertex 
a triangle of constant area A. 

Ans, The curve x^ (y* — 4 ax) «= 4 A^ 

44. The locus of the intersection of equal chords of a parabola drawn in 
fixed directions is a straight line. 

45. A chord PQ of a parabola, which is normal at P, meets the axis 
in G ; y is the ordinate of P : prove that 

area SPQ = PG*/ (4 ay) 

46. PQ is a normal chord of the parabola : prove that the locus of the 
centroid of SPQ is the curve 

36 ay2 (3x - 5 a) - 81 y* « ia8 a* 

47. Prove that the locus of a point such that normals to the parabola 

y* == 4 €0C 

at its intersections with the polar of the point meet on the parabola is the 

straight line 

x » 2a 

48. If the normals at three points P, Q, R on the parabola are concurrent ; 
and if R, Q', R' are three other points on the parabola such that PK, QQ', 
RR' are respectively parallel to QR, RP, PQ: show that the normals at 
P', Q'', R' are also concurrent. 

49. If (a^), (tX'/3'), (a"/3'0 are the feet of the normals from (hk) to 
the parabola, prove the relation 

^'/3'' (a' - a") + /3"/3 (a" - oc) + ^^' (a - ex') = © 

50. TP, TQ are tangents to a parabola ; TL is a perpendicular to the axis 
and the perpendicular from T on PQ meets the axis in M. Prove that 

a LM « latus rectum. 
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51. U M. N are the feet of the normals from O (hk) to the parabola 

y2 = 4ax: 
prove that OL^. OM^. ON^ = (k^ - 4 ah)^ [k^ + (h - a)2] 

\Note — Let L, M, N be the points mj, m2, nrig; let OL = p^, OM = p^* 
ON = Pj. Then 

# / 2 & 

Pi 1*^^ + "ii* = proj'n of OL on a i| to axis of y -* k ; 

/. pi « \/i + rc\^{ kj ; similarly for pg, ps- 

Also nrii, rrij, mg are the roots of the cnbic in m 

m' k + m* (h — a a) — a « o 
We have .'. the identity 

m^ k + m* (h — 2 a) - a = k (m - nrii) (m - mg) (m — m,) 
In this identity substitute successively ± V — i for m, and multiply ; 
.-. (h ~ a)« + k2 - k' (I + mi3) (i + mjS) (i + ms^) 



*-■"• ^-"-(t -■".)/?' 



the value of f kj (...)(...) is then easily deduced by subs'g 2a/k for 

m in preceding identity.] 

52. If t\i, 1X2% Hs are the lengths of the normals and t^, X^ the lengths of 
the tangents from any point to the parabola 

y* « 4ax 

prove that n^ n^ n^ = at^ tj 

53. The tangents at P, Q meet in T and the normals at P, Q meet in T' : 
if the co-ordinates of T are h, k show that those of T' are 



/ k2 . hk\ 

^3a + --h, --) 



If T describes a straight line y = mx + c, 
show that the equation of the locus of T' is 

(a - cm) [acx + a (2 mc — a) y — c (c* + 2 a*)] 

== m [a (x + my) - c* - a a^]' 

[Note — ^It will be seen hereafter (Chap. XI.) that this eq'n represents a para- 
bola whose axis is J. given line.] 
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54. On a chord PP' inclined at a constant angle to the axis of a 
parabola a point Q is taken sach that 

PQ.QP' « constant = h^; 
find the locns of Q. 

[JVdie — Let co-ord's of Q be h, k. Take Q as origin of polar co-ord's ; 
then the equation of the parabola is (§ 208) 

(k + rsin^)* = 4a(h + rcosO); 

/. 6^ — - QP. QP' — — product of roots of this quadratic in r 

= (4ah-k2)/sm2a. 

The req'd locns is .*. the parabola 

y*-4ax+ 62sin«(9 = 0.] 

55. Three tangents to a parabola whose focus is S intersect in A, B, C ; 
SA, SB, SC meet BC, CA, AB in A', B', C respectively; show that the 
perpendiculars from A, B, C to the other tangents from A', B', C respectiyely 
are concurrent. 



CHAPTER IX 



THE ELLIPSE 



EQUATION TO ELLIPSE 

§ 237. We have defined the ellipse in § 213; viz. if P is a 
point on the curve then 

SP = e PM, 

S being the focus, PM the ± from P on the directrix KK', and 
e (the eccentricity) < i. 

The equation to the ellipse may be obtained in a simple form 
thus. 




Draw SX X directrix. 

Divide SX internally in A' and externally in A in the given 
ratio e : i« 
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Then SA'=eA'X (i) 

S A = e AX (2) 

By def^ A, A^ arc points on the curve. 
Bisect A A^ in C ; let AA^ = 2 a 
Adding (i) and (2) we find 

2 CA := e . 2 CX 

i. e. 2 a = 2 e . CX 

.-. CX = - 
e 

Subtracting (i) from (2) we find 

2CS = e.2CA 

/. CS = ae 

Through C draw BCB' ± CA; and take CA, CB as axes. 
Let the co-ord^s of P be CN = X, PK = y. 
The co-ord's of S are (— ae, o) 

/. SP' = (x + ae)« + / (§10) 

Also PM = CN + XC 

a 

= ^ + i 

Now SP=e'PM' 

/. (x + ae)' + y* = (ex + a)' 

.-. x'(i - e") + y* = a'(i - e*) 

x« / 

•• a'"*"a»(i-e*)"' 

Put a«(i^e*)= b* 

The equation to the ellipse is .•. 
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If we put X = o in this equation we get y = + b 

if along the axis of y we measure CB = CB^ = b, then 
B, B' are points on the curve. 

Def's — The point C is called the centre^ the line AA' the major 
axz'Sy and the line BB^ the minor axis. 



FIGURE OF THE CURVE 

§ 238* Let (xy ) be the co-ord's of a poiot P on the curve. [Fig', § 237.] 

. . x'ya* + /yb» - I 

.-. (- xy/a^ + (- /)«/b2 « I 

i. e, the point (— x', — y') or P', the image of P with respect to the centre is 
on the curve. 

.*. all chords through the centre are bisected. 

Again, x'^/a^ + (- /)yb« - i ; 

.'. (x', — /) or p, the image of P with respect to the major axis is a point on 
the curve. 

Thus the curve is symmetrical with respect to the major axis. 

Similarly it is symmetrical with respect to the minor axis. 

We infer that there is another focus S' and a corresponding directrix kX'k', 
images respectively of S and KXK' with respect to the minor axis. 

Again, if we write r cos 9, r sin ^ for x, y in the equation of the ellipse, we 
obtain its polar equation referred to the centre as pole, viz. 

r2 cos2 d r2 sin2 d 



a2 ^ b2 



« I 



I cos2 sin2 

From this we deduce 

a2 b« a2 b« 



r 



a 



a2 sin2 $ + b^ cos2 $ b* + (a^ - b^) sin^ $ 

Now b^ + (a^ - b^) sin^ $ is least when d « o, and then r* = a* ; thus the 
greatest value of r is a. 

The curve is .*. bounded in all directions. 
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§ 239* Def — The double ordinate through the focus is called the IcUus 
rectum. 



To find its length, substitute — ae for x in the equation of the ellipse. 

b* 
a^ 

b« 



... y««b«(i-e«)«^ 



.*. latus rectum « a 

a 



FOCAL DISTANCES 



§ 240. We may express SP, S'P in terms of x, the abscissa 
of P (figT, § 237). 

SP = e PM =± e NX = e(CX + CN) = e(| + x) 
/. SP = a + ex 
Also S'P = ePM'=e(CX'-CN) = e(?-x) 
.-. S'P = a - ex 

We infer that SP + S'P = 2a 

Thus the ellipse is the locus of a point P which moves so that the sum 
of its distances from two fixed points S, S^ « a constant 2 a. 

(Compare § 104.) 

This gives a method of describing the ellipse mechanically. 

If the ends of a thread are fastened at two fixed points S, S', then a pencil 
moved about so as to keep the thread always stretched will describe an ellipse 
whose foci are S, S' and whose major axis » length of thread. 

INTERNAL AND EXTERNAL POINTS 

§ 241. As in $ 218 we can prove that if (x, y) is a point inside the 

ellipse the function 

x« y« 

-^ — — I 

of its co-ord^s is negative, and if (x, y) is outside the ellipse the function is 
positive. Of course if (x, y) is on the ellipse the function is zero. 
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AUXILIARY CIRCLE 



§ 242- Def' — The circle whose diameter is the major axis 
A A' is called the auxiliary circle. 




Let the ordinate PN of the 
point P (x, y) on the ellipse 
meet the circle in Q. 



From 



we deduce 






y = !i y a» - X' 
' a 



i.e. PN = - v'CQ' - CN» 



a 

= ^QN 
a 

/. PN : QN = b : a 

Thus the ordinates of the ellipse and circle at corresponding 
points P, Q are in a constant ratio. 

C^'— Draw PLD f| CQ, cutting the axes in L, D. 

Then PD = CQ == a 

Also, by similar As, 

PL : CQ = PN : QN - b : a 

/. PL - b 

Hence, if we suppose PLD to be a ruler having pins at L and D, and if 
AA', BB' be grooves in which these pins run, a pencil at the point P will 
trace an ellipse whose semi-axes are PD, PL. This is the principle of the 
elliptic compass, 

P 



i 
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Exercises 

1. Find the equation of tbie ellipse whose focus is (i, o), directrix x + y ^b o, 
and eccentricity |. 

Ans. yx* — 2xy + 7y' — i6x + 8 « o 

2. Show that the point (i|, i|) is inside the ellipse 

4X2 + ^y2 « 30 

3. Find the eccentricity, the length of the latus rectum, and the co-ordinates 
of the foci of each of the ellipses 

4x2 + 9y2 = 36, 9x2 + 4y2 « 36 

^«J- i ^5. 35, (± V5» o) ; J V5» a|, (o, ± >/5) 
[Ai?/^ — Observe that major axis of second ellipse is along axis of y.] 

4. Determine the same particulars for the ellipses 

2 (x - 1)2 + 3 (y + 2)2 B I, 4x2 + gya _ 8x - 2oy = o 

-""■ 7-3' 4^' (' * ^6' - ')' VI' ^'' 0± Vf ■ 

5. Show that the line y = x + 2 

touches the ellipse x2— xy + y2 + 2x + 4y + 4 = o 
at the point (— 4,-2) 

6. Find the eccentricity of the ellipse 

2 x2 + y2 =: 3 X ; 
also its foci and directrices. 

^«^- ;^; (i, ±f); y=±f 

7. The joins of a point P on the ellipse to the extremities of the minor axis 
meet the major axis in p, q : prove that 

C p . C q « CA2 

8. If CP, CQ are two semi-diameters at right angles, prove that 

I III 



CP2 ^ CQ2 a2 " b2 
[Abte — Use polar equation (see § 238).] 
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9. The major axis of an ellipse is divided into two parts equal to the focal 
distances of a point P on the ellipse : prove that the distance of the point 
of division from either end of the minor axis is equal to the distance of P from 
the centre. 

10. Find the co-ordinates of the mid point of the chord which the ellipse 

xyia* + y^/b^ =« I 
intercepts on the line Ax+By + C=o 

Ans, - ACay(a2A2 + b«B2), - BCb«/(a2A« + b«B«) 

11. A line AB of given length moves with its extremities on two rectangular 
axes OX, OY : find the locus traced by a fixed point P on the line. 

[^^/<j— Draw PN ± OX so that ON = x, PN « y are the co-ord's of P; let 

A 
OAB = 0, 

Then sm (9 = PN/PA = y/PA, cos 9 = x/PB 

Square and add, .*. locus of P is the ellipse 

x2/pB2 + yyPA2 « I. 
Compare Cor^, $ 242.] 

ECCENTRIC ANGLE 

§ 243. Z>^— The angle QCA (fig', § 242) is called the eccen- 
tric angle of the point P. 

If the eccentric angle di P \^ (^ we may express its co-ord's 
(x, y) in terms of 0. 

For X = CN = CQ cos = a cos 

and y = PN = -QN = - (CQ sin 0) = -(asin0) 

a a a 

= bsin^ 
These values x = a cos ) 

y = bsin J 

evidently satisfy the equation of the ellipse 

We can thus express the co-ord's of any point of the ellipse in 
terms of the single parameter 0. 

p 2 
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S 244. To find the equation of the chord joining the points whose 
eccentric angles are Ot, /3. 

The eq'n to the join of 

a cos Of ) a cos y9 1 



a cos Of ) 
b sin Of ) 



b sin)3 



IS 



or 



X y I 

a cos Of b sin Of i 
a cos /3 b sin /3 i 

bx (sin Of - sin ;3) — ay (cosOf — cos/3) = ab sm (Of - ^) 



■» o 



. of-)8 0f + ^ . (x + p . of-^ 

or a bx sin cos + 2 ay sm sin 



. Of-^ of-/3 
2 ab sm cos 



a -i3 

Divide by 2 ab sin : the required equation is .*. 



X Of + a y , (X + B (X - 3 

- cos + 17 Sin — « cos 

a 2 b 2 2 



This result is often useful. 



EQUATION OF TANGENT 

§ 245. To find the equation of the tangent at (x'y^ 
If (x'y'), {y!'y") are two points on the curve 



a 






and 



a' 



h ?— - = I 



By subtraction 



(X^-X^0(X^4-X^0 . (/~/ 0( /4-/0 _ 
- "*" b^ - 



a' 



••• ./_^./- a»/ + /' 



X — x 

Hence the equation to the join of the two points, which is 

X — x' x' — x" 



or 
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becomes Y "~ V' _ b^ x' + x" 

X — x' "" ~ ¥* y' -4- /' 

In this put x'^ = x', y'^ = y^ 

/. the equation of the tangent at (x' y^ is 

y-y' ^ b^x^ 
X — x' a* y' 

or a'^yy' + b'xx' = aV' + b'x'' 

xx' y/ _ x'^ y'^ 

a« ■*" b^ ■" a^ ■*" b» 

The dexter of this equation = i, since (x'y^) is on the curve. 
The equation of the tangent at (x' y') is /. 

xx' , y/ 

a' ^ b^ 

This equation should be remembered. 

Cor^ (i) — The tangents at the ends of either axis are -L that axis. 
Thus the tangent at A (a, o) is 

ax 

-^ « I, or X » a, &C. 

a 

Cor^ (2) — The normal is the line through (x'y') 

, xx' y/ 

a« ^ b2 
Its equation is .*. (§ 71) 

X — x' y — y 



(aV (bV 



§ 246- In the result of § 244 put fi ~ (X: thus the equation to the 
tangent at the point whose eccentric angle is OC is 

X V 

-cos(X + ~sin(X « I (i) 

a b ^ 

The normal is the ± to this through (a cos (X, b sin (X) : its equation is .'. 

X — a cos a _ y — b si 1 (X 
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^ '^y = a> - b* (2) 



cos OC sin OC 
These results are often useful. 

§ 247. The abscissae of the points where the line 

y = mx + 
cuts the ellipse ^ ■. V! ^ 

are determined by the equation 

x' (mx + c)' 

— + -^ = I 

a« ^ b» 
or (a^m^ + b'*) x'^ + 2 mo a'^x + a« (c' - b«) = o 

As this equation is a quadratic it has two roots, which may be 
real, coincident, or imaginary. 

Thus evety line meets an ellipse in two points^ which may he real, 
coincident, or imaginary. 

The roots of the quadratic are equal, i. e. the line y = mx + c 
touches the ellipse if 

(a^ m'* + b') a«(c- - b«) = m^c^a* 
or tf = a' m'' + b' 



or c = ± Va^mM^b^ 

We can thus draw two tangents || a given line y = mx, viz. 



y = mx + Va* m^ + b* 
and y = mx — \/a^ m^ + b* 

Note — That two tangents can be drawn in a given direction may be seen 
otherwise thus. 

In fig', § 237, if co-ord's of P are (x'yO, then those of P' are (— x', — /). 

The tangent at P' is .-. (§ 245) 

which is parallel to the tangent at P. 
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Exercises 

1. Find the tangent and normal to the ellipse 

at the end of the latus rectnm in the first quadrant. 
Ams. X + 2y«4, 4X — 2y= i 

2. Determine C so that y + x = C 

may be a tangent to the ellipse 

2X* + 3y* - I 
Am. c « + i ^13 

3. Find the tangent and normal to 

x2/a2 + yyb« = I 

at the extremity of the latus rectum in the first quadrant. 
Ans. y + ex =» a, ey — X + ae' = o 

4. Find the tangents to the ellipse 

3x2 + 4y2 - 12 
which cut off equal intercepts on the axes. 
Ans, y ± X « + V7 

5. If the tangent at the end of the latus rectum pass through a point 

of trisection of the minor axis, prove that the eccentricity of the ellipse is 

determined by the equation 

9 6* + e' - I 

6. Find co-ord^s of inters'n of tangents at two points on the ellipse 

x2/a« + yyb« = I 

whose eccentric angles are OC, )3. 

Ans. a cos / cos , b sin / cos 

2 / 2 2 / 2 



[JVbfe — Tangents are 



X AW y • /%/ ^ 

- cos (X + ir sm CX « i 

a b 



X y 

- cos^ + j^ sin /3 = I 



X 

a 



X y 

Determine - : ^ : i by § 6i.] 
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7. P is a point on the ellipse whose eccentric angle is OL ; find equations 
of AP, A' P. 

xay.a a x.aya .a 

Ans. - cos — + ^ sm — « cos — , sin — + ^ cos — « sin — 

8202 2 8202 2 

IJVotg — Ecc' A of A is o and of A' is ir ; use eq'n of § 244.] 

8. P and Q are two points on an ellipse ; AP, A'Q meet at J, and A'P, AQ 
meet at J'. Prove that J J' is perpendicular to AA'. 

9. P is a point on an ellipse ; find locus of inters'n of A'P with perpen- 
dicular to AP through A. 

Ans. The straight line X (a* - b^) = a (a^ + b*) 

10. P, Q, R are three points on the ellipse; p, q, r the corresponding 
points on the auxiliary circle. Prove that 

A PQR : A pqr « b : a 

[Note — Let OL, fi, y he eccentric As of P, Q, R: then co-ord's of P are 
(a cos OL, b sin OL) and of p are (a cos (X, a sin Of), &c ; use § 22.] 

11. The vertices of a triangle are three points on the ellipse whose eccentric 
angles are OL, /3, y. Show that its area 

. O-^ . i3-y . y-OL 

= 2 ab sin sm sm 

222 

12. P is any point on the curve ; the perpendiculars through Pto AP, A'P 
meet AA' in L, M. Prove that 

LM K latus rectum 

13. P is any point on the ellipse, y its ordinate. Prove that 

cotAPA'oc y 



GEOMETRICAL PROPERTIES 

§ 248. Let the tangent at P meet the axes in T, t and let the 
normal meet the major axis in G. 

Let (x'y') be the co-ord's of P. 
The tangent at P is 

/ y/ 

r + T^ = I 



XX' 



a^ 



»48.] 



The Ellipse 



To get its intercept on CA, put y = o 
.•. xx* = a' 
i.e. CN.CT = CA« 
Similarly PN . Ct = CB' 




Again, putting y = o in the normal's equation 

X — x^ _ y — / 

© ° (^) 

its intercept on CA is determined by 

b' , 

X — X = J X 

a* 

x = x(i-^j=e'x 

i.e. CG = e'.CN 

Hence SG = ae + e'x'= eSP (§^40) 

and S'G = ae - e'x'= eS'P 

.■. SG : S'G = SP : S'P 

.-. PG bisects SPS' (Euclid V[. 3) 
Accordingly, 

The normal bisects the angle between the focal distances, and the 
tangent bisects the supplementary angle (IV) 



(III) 
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Again, since the co-ord's of P are (x'y') and of G are (e'x', o) 

... PG2=(x'-e^xO' + /' 

b* 
= X" ^ + /» 



a' 



Also, if CK is central ± on tangent 

xx' yy' 

CK = ± from origin on — r + '^""^ = ® 

From these we deduce 

PG.CK = b' (V) 

Further, let SZ, S'Z' be the focal ±s on tangent; and let S'Z' 
meet SP in q. 

It follows from (IV) and Euclid 1. 26, that 

APS'Z'= APqZ' 
Accordingly, 

S'Z' = q Z' and PS' = Pq 

.-. Sq = SP + PS'= 2a 

Also S'Z^S'q=i:2 

= S'C : S'S 

.-. CZ' is II S q, and 

CZ'= iSq = a 

Similarly CZ = a 

Thus the feet of the focal perpendiculars on any tangent lie on the 
auxiliary circle (VI) 

This is proved analytically in § 249. 

Further, if the eccentric angle of P is 0, the equation to the 
tangent at P is (§ 246) 

-COS0 + ^sin = I 
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.•. S'Z' = ± on this from (ae, o) 
and SZ = ± on same from (— ae, o) 



.-. SZ.S'2' = (r-e^cos'«^)/(^ + ?^) 

q2 __ |j2 

Now I — e*^ cos^ 0=1 3 — cos* (f) 

= sln^0 + —^cos^cj) 

^ 2/cos^ sin^\ 
V a^ "*■ bW 

Hence SZ . S' Z' = b'^ (VII) 

The learner will find it easy to prove this geometrically. Another 
analytical proof is given in § 250. 

Again, tangents at the ends of a chord intersect on the diameter 
which bisects the chord (VIII) 

Subtracting the equations of the tangents at P (x^yi) and 
Q (XaYiX viz. 



XX 



- + ^ = I and ^ + ^« = I 



a* • b^ — a^ 



X (Xi — X2) . y (y, — yn) 
we get ^ , — - + ^ '-^^ ^^' = o 

This eq^n represents a line through the inters'n of the tangents. 
But the centre (o, o) and the mid point of the chord 

/ X1 + X2 y, + yA 

are also obviously points on this line, /. &c. 
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CONDITIONS OF TANGENCY 

§ 249. The condition in § 247 may also be obtained thus. 

The equation to the pair of lines joining the origin to the 
inters'ns of 

y = mx + c and ^ + ^2 = ' i=^ (§ ' ^9) 

x^ / _ / y - rnx V 
a» ■*" b^ "■ V c / 

If these lines are coincident the points of inters'n coincide 

/. y = mx 4- C is a tangent if 

fJ- — —\ ( 1. ^ ^\ — — 

\e? c^/ Vb* c"V "" c* 

which reduces to C = ± Va^m* + b^, as before. 

The result may be usefully stated thus — 
Whatever be the value 0/ rc\y the line 

y = mx + '/a* m* + b* 

IS a tangent to the ellipse, 

Ex. Find locus of foot of J. from focus on tangent. 



Any tangent is y — mx « Va^ m* + b^ 

The equation to the X on this from S (— ae, o) is 

my + X — — ae 
To eliminate m, square and add : this gives 

(I + m^) (x^ + y«) = a2 m* + b2 + a* e^ 

= a^ (I + m^) 
.-. x2 + y« = a^ 
The locus is .*. the auxiliary circle. (Compare § 248, VI.) 

§ 250. To find the condition that 

Ix + my = n (i) 

may be a tangent. 
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This may be deduced as in § 247, or § 249. For variety we give another 
method. 



(0 



The tangent at (x'/) is 

a« b« ~ 

If this represent the same line as (i) 

J^ _/_ = I 
a« I "" b« m n 

al bm n 
Hence, as (J)' + (g)' = i 

we obtain a* 1^ + b« m^ « n^ 

the condition required. This result b often useful. 

Cor' (i) — ^x cos(X+ysinCX-a p isa tangent if 

p2 = a* COS* a + b« sin* a 
This important result might of course be proved independently. 

Cor' (2) — The equation to any tangent may be written 

X cos a + y sin a - Va^cos^a + b*sin*a 

Ex. 1. Prove SZ.S'Z' = b« (fig' § 248) 

Let the tangent at P be 

xcosa + ysina — p«o 
Then S'Z' » ± on this from (ae, o) » p — ae cos Of 

SZ = X on it from (— ae, o) » p + ae cosCX 
.-. SZ . S'Z' = p« - a« e» cos« a 

= (a* cos^a + b* sm^a) - (a« - b*) cos« a 
= b« 
Compare § 248, VII. 

§ 251. Ex. 2. Find locus^f point of intersection of tangents at right 
angles to each other. 

Substitute - + « for a in 
2 

X cos a + y sina - Va^ cos^a + b* sin^'a , . . . (i) 
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The tangent at right angles to the tangent (i) is /. 



- X sina + y cosOt = Va* sin^a + b* cos^a .... (2) 

By squaring and adding (i) and (2), (X is eliminated. 
The required locus is .-.the circle 

x2 + y2 » a' + b* 

Def — This circle, which is the locus of the inters'n of rectangular tangents, 
is called the director circle. 

Exercises 

1. CP, CQ are semi-diameters at right angles; prove that PQ touches 
a fixed circle whose centre is C. 

\Note — Let X from C on PQ = p ; let (X ■■ angle which this ± makes 
with CP. We have to prove that p is constant. 

cos a I sin Of I J jj 

Now « 7^= , « T^TT ; square and add 

p CP p CQ ^ 

•*• ^"CP^ + C^""P + ^ Ct>age 210, Ex. 8).] 

2. Find the polar and rectangular equations of locus of foot of perpendicular 
from centre on tangent. 

Am. r2 « a2 cos^^ + b^ sin^^, (x* + y^)* = a^x* + b^y^ 

\Note — Use result of § 250, Cor' (i).] 

3. If LSL' be the latus rectum, and any ordinate PN be produced to meet 
the tangent at L in Q, prove that SP « QN. 

4. Any tangent to an ellipse meets the tangent at A in V and the minor 
axis in t. Prove that t V = t S. 

5. The normal at P meets the axes in G, g. Prove that 

PQ.Pg = SP.S'P. 

6. Find the condition that the line 

X cos a + y sin a « p 
may be normal to the ellipse 

x^/a* + yyb' = r 

Am, p2 (a2 sin^a + b^ cos^a) ^ (a« - b^)^ sin® a cos^a : 
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7- P is any point on the ellipse. If SP «» r and perpendicular from S on 
tangent at P = p, find the relation between r and p. 

b« 2 a 
p2 r 

8. A line through C parallel to the tangent at P meets the focal distances 

of P in d, d'. Prove that 

Pd«Pd' = a 

9. An ellipse slides between two lines at right angles. Find the locus of 
its centre. 

[JVote-^Take given lines as axes; use result of § 251. The req^d locus 
is the circle x^ + y* ■* a^ + b^l 

10. Find locus of intersection of perpendicular- from focus on any tangent, 
with join of centre to point of contact. 

Ans, The corresponding directrix. 

U. Points J, J^ are taken on the minor axis such that 

CJ = CJ' - CS; 
p and p' are the perpendiculars from J, y on any tangent. Prove that 

p2 + p'a = 2a2 

12. The sum of the eccentric angles of two points P, Q on the ellipse is 
constant ( = 2 y) ; find locus of intersection of tangents at P, Q. 

Ans. The straight line ay = bx tan y 

13. Show that the equation of the tangents from (x'y') to the ellipse 

xya* + yyba - i 
yyf2 yf2 \ /x2 y2 \ /x'x /y V 

[JVb^e — ^Proceed as in § 167.] 

TANGENTS FROM A GIVEN POINT 

§ 252. Any tangent is 

y = mx + Va^ m' + b* 
This will pass through a given point (x'y^ if 

/ = mx' + >/a'm' + b' 
or (y'- mx')'= a'm'+ b' 

or (a' - x'') m- + 2 x'y' m + b« - y'^ = o . . (i) 
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This quadratic gives two values of m, and .*. in general two 
tangents can be drawn from a given point (x'y'). 

The roots of (i) are real, coincident, or imaginary, according as 

x^'y'^ > = < (a'^ - x'^) (b^ - /^) 

i. e. according as 

The two tangents are /. (§ 241) real, coincident, or imaginary, 
according as the given point (x'y') is outside, on, or inside the 
ellipse. 

§ 253* Cor' — If (xy) is any point on either tangent from (x'y') 

(y - y')/(x - xo = m 

If we substitute this value of m in (i) we get a relation between x and y. 
The equation to the pair of tangents from (x'y') is /. 
(a* - x'«) (y - /)2 + 2 xy (X - x') (y - /) + (b« - /«) (x - x')* = o 
This equation reduces to 

a« (y - /)2 + b* (x - x')a = (x/ - x'y)2 

Note — Another form of this eq'n is given, Ex. 13, page 223. 

§ 254- If TP, TQ are the tangents from T, then 

A A 

STP « S'TQ 




Let p, q be the ±s from S on 
TP, TQ, and p', q' the Xs from 
S' on TP, TQ. 

Then pp' = b^ (§248,VIL) 

= qq' 

. P = a' 
q p 
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p sinSTP , q' sinS'TQ 
q sinSTQ p' sin SfTP 

. A 

.*. ST, S'T divide PTQ into parts having the same ratio of sines; and the 

proposition is evident. 

Note — The proposition may also be proved thus. 

It is evidently true if the line-pairs (TP. TQ) and (TS, TS') have the same 
bisectors of angles ; and .% if ||s through the origin to these line-pairs have the 
same bisectors. 

Retaining only the terms of the second degree in the equation of § 253, the 
line-pair through the origin || TP, TQ is 

(a^ - x'^) ya + 2 x'/xy + (b^ - /«) x^ = o 

Again, the ||s through the origin to TS, TS' are 

y (x' + ae) — /x = o and y (x' — ae) — /x = o 

The product of these is 

y« (x"* - a^ + b») - 2x'/xy + /^x* = o 

Each of these line-pairs is bisected (§ 116) by the line-pair 

x'/ (x« - y2) = (x'* - a« + b« - y^) xy 

Q.E.D. 

DIAMETERS 

§255. To find the locus of the mid points of a system of parallel 
chords. 

Let the chords be || y = mx. 

^t (XiYi), (XaYa) be the extremities of one of the chords; 
(xy) its mid point. 

Then 2X = x^ + Xj, 2 y = y^ + y^ . . . . (i) 
Also y^ 2 ^' = m (2) 

Xj Xj 

By subtraction ' , ' + ^"^ ^/' = o 

. (x, - X,) (x, + X,) (y, - y,) (y. + y^) _ ^ 
•• -g* + b^i 
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Divide by Xj — x^; then from (i), (2) we see that 



X , my 

— 4- — ^ = o 



a* b* "^ ' ^^^ 

This is the equation to the locus. It is /. a straight line passing 
through the centre. 

Cor' (i) — All diameters of the ellipse pass through the centre. (See def, 
§ 229.) 

Cor' (3) — If we write the equation to the locus (3) in the form 



y = m'x 



then 



m' = - by(ma») 

.-. mm' « — b'/a* 

The symmetry of this relation proves that 

y -« mx 
is the locus of mid points of chords 

II y = m'x 

Hence if one diameter of an ellipse bisects chords parallel to a second^ the 
second bisects all chords parallel to the first. Two such diameters are said to 
be conjugcUe. 

^0^' (3)— Two diameters y « mx, y — m'x are conjugate if 

§ 256. If PCF, DCD' are conj' diam'rs there is a simple 
relation between the eccentric A s 0, 0' of P, D. 

The co-ord's of P are 
(acos0, bsin0) 

.'. if eq'n to CP is y = mx 

then m = b sin /{a cos 0) 

Similarly, if eq'n to CD is 

y = m'x 

then m' = b sin 0'/(^ cos0') 

mm'= - b'/a' 




But [§ 255, Cor' (3)] 
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.-. b'* sin sin 0y(a* cos (j) cos 0^) = — bya^ 
.*. cos cos 0' + sin sin 0'= o 

.-. cos (0' — 0) = O 
/. 0' — = 90° 

C<w' (i) — Let p, d be the points on thcf auxiliary circle corresponding 

to P, D. 

AAA 
Then <^'-<^ = dCA-pCA«dCp 

.*. C p, C d are at right angles. 
Cor^ (2)— Since <^' =. <^ + 90* 

the equation to the tangent at D,. which is 

X V 

- cos<f)^ + ~ sin<f>' ■= I (§ 346) 

X V 

becomes sin<^ + {-cos(f> = I 

• ** ^ 

or bx sin <^ «- ay cos + ab » o 

Again, the eq'n to CP is 

y /x = b sin <^/(a cos (pi) 

or bx sin <f> — ay cos <f> -> o 

.'. tangent at D is parallel to CP. 

Hence t^e tangent at either end of any diameter is parallel to the chords 
which that diameter bisects. 

This may also be proved geometrically, exactly as in § 230. 

§ 257. -5^PCP', DCD^ are conjugate diameters, then 

CP + CD« 

is constant ; and the area of the paraltelogram whose sides are the 
tangents at P, P, D, D' is constants 

Let the eccentric angle of P be 0; then that of D is + 90° 
[fig' § 256.] 

Let the co-ord's of P be (x'yO and of D (x'' y"). 

Then x'=acos0, /=bsin0 

Also y!' = a cos (0 + 90*") = — a sin 

Q a 
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and y" = b sin {(f) + 90°) = b cos (j) 

.-. CP = x'» + /' = a^cos«0 + b'sin*^ 
and CD« = x"» + /'» = a« sin* ^ + b' cos* 

.-. CPh- CD« = a»H- b' 
Again, area of □ who sides are the tangents at P, P, D, D' 
= 4 area of □ whose adjacent sides are CP, CD 
= Sareaof ACPD 
= 4(xV'-x''yO [Co/, §22] 
= 4 ab (cos* ^ + sin^ 0) 
= 4ab. 

Cor^ (i)— Denote the lengths of two conjugate semi-diameters CP, CD by 
a\ b' and the angle between them by a>. 

Since area of A CPD » j af\y sin co 

.*. a^\y sm 0) « ab ) 

Also a'« + b'a = a«+ bM 

If CP, CD are given in position and magnitude, i.e. if ef, b' and co are 
given, we can determine a and b by solving these equations. 

Cor' (2) — From the previous equations we get 

4a2ba cosec»a) - 4a'«b'« « (a'« + b'2)a _ (a^a - b'V 
.-. 4a2b3 cosec«a) = (a« + b^)* - (a'« - b'*)* 
Hence cosec a> is greatest, and /. sin a> is least when a,' « b'. 

SUPPLEMENTAL CHORDS 

§ 258. Let Q be any point on the ellipse, PCP' any diameter ; 
then QP, QP' are called supplemental chords. 

The diameters parallel to supplemental chords QP, QP' are 
conjugate. 

For diam' |i QP bisects QP, and diam || QP bisects QP 
[Euclid VI. 2]. 

The diameters are .*. conjugate, since each bisects a chord 
parallel to the other* 
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The proposition may also be proved analytically thus. 

Let y = mx, y = m'x be eq'ns of diam'rs || QP and QP. 

Let a = ecc/ A of P and )3 == €€</ A of Q; then ecc/ A of P is ir + a. 

The eq'n of PQ is 

X Ot + 3 y , Ot + fi OL-B 

-cos— ^ +ism-^— «co8-^— (§344) 

b a + ^ 

m = cot 






a a 

Again, writing tt + (X for Of in this eq^n we get 

m' = cot ^ 

a a 

- + -tan ^ 

a a 

bs 

/. mm' - - ^ , and /. &c. [§ 355, Cor' (3)] 

a 



EQUAL CONJUGATE DIAMETERS 

§ 259. The diameters || AB, A'B (fig' % 337) are equal by symmetry ; 
and by § 358 they are conjugate. 

The equi-conjugate diameters are .*. the diagonals of the rectangle whose 
sides are the tangents at A, B, A', B' ; and their equations are 

b , b 

y -» + - X and y = x 

a a 

To find their lengths ; since 

CP« + Cpa - a« + b^ [§ 357] : 

if CP .-. CD --. a' 

we find a a'^ -^ a* + b* 



POLES AND POLARS 

• § 260. Def — If P, Q are the points of contact of tangents 
from T, then PQ is called ih& polar of T, and T is called the pole 
of PQ. 

To find the equation to the polar ^(x'y^. 

Let (hk) be the point of contact oi either tangent from (x'y'). 
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Express that the tangent at (hk), viz. 

a» ^ b» 

passes through (x'yO 

This equation expresses that (hk) lies on the straight line 

4- ^-^ = I 

a« ^ b« 
As both points of contact lie on this line, it is /. their join. 
The equation of the polar of (x'/) is /. 

a* ^ b" 

Cor' (i) — It is proved exactly as in § 234 that if P lies on the polar of Q 
then Q lies on the polar of P. 

Cor' (2) — ^Tbe polar of the focus (ae, o) is 

a 
xe » a, or x - - , 

i. e. the corresponding directrix ; 

.*. tangents at the ends of a focal chord intersect on the directrix. 

Exercises 

1. If CP, CD are conjugate semi-diameters, prove that 

SP.S'P= CPa. 

2. Find locus of mid point of PD. 
Ans. The ellipse 2 x^/a^ + 2 y"/ b> = i 

3. Find locus of intersection of tangents at P, D. 
Ans, The ellipse xyia* + y^ b^ = 2 

4. CP, CD and CP', CD' are pairs of conjugate semi-diameters. Prove that 

A PCR = A DCD'. 
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6. CP, CD meet the tangent at A in V, W. Prove that AV.AW is 
constant. 

6. The normal at P meets the major axis in G, and the diameter conjugate 
to CP in F. Prove that 

PQ.PF- b». 

7. SJ , SJ^ are perpendiculars from a focus on a pair of conjugate diameters : 
prove that J J^ meets the major axis at a fixed point. 

8. The perpendiculars from S, S' on a pair of conjugate diameters meet at 
Q. Find the locus of Q. 

Ans. The elUpse b^y* + a^x* = a« (a^ - b«) 

9. If the perpendicular from the centre on the tangent at P «= p, and 
CP = r, prove that 

p2(a« + ba - O - a^ba 

10. The normals at P, D meet in J. Prove that JC is perpendicular 
to PD. 

11. The perpendicular from P on its polar meets the major axis in y ; n is 
the foot of the ordinate of P. Prove that 

C7 = e«Cn 

12. V is the mid point of a chord PQ; prove that the polar of V is 
parallel to PQ. 

[Proceed as in Note, Ex. 9, page 197.] 

13. Find the equation of the chord whose mid point is (hk). 
h Ic 

^'"- -2 (x - h) + p (y - k) - o 
[Note — Use result of Ex. 12.] 

14. Chords: of the ellipse 

x2/a« + yyb2 == I 

are drawn through (x'y') ; find locus of their mid points. 
Am, The ellipse x^/a* + y*/ b^ = xxf/a^ + y// b^ 

[See Note, Ex. 13, page 197.] 
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EQUATION REFERRED TO CONJUGATE DIAMETERS 

§ 26 1 • 7h find the equation of the ellipse referred to any conjugate 
diameters CP, CD as axes. 

Let CP = a', CD = l/. 

Let QVQ' be a chord |I CD ; so 
that X - CV, y = QV are the co-ord's 
of a 

Draw QN JL CA. 
Pat also 

PCA = Q, DCA - ^ 




Project the broken line CVQ on CA and CB. 

.*. CN « xcos^ + ycos^ ) 
QN == X sin ^ + y sin ^' ) 
But CNyia* + QN2/b2 - i 

/. (X cos ^ + y cos ^)ya« + (x sin ^ + y sin Q^fjh'^ = i 

.*. X2 



/cos«d sin2(9\ /cos ^ cos ^' sin ^ sin ^\ 



H 



cos*^' sin2^ 



b» / 



The coeff ' of a xy in this » o 

•/ tan ^ tan ^ « - b^/a^ [§ 255, Cor' (3)] 
Coeff' of x'a - i/CP* - i/a'a [§ 338] 

Coeflf' of /a - i/CDa - i/b'^ 

The required equation is .*. 

X2 y2 



a'2 "*■ b'2 



§ 262* As this equation is of the same form as that referred to CA, CB, 
several of the previous §§ are applicable when any pair of conj' diam^rs are 
chosen as axes. 

Thus the tangent at (x'/) is 

xx' yy' 

a* ^ b« • 



> 
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and as in § 248 we deduce that the tangents at Q, Q^ meet CP in the same 

point t such that 

CV.Ct - CP» 

Again, Ix + my « n 

is a tangent if a'«P + b'^m* - n«; &c 

Ex. If the tangent at P meet any two conjugate diameters in t, t^, prove that 

Pt. Pf 

is constant. 

Take the conjugate diameters CP, CD as axes of co-ordinates. 
Let any two conj' diam^rs be 

y - mx, y - m'x; 

then mm' « - b'^/a'* 

The eq'n of tangent at P is 

X -a' 

The co-ord's of t are determined by 

X- a' 

y ■= mx 

.'. y, i.e. Pt ■= ma' 
Similarly Pf = m'a' 

.-. Pt. Pf - mm'a'«« - b'« 

PARABOLA A LIMITING FORM OF ELLIPSE 

m 

§ 263. Referring to § 237 we may express a, b in terms of 
e and SX. 

For SX = CX - CS = a/e - ae = a(i - e')/e 
.-. a = eSX/(i-e') 

Also b^ = a^ (i - e^) = e^ SXy(i - e') 

If now we suppose the focus S and the distance SX to remain 
fixed while e becomes i, we see that a and b become infinite. 

The latus rectum p = 2 e SX and .*. remains finite. 

Thus the parabbla is an ellipse whose axes are infinite, while its 
latus rectum is finite. 



! 
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§ 264. The same conclusion may be deduced thus. 
If we change to || axes through the vertex A' the equation of the ellipse is 

(X - a)2/a3 + y^/b* « i 

or yy b^ - a x/a - xya^ 

or ya = px — px^/2 a . (') 

where p - 2 byia = latns rectum 

If a B 00 while p remains finite, (i) becomes 

y«-px 

§ 265. Ex. I. What does the property of § 248, 1., viz. 

CN . CT « CA> 

become for the parabola ? 

Put CN - 6 

.-. 6 (6 + AT + NA) - (6 + NA)« 
/. h (AT - NA) - NA« 
.-. AT - NA = NAyS 
Now put 6 = 00 ; .% AT «= NA (see § 225) 

Ex. 2. If in § 254 we suppose the focus S^ to move off to infinity ; we 
deduce the following property of the parabola — 

QTX' = STCy [see fig', § 231] 

Thus if tangents are drawn from a point T to a parabola, one of them makes 
the same angle with the axis that the other does with ST. 
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[Unless otherwise implied, in these questions the ellipse is referred to its 
axes of figure, its equation being 

x^/a* + yyb> = I 

The notation of the figures in the chapter is retained throughout ; thus S, S' 
are the foci, G the foot of the normal at P, P and D extremities of conjugate 
diameters, &c] 

1. Prove that SZ', S'Z meet at the mid point of PGl, (See fig', p. 2 1 7.) 
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2. If <p is the angle between the tangents from (x'y'), prove that ♦ 

(^2 + yf2 ^ q2 _ bs) tan - 2 Vb^xf^ + aV^-a^b* 

3. If OC, )3 are the eccentric angles of the extremities of a focal chord, then 

a^ fi e- I 

tan— tan— ■= 

2 2 e + I 

4. Prove that the sum of the squares of the perpendiculars from P, D on a 
fixed diameter is constant. 

5. Find the co-ordinates of the pole of the line 

X cos CX + y sin (X -> p 

a^cosa b^sina 
Ans. , 

P P 

6. A chord PQ parallel to AB meets CA, CB in p, q. Prove that 

Pp - Qq 
Also, if m and n are the feet of the ordinates at P and Q, prove that 

2Am.An « Ap^ 

7. Given base of a triangle ABC and also 

tan i A tan j B ; 
show that locos of vertex C is an ellipse whose foci are A, B. 

[Note^By Trigonometry 

tan I A tan } B ■■ (s — c)/s ; /. s is given.] 

8. P is any point on the curve; find locus of centre of circle inscribed 
in triangle SPS'. 

Ans. The ellipse (i - e) x* + (i + e) y^ « e* (i -- ©) a* 
INote — Use result of Ex. 62, p. 165.] 

9. P is a point on the curve ; find locus of intersection of ordinate of P 
with perpendicular from centre on tangent at P. 

Ans. The ellipse a^x* + b^ya « a* 

10. Any tangent to the ellipse meets the director circle 

x2 + ya = a« + b^ 
in p, d ; show that C p, C d are conjugate diameters of the ellipse. 
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\NAe — Let the tangent be [$ 250, Cor' (a)] 



xcosCX + ysinCX = v'a^cos'CX + b* sin'CX; 

then the eq^n to the line-pair C p, C d is ($ 119) 

(a« + b«) (x cosCX + y sin a)* - (a« cos^a + b^ sm«CX) (x^ + y») = o 

If the factors of this are 

y — mx, y — m'x 

then mm' = - byia'; /. &c. ($ 355, Cor* 3).] 

11. P is any point on the ellipse ; the perpendiculars to AP, A'P at their 
mid points meet AA' in J, J'. Prove that 

jj/ = (a* - b«)/a 

\Note — This gives a method of describing the ellipse mechanically. See a 
paper by Professor Genese in Milne's Companion, p. 210.] 

12. The tangents from P make angles ^, ^ with the major axis. Find 

the locus of P if 

tan B tan Q' s constant ( « k). 

Ans. y* — b* ■■ k (x' — a') ; this equation represents an ellipse if k is n^a- 
tive and an hyperbola if k is positive. 

13. Show that normals at the ends of a focal chord intersect on a parallel 
to the major axis through the mid point of the chord. 

14. Find locus of a point whose polars with respect to the ellipse 

xya« + yyb« = I 
touch the circle x' + y' = r* 

Am, The ellipse x^/a* + y^ b* - i/r« 

15. An ellipse is cut by a series of parallel chords ; tt, /3 are the eccentric 
angles of the extremities of one of the chords. Prove that OC + /3 is constant. 

16. Three sides of a quadrilateral inscribed in an ellipse are parallel to 
given lines. Show that the fourth side is parallel to a given line. 

[Note — Use result of Ex. 15.] 

17. If the perpendiculars from the centre on the tangents at P, D meet 
these tangents in K, K' and the ellipse in k, k', prove that 

I III 

n + in 



CK«. C k« CK'a. C k'« a* " b* 
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18. If PD is inclined to the major axis at an angle <f}, and 5 is the perpen- 
dicular from C on PD, prove that 

2 d> - a^ cos^(f> + b> 8in<<f> 

19. If <f>} <f>^ are the eccentric angles of the points of contact of tangents 
from (hk), prove that 

a ^a« b« 



tan 



20. A parallel to PD meets CP, CD in p, d and the ellipse in q. Prove 

that 

qp« + qd« - PD« 

21. Any diameter meets parallels through P, D to any tangent in p, d, 
and the tangent in r ; prove that 

C pa + C d« - C r« 

22. Any line through the vertex A meets the ellipse in q and the minor 
axis in r ; CP is the semi-diameter parallel to A q« Prove that 

Aq.Ar = a CP« 

[NoU — To determine A q use polar eq'n referred to A as origin.] 

23. p is any point on the auxiliary circle ; A p, A' p meet the ellipse 
in q, q'. Prove that 

Ap/Aq + A'p/A'q' = (a« + b«)/ba 

24. PN, PM are the perpendiculars from a point P on two given oblique 
axes; if PN* + PM* is constant (— k'), show that the locus of P is an 
ellipse, and find its eccentricity. 

[Eq'n of locus is (x« + y«) sm«a) - k«; 

this represents an ellipse referred to its equi-conjugates. The semi-axes 
a, b are determined by 

kysin* 0) « (a« + b^^a, b/a « cot - ; .-. e« = i - cot* - .] 

25. PCP' is any diameter of an ellipse. Any line through P cuts the 

ellipse in q and the tangent at R in r; CQ is the semi-diameter parallel 

to Pq. Prove that 

Pq.Pr = 4CQ* 

26. PCP', DCD' are conjugate diameters; O is any point on a circle 
concentric with the ellipse whose radius is r. Prove that 

Opa + opa + OD* + CD'* = 4 p« + a (a« + b«) 
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27. Show that the joins of the vertices of an ellipse to opposite ends of 
any segment of the directrix which subtends a right angle at the focus meet on 
the curve. 

28. Points Q, Q' are taken on the normal at P such that 

PQ -= PQf - CD ; 
show that CQ -> a - b, CO' » a + b 

INbfe—Jf ecc' A of P is (X, deduce that co-ord's of Q, Q' are 

{a 7 b) cos a, (b + a) sin ex.] 

29. TP, TQ are tangents from T. If PQ subtend a right angle at the 
centre, find the locus of T. 

[JVdte— Let (hk) be co-ord's of T. The eq'n to the line-pair CP, CQ 
is (§ 119) 

Va« bV a« ^ b« 
These lines are at right angles [$ 114, Cor' (i)] if 

hya* + k'/b* - i/a^ + i/b« 
The locus req'd is .'. the ellipse 

xa/a* + y2/b* - i/a« + i/b^.] 

30. Find locus of intersection of normals at extremities of a chord parallel 
to one of the equi-conjugates. 

[Take equi-conj's as axes ; let eq'n to ellipse be 

x« + y« - c*. 

A 
If the axes are inclined at o) the normal at (xfy^ is 

(x - xO (/ - x' cos 0)) - (y - /) (x' - / cos 0)) 

This intersects normal at (— x', y') on the line 

y + X cos 0) = o ; 

the locus is .*. the diameter J. other equi-conjugate.] 

31. p is any point on the auxiliary circle; the tangent at p meets A A' 
in t. If p A, p A^ meet the ellipse again in d, 6, show that the chord de 
passes through t. 

32. p is any point on the auxiliary circle; the perpendiculars from S, S^ 
on the tangent at p meet the ellipse in q, q^ Show that pq. pq^ are tangents 
to the ellipse. 
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33 • If is the angle between the tangents from T show that 

a ST. 8'T cos^ - ST^ + S'T« -^ 49^ 

34. The tangent at P intersects parallels to the major axis at a distance 
b/e from it in q, r ; prove that P q, P r subtend equal angles at the centre. 

35. Deduce the following form of the equation of the tangents from 

Cx'v') viz, 

a2 (y - /)2 + b« (X - x')« « (x/ - x'y)« 

by expressing the condition that the join of (xy), (x'y') should touch the 
ellipse. 

36. Find the locus of a point such that, tangents being drawn from it to 
the ellipse, area of triangle which these form with major axis « area of triangle 
which they form with minor axis. 

Ans, The equi-conjugate diameters. 

37. Two ellipses have the same focus and eccentricity and their major axes 
coincide in direction. If PN. P^ N^ are the ordinates of the larger ellipse 
which are tangents to the smaller, prove that 

SP - SN - SR - SN' 

38. Show that the normal at P passes through the mid point of the join of 
the feet of the perpendiculars from P on the equi-conjugate diameters. 

39. Prove that the length of the chord joining the points whose eccentric 
angles are CX, /3 is flr — fi 

2 
where b^ is the parallel semi-diameter. 

40. Find the area of the triangle formed by the tangents at the points 
whose eccentric angles are OL, fi, y. 

Ans, abtanj(a-^)tanj(^ - y) tan } (y - CX) 

41. If P) Q are the points of contact of tangents from T (hk) ; show that 

(g45sP.SQ-ST^ 

{Note — If abscissa of P is x, SP « p ; then 

X - 0> - a)/e ($ 240) 
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Elim' y between 

x«/a« + y«/b« - I, hx/a« + yk/b« - i ; 

then sabst' preceding Talne of x. This giTes a quadratic in pJ] 

412. Find locus of mid point of nonnal PQ, 

Ans, The ellipse 4b*x« + 4(1 + e«)«a«y« - a*b*(i + e^« 

413. Find locos of mid points of chords of the ellipse which touch the 

concentric circle 

x« + ya « r* 

Am. (x'/a* + yyb«)a - r«(xya* + y^/b*) 

44. Two chords meet the axis major at points equi-distant firom the centre ; 
if OC, /3 and y, d are the eccentric angles of their extremities, prove that 

OC B y b 
tan — tan— tan— tan- « I 

2 2 2 3 

415. Any chord PQ b drawn through the fixed point (d, o) on the major 
axis. If the abscissae of P, Q are x^ , x^ , prove that 

a d (Xi X, + a«) - (a* + d*) (x^ + x,) 

Hence show that the product of the perpendiculars from P, Q on a fixed line 
parallel to the minor axis is constant. 

[Ai7/tf-If X - (a« + d«)/(2 d) 

the preceding eq'n gives 

(Xj — A.) (Xj — X) «s constant 

The line required is .*• 

2 dx - a* + d^.] 

46. P, Q) R are three points on the ellipse: the diameter bisecting QR 
meets PQ, PR and the curve in m, n, d : show that 

C m . C n - C d< 

417. The three pomts P, Q, R on an ellipse are the vertices of a triangle 
whose area is a maximum. 

Show that QR is parallel to the tangent at P. 

[No/e—By Ex. 10, page 216, A PQR is maximum when A pqr is maxi^ 
mum. It follows by Geometry that A pqr is equilateral The point P may 
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be anywhere on the ellipse ; and if CX is its ecc/ A > that of Q is 

(X + a-Tr/a. 
and that of R is CX + 4 ir/^. 

The required result follows from §§ 244, 246 ; or Geometrically.] 

48. Any two conjugate diameters subtend angles A, y at a fixed point 
on the ellipse; show that 

cot'A + cot^A' 
is constant. 

49. Find the equation of the locus of the pole of a normal chord. 
Ans. a«/x2 + byy« « a* e* 

50. Find locus of intersection of normals at the ends of a chord through 
the focus (ae, o). 

Ans, The ellipse 

a*(i + e2)2y2 + a^b^Cx + ae)^ = a^b^eCi + e^) (x + ae) 
[JVoie — This elimination is worked out in Nixon's Trigonometry^ p. 158.] 

51. Two vertices A, B of a given triangle ABC move one on each of two 
given lines OP, OQ ; show that the third vertex C describes an ellipse. 

[This may be solved geometrically thus. 

Let join of C to centre of circum circle of A ABO meet this circle in R and 
S. Then diam' of circle -* AB/sin AOB, and is /. given ; and we see that 

circle and points R, S are fixed relatively to triangle ABC. 

A A 

Hence ROB = RAB = a given angle ; 

.'. line OR is fixed. "We have then a line RS of constant length whose ex- 
tremities move on two fixed rect' axes OR, OS, and w a fixed point on this 
line; .*. &c., by Ex. 11, page 211. 

An analytical solution may be obtained; see Nixon's Trigotiometry^ p. 153.] 

52. PCP^, QCQ^ are any two diameters; if CX, /3 are the eccentric angles 

of P, Q, prove that the area of the parallelogram formed by the tangents 

at P, P^ O, Q' is 

4 ab/sin (a - /3) 

53. P> Q are the points of contact of tangents from T (hk) ; prove that 

area of triangle CPQ - a^ b^ Vb^h^^- a^k^-a^b^/cb^ h^ + a^ k«) 

and area of quadrilateral TPCQ = Vb^ h* + a^ k^ - a^ b* 

R 
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54. A chord PP passes through the fixed point (hk) ; if CD, CD' are the 
semi-diameters conjugate to CP, CP^, prove that DD' passes through the fixed 

. / ak bh\ 

55. Find locus of mid points of chords of constant length 2 c. 

x2 y« c^(a'yg + b'x') 
^'"- iJS + b5 + a*y2 + b*x2 " ^ 

56. PGQ, QQ' are normals to an ellipse at P and Q, meeting the axis 
in G and G'. Prove that 

PQ « projection of QQ' on QP 

57. K is the foot of the perpendicular from the centre on the tangent at P; 
from K another tangent is drawn to touch the ellipse in Q. Show that the 
eccentric angles Of <f) ofP and Q are connected by the relation 

6 -i- <b 
b« tan ^ - a* tan ^ ; 

2 

and that the other extremity of the diameter through Q lies on the normal 
at P. 

58. If PQ is a focal chord, and if R is the intersection of the tangent at P 
and the normal at Q, prove that QR is bisected by the minor axis. 

59. P and R are two points on the ellipse whose eccentric angles are 
<f>y if)^ ; the circle on PP as diameter meets the ellipse again in Q, Q'. Show 
that the equation to QQ' is 

(a« - b') [? cos*^' - y sin tli:] - (a» + b') cos*^' 

If PP' pass through a fixed point (hk) then QQ' passes through the fixed 

point 

[h (a2 + b2)/(a2 - b^), - k (a« + b«)/(a« - b^)] {Prof/. Purser.) 

60. Prove that the length of the chord intercepted by the line 

Ix/a + my/b — i 



IS 



— V(|2 + m« - I) (a2|« + b2m«) 



Prove also that if ^i , 02 are the angles at which the chord cuts the ellipse, 
and Pi , pj the perpendiculars from the centre on the tangents at its extremities 



sin^i ^ sin^a ^ V^l" + m« - i 
Pj " P2 " Va« m2 + b« !« 
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61. ab is a fixed chord of an ellipse, c, d two fixed points on the curve, 
both on the same side of the chord, P a variable point on the carve on the 
opposite side ; show that if the lines P c, P d meet the chord in x and y, 
the length xy is greatest when ax — by. {P^^of J, Purser,^ 

62. A triangle is inscribed in an ellipse; if its centroid is a fixed point, 
show that the locus of its orthocentre is an ellipse. 

63. A parallelogram circnmscribes the ellipse. If two opposite comers 

trace out the curve -, v 

/(x,y) « o 

show that the other two trace out the curve 

/(— tr^i — I = o, where u* - -« + ^ - i 
•^ \ bu au/ a* b^ 

64. Show that the locus of centres of equilateral triangles whose sides 
touch the ellipse is 

9(x2 + y2)«- 3(5a« + 3b*)x2-3(3a« + 5b»)y«+ (a« - b')^ -o 



R 2 



CHAPTER X 



THE HYPERBOLA 



EQUATION TO THE HYPERBOLA 

§ 266. We have defined the h3q)erbola in § 213 ; viz. if P is a 

point on the curve then 

SP = ePM, 

S being the focus, PM the ± from P on the directrix KK'; and 
e (the eccentricity) > i. 

To find its equation. 

Draw SX X directrix. 
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Take points A, A' on SX such that 

SA = eAX (i) 

SA'=eA'X (2) 
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Then A, A' are points on the curve. 
Bisect A A' in C ; let A A' = 2 a. 
Adding (i) and (2) we find 

2 CS = e . 2 CA 
/. CS = ae 

Subtracting (i) from (2) we find 

2 CA = e . 2 CX 
,-. CX = a/e 

Through C draw BCB' J. CA ; and take CA, CB as axes. 
Let the co-ord's of P be CN = x, PN = y. 
The co-ord's of S are (ae, o). 

/. SP^ = (x - ae)^ + y2 

Also PM = CN - CX 

= X — a/e 

Now SP = e^ PM^ 

.-. (x - ae)^ + y^ = (ex - a)' 
.-. xMe'- i)-y' = a^(e»-i) 
Divide by a' (e^ ~ i)> and put 

a'^(e^- i)=b^ 

The equation to the hyperbola is /. 

a^ b» ■" ^ 

If we put x = o in this equation, 

y = + b >/— I 
.*. the hyperbola does not meet the axis of y in real points. 
It is however convenient to measure 

CB = CB' = b. 

Defs — The point C is called the centre^ the line A A' the trans- 
verse axis, and the line BB' the conjugate axis. 
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§ 267. Pot X = ae (» CS) in the equation 

x«/a« - y«/b« - I 
.-, y« « b« (e« - I) - b*/a« 
latns rectnm (the doable oidinate through focns) » a bya 

§ 268. If (x'yO is a point on the carve, the p<nnt5 

are eWdently on tiie carve. 

The coTYe is .*. symmetrical with respect to the centre (so that all chords 
through the centre are bisected) ; and also with respect to the axes. Since 
it is symmetrical with respect to the axis of y, there is another focas S^ and 
a corresponding directrix k X' k', Images respectively of S and KXK' with 
respect to the axis of y. 

FOCAL DISTANCES 

§ 269. In fig', § 266, 

SP = e PM = e(CN - CX) = ex - a 

S'P = e PM' = e(CN + CXO = ex + a 

Co/— S'P - SP = 2 a 

FIGURE OF THE CURVE 

§ 270. Let i|s to the axes through A, B meet in J and throogh 
A, B' in J'. 

Now if we write r cos d, r sin d for x, y in the equation of the hyperbola, 
we obtain its polar equation, being pole, viz. 

r»cosgg _ r»sin«g 
a« b> " ' 

I cos*^ sin*d , - 

Ji'-^ ^ « 

From (i) we deduce 

a^ b« a« b* 



pa = 



b« cos« ^ - a2 sin«(9 b^ - (a> + b«) sin«(9 

It follows from this that 

r -■ a when ^ o; 
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and as increases r increases ; and r =» oo when 



or 



A 
« JCA 
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After passes this value r^ becomes negative, and .*. r imaginary. 

Remembering then the s]rmmetry of the curve (§ a68) we see that it consists 
of two infinite branches inclosed between CJ, CJ^ as in the figure. 



ASYMPTOTES 

§ 271. Let the ordinate of a point P on the curve meet CJ 
in Q (figT, § 270). 
Let CN = X 

Then x^a^ - yy b^ = i 

gives 

Also, the equation to CJ is 



y or PN zri-V^x'-a' .... (i) 



y = -X 

^ a 



••• QN=|x (2) 
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Thus PN is always < QN ; and their difference 

PQ = ^ (X - yx* - a^) 
a ^ 

= ab/(x + Vx" - a*) 

Thus PQ may be made < any assignable length, by taking x 
large enough. 

The curve .*. continually approaches the lines CJ, CJ^ but never 
meets them. 

The lines CJ, CJ' are the asymptotes of the hyperbola. 

A general definition of asymptotes will be given later. 

Cor' — From (i), (a) we deduce 

QN« - PN2 = constant = b« 

RECTANGULAR HYPERBOLA 

§ 272. If a = b the hyperbola is called rectangular or equi- 
lateral. Its equation is 

x^ - y' = a« 

Since b' = a^e^^ - i), (§266) 

.-. e = \/2 
The semi-angle between the asjonptotes, being 

tan"^ b/a 

is in this case 45". The asymptotes of a rectangular hyperbola 
are /. at right angles. 

§ 273* Most of the work of the preceding chapter is applicable to the 
h)rperbola, if throughout the proofs b^ is replaced by — b*. 

Some of the results for the h3rperbola are — 

The tangent at (x'y') is 

xx' y/ 

"F ~ b« " ' 

The polar of (x'y') is 

xx' yy' 
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Whatever be the value of m, 

y « mx + Va^m^- b* 
is a tangent. 

The line Ix + my = n 

is a tangent if a^ !« - b^ m^ = n^ 

The line x cos Of + y sin CX » p 

is a tangent if p2 = a^ cos^ a — b^ sin^ a 

The locus of inters'n of rectangular tangents (the director circle) is 

x2 + y« = a2 - b« 
This circle is a point-circle if a = b ; it is imaginary if a < b. 



Exercises 

1 . P is any point on a rectangular h3rperbola ; prove that 

SP.S'P^CR 

2. P is a point on a rectangular hyperbola; CZ is perpendicular to the 

tangent at P. Prove that ^e» ^ 

CP. CZ « a' 

3. Pp is a chord of the ellipse 

xya2 + yyb2 = I 

parallel to its minor axis; find locus of intersection of AP, A' p. 
Ans. The hyperbola x^/a* - yy b* = i 

4. P is any point on a rectangular hyperbola. Show that the angles PAA', 
PA'A differ by — ; and that the bisectors of the angle APA' are parallel t© 
the as]rmptotes. 

5. Find the equation of a conic having axes coincident with the axes of 
co-ordinates, and passing through the points (2 ^2, V3)> (4> $)• What is its 
eccentricity ? 

Ans, 3x« - 4y' - 12 ; i V^ 

6. Two rods whose lengths are a, b slide along two rectangular axes in 
such a way that their extremities are always concyclic; find the locus of the 
centre of the circle. 

Ans, The hyperbola 4 (x^ - y^) = a^ - b^ 
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7. AOB, COD are two lines which bisect one another at right angles ; find 
the locas of a point P which moves so that 

PA.PB - PC.PD 

[Take the given lines as axes ; let 

AB == 3 a, CD = a b.] 

Ans, The rectangular hyperbola 2 (x* - y') = a' — b^ 

8. X cos Of + y sin CX — p 
is a normal to x'/a' - y^/ b« - i 

if p2 (a« sm2 a - b2 cos* a) - (a^ + b*)* sin* (X cos* a 

9. P, Q, R are three points on a rectangular hyperbola. If the angle PQR 
is a right angle, prove that the normal at Q is parallel to PR. 

10. A perpendicular from the centre on any tangent to the hyperbola 

x« - y* = a* 
meets the tangent in Z and the curve in Q ; prove that 

CZ.CQ - a> 

§ 274'- The subjoined figure corresponds to that in § 248. All the pro- 
positions of that § are applicable to the hyperbola. (IV.) however is slightly 




modified : the normal to the hyperbola bisects the exterior A between SP, S'P 
and the tangent bisects A SPS'. 
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CONJUGATE HYPERBOLA 

§ 275. The hjrperbola which has BB^ for its transverse axis, 
and A A' for its conjugate axis, is called the conjugate hyperbola. 
Let p be a point on the new curve (fig'§ 279); draw pn ± CB. 

Then Cny CB^ - pny CA^ = i 

The equation of the conjugate hyperbola is /. 

yyb«-xya' = I 

§ 276. It should be noticed that the equations to the h3rperbola, the 
conjugate hyperbola, and the asymptotes are 

S^-b^"^ (^) 

X2 y2 

X2 y2 

a'-bi = ° (3) 

the sinisters being identical. 

§ 277. Let a line through C inclined at Q to the axis of x meet the con- 
jugate hyperbolas in P, R. We shall show that if P is real, R is imaginary 
and vice versa. 

The polar equations (see § 270) give 

_i cosg ^ sm^ Q _i sin2^ cos«^ 

CPa "■ a2 ~b2~ CR2 ~ -52" - ^ 

.'. CP'2 » _ CPa 
.-. CR^CPa/^TT 
NoU — ^If the rect' co-ord's of P are (xy), those of R are (x -/ — 1, y V^). 

DIAMETERS 

§ 278. The locus of mid points of chords parallel to y = mx 
is (§ 255) y = m'x where 

mm =^2 (0 

This is the condition that y = mx, y = m'x may be conjugate 
diameters. 
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It follows from (i) that if m < b/a then m' > b/a. But the semi-angle 
between the asymptotes is tan~^ b/a. 

It is .*. evident that of two conjugate diameters one only meets the cnrve in 
real points. 

(i) may be written 

B^ this is the condition that 

y ■■ mx, y = m'x 

should be conjugate with respect to 

y« x2 _ 
b2 a« ~ ' 

Accordingly two lines which are conjugate diameters of a hyperbola are con- 
jugate diameters of the conjugate hyperbola. 

§ 279. If the diameter conjugate to a diameter PCP' meet the 
conjugate hyperbola in D, D', then the tangents at P, D form a 




parallelogram with CP, CD, of which one of the asymptotes is a 
diagonal. 



2 
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We may assume for the co-ord's of P 

X = a sec (f>) 
y=btan0i ^^' 



For these values satisfy 

x^ _ y^ __ 



Then the co-ord's of D are 

^ = ^*^"0j (2) 

y = b sec (f> ) 

For, 1°, the values (2) satisfy eq'n of conj' hyperb' 

X^ y2 ^ 

And 20, the joins of the centre to the points (i), (2) are 

btan(6 , ^ 

y = ^ X (3) 

asec0 

bsec0 

and y=— Z $x (4) 

a tan (p 

And these satisfy cond'n for conj' diameters (§ 278) 

mm'= bya^ 

The eq'n to tangent at* P is (§ 273) 

^ sec - ^ tan = I (5) 

This is II the line (4), i. e. to CD. 
Similarly the tangent at D, 

- tan (6 — ^ 
a ^ b 

is I! CP. 

If we add eq'ns (5) and (6) we get 



- tan <I> — Tr sec <p= - \ . . . . (6) 



(^-g)(sec0 + tan0) = o 
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or 



(7) 



a""b ' 

/. the tangents (5) and (6) meet on the asymptote (7). 

Cor' (i)— CPa - CD« = a* - b' 

For from eq'ns (i), (2) 

CP« « a« sec^4> + b« tan«0 
CD2 = a2tan2<^ + b^sec^<f> 
,\ CP« - CD« = (a« - b*) (sec« <^ - tan» <^) 

= a2 - b« 

C^tt' (2) — The area of the □ whose sides are the tangents at P, P, D, D' 
is constant. 

For area of this □ = 8 area of A PCD 

a 4 (a sec <^ . b sec <^ — a tan <f> . b tan <^), (§22) 
«= 4ab 

Cor' (3) — PD is bisected by one asymptote and is || the other asymptote. 
For the mid point of PD is 

X « - (sec <f> + tan <^), y = — (sec <^ + tan <f>) 

which lies on the aqrmptote 

?« y 

a b 
Also, the equation to PD is 

X y 1=0 

asec<^ b tan<f> i 
atan<f> b sec<^ i 

or (bx + ay) (sec <^ — tan <^) »: ab 

which is II the asymptote 

a b 

Cor' (4)— The portion of a tangent intercepted by the asymptotes is bisected 
at the point of contact. 

For PI- CD (EncUd L 34) 

= CD' 

« Pm 

.'. Im is bisected in P 
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EQUATION REFERRED TO ASYMPTOTES 

§ 280. T9 find the equation of a hyperbola referred to its asymp- 
totes as axes. 




Let Cd = x, Pd = y 

be the co-ord's of a point P 
on the curve referred to the 
asymptotes CJ', CJ. 

Draw FN ± C A ; 



let 



JCA = i8. 



Project the broken line 
CdPonCA, CB. 



/. CN = X cos jS + y cos jS 

PN = y sin jS — X sin jS 

But CNy a» - PNy b'* = i 

/. (X + y)'^ cos' fi/d? - (y - x)' sWfi/b" = i . . (i) 

But tan i8 = b/a 

and /. cos'i3 = d?/(e? + b'), sin'jS = by(a« + b») 

/. (i) becomes 4xy = a* + b' 

This is the required equation. 

Cor^ (i) — If the co-ord's of P (fig' § 279) referred to the asymptotes are 
(X, y), those of D are (- x, y). [§ 279, Cor' (3)]. 

The equation to the conjugate hyperbola (the locus of D) is .*. 

4xy - - (a2 + b») 

Cor' (2)— If pi, P2 are the ±s from P on CJ', CJ (vide figO then 

Pi B Pdsin2)3 -ysin2/3 
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Similarly P2 = x sin 3 )3 

•*• Pi P2 =* xy sin* 2 fi 

-> constant, 
since xy is constant. 

Thus tAe product of the perpendiculars from any point of a hyperbola on its 
asymptotes is constant. 

Cor' (3) — Hence the equation to a hyperbola whose asymptotes are 
Ax + By+C = o, A'x + B'y + C = o 

Ax + By + C A'x + B'y + C 

is , — = constant 

VA2 + B* VA'2 + B'2 

or (Ax + By + C) (A'x + B'y + CO = k 

where k is so me* constant. 
The equation of the hyperbola conjugate to this is 

(A X + By + C) (A'x + B'y + C) = - k 

The equation of the as3rmptotes is of course 

(Ax + By + C) (A'x + B'y + CO - o 

Thus, whatever the axes of co-ordinates may be, the equations of two conju- 
gate hyperbolas differ from that of the asymptotes only by constants, whose 
values are equal and opposite for the two hyperbolas. 

§ 281* To find the equation of the tangent at (x'y') to the hyperbola 

4xy = a2+ ^2 

It is convenient to put (a^ + b^) /4 = k', so that the equation 

to the hyperbola is __ .3 

xy ^ K 

If (x'y'), (x'^'y'') are two points on the curve, the equation to 
their join is 

x(/- y'O - y (x' - x'O + x'y''- x'Y = o 

Also xY = x'Y' = k« 

If we write the equation to the join in the form 
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then 



x'y - xy 





x" k'/ x' - 


- x' ky X' 




k'/x'- 

x'"-x'» 


k'/x" 




x" - x' 





// 



= x'+x" 
Similarly )8 = / + /' 

The eq'n to the chord joining (x'y'), (x"y") is .*. 

+ 



X +_y_ = i 



(I) 



Put now x'' = x', y'' = y' ; the equation to the tangent at 
(x'yO is .-. 

?-^=' « 

C^' (i)—If any line cut the hyperbola in Q, Q' and the asymptotes in 

q, q'.then Qq « Q'q'. 

Let Q be (x'/) and Q' 

(x'y'). 

The chord QQ' [eq'n (i)] 
meets the axes in the points 

q' (x' + x", o) 
and q (o, / + /') 

Thus QQ' and qq' have the 
same mid point, viz. 

<x' + x" / + y" \ 

/. &c. 

Cor^ {2)'-The intercept of 
any tangent between the asymp- 
totes is bisected at the point of 
contact; and the area of the 
triangle which the tangent 
forms with the asymptotes is 
constant. 




c 
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Let the tangent at P (x'y') meet the axes in I, m. 

X y 

Its equation is i> "** ^ ■* ^ 

Its intercepts on the axes are .*. 

Cm - ax', CI « a/. 

.'. m is (2 x', o), I is (o, 2 /). 

.*. mid point of Im is (x'/), i. e. P. [Compare § 279, Cor* (4).] 

Again, area ofAICm » }CI.Cmsina)3 

« 4 x'y' sin )3 cos )3 

= (a« + b«) sin )3 cos /3 

» ab 

Cor* (3) — Any two conjugate diameters CP, CD form a harmonic pencil 
with the asymptotes. 

For the parallel Im to CD is bisected at the pomt where it meets CP; 
/. &c [§ i37>-^^^(3)0 

Exercises 

1. The eccentricities of two conjugate hyperbolas are e, e' ; prove that 

i/e« + i/e'2 - I 

2. Q, R are fixed points on a hyperbola; P is a variable point on the 
hyperbola. The joins PQ, PR meet an asymptote in q, r. Show that qr is 
constant. 

\Note — Take the asymptotes as axes; use eq'n (i), § 281.] 

3. P, Q are two points on a hyperbola; parallels through P, Q to the 
asymptotes meet in L, M. Prove that LM passes through C. 

4. Show that the tangents at the points (x^ y^), (X2 y2) on the hyperbola 

xy = V? 



meet at the point 



/aXiXg 2yiy2\ 
\Xi + Xa' yi + ya/ 



5. TP, TQ are tangents to a hyperbola. A parallel to an asjrmptote 
drawn through T meets PQ in V. Show that TV is bisected by the curve. 

6. Find locus of mid point of a straight line which moves so as to cut off a 
constant area (-> k^) from the comer of a square. 

Ans, Taking sides of square as axes, the h3rperbola 

2xy = k« 
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7. PM, PN are perpendiculars from P on two fixed lines meeting at O. If 
area of qnadrilateral OMPN is constant (= k^), find locus of P. 

Ans, Taking given lines as axes, the hyperbola 

x^ + 2 xy sec ft) + y* -» 4 M/sin 2 <a 

8. Find the asymptotes of the h3rperbola in the last question. 
[Noie — The asjrmptotes are the factors of 

x^ + 2xysecft) + y2=»o; see§ 280, Cor^ (3).] 
Ans, y/x = — sec o) + tan o) 

9. Find the asymptotes of the hyperbolas 

x* + 2xy + 3X = 4, xy«hx + ky 
Ans. x«o, x + 2y + 3=so;x — k = o, y — h=o 

10. Find the hyperbola conjugate to the hyperbola 

xy « hx + ky 
Ans. xy — hx — ky + 2 hk « o 

11. Find the co-ordinates of the foci of the hyperbola 

xy = k2 

Ans. f + k sec — , + k sec — j ; the axes being inclined at o). 

12. Through a fixed point (hk) a line is drawn cutting the axes in A, B ; 
find locus of mid point of AB. 

Ans. The hyperbola 2 xy » hy + kx 

13. Find the asymptotes of the preceding hyperbola. 
Ans. 2X=:h, 2y»k 

DIGRESSION ON QUADRATIC EQUATIONS 

§ 282* The roots of ax* + 2 bx + c «= o are 

-b + Vb2 - ac 
X =s = 

a 

c 



- b + Vb* - ac 
If a is very small compared with b and c, the radical is nearly » b ; .*. one 
root is very large and the other is nearly = ~ c/2 b. 
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I M M ■ I ■ I ■ I ' ■ . m 

If a and b are both very small compared with c, the denominator 

- b + Vb^ - ac 
is very small ; .*. both roots are very large. 
These results are abbreviated thus : 

The roots of o. x^ + a bx + c — o are 00 and — c/2 b 
The roots of o . x^ + o . x + c = o are both 00 

POINTS AT INFINITY 

§ 283. If the tangent 

y = mx+V'a'm^- b* (i) 

pass through the centre 

o = V'a'^m^- b' 

m = + b/a 

and (i) becomes 

^ b 

y = + -X 

^ — a 

The asymptotes are /. the tangents from the centre. 

In § 284 it is shown that the points of contact are at infinity. 

§ 284- The abscissae of the points where the line 

y = mx + c 

meets the hyperbola 



x'^ 



are determined by 



a^ b^ 



x^ (mx + c)' 

- = I 



a« b^ 

or x' (b' - a' m') - 2 a^ mcx - a'(c2 + b'^) = o 

One root of this is 00 if 

b'* — a*m* = 0, or m = + b/a 

Hence a parallel to either asymptote cuts the curve in one point at 
a finite distance and in one point at infinity. 

Both roots are 00 if also 2a^mc = o, i.e. if c = o. 
This proves the statement at the end of § 283. 
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EQUATION REFERRED TO CONJUGATE DIAMETERS 

§ 285* To find the equation of the hyperbola referred to OP, OX^ as axes. 
Let CP - a', CD « b' (fig' § 379) 

Let QVQ' be a chord H CD ; so that 

X = CV, y = QV 

are the co-ord's of Q. 

Put PCA = Q, DCA = ^. 

Suppose that h, k are the co-ord's of Q referred to CA, CB. 
Project the broken line CVQ on CA and CB 

/. h = X cos ^ + y cos ^ \ 
k = X sin ^ + y sin ^ J 

But h2/a2 - kyb^ - i 

.-. (X cos ^ + y cos ^)ya2 - (x sin ^ + y sin ^^^jh^ - i 

„/cos2^ sin^^X /cos e cos e^ sin^sin(9'\ 

, /sin2 0' cos« ^'\ 

That is (§§ 270, 278) ^ _ ^^ « I 

This is the required equation. 

Cor^ (i)— Remarks similar to those in § 263 apply here. 

Cor^ (2) — Since the substitution of 

x cos + y cos d\ x sin ^ + y sin 0' 

for X, y transforms equation (i) of § 276 into 

xya'8-yyb'2«i 

the same substitution will transform equation (2) of § 276 into 

x^/a'^-y^/bf^^ - I 

This is .*. the equation of the conjugate hyperbola referred to CP, CD. 
Similarly equation (3) of § 276 is transformed into 

xya'2-yyb'2.-=:o 
This is .-. the equation of the asymptotes referred to CP CD. 
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LINE-PAIR CONIC 

§ 286. Suppose the directrix of a conic to pass through the 
focus. 

Take focus as origin ; let equation of directrix be 

X cos a + y sin a = o 

The equation of the conic is (def § 213) 

X* + y* = e*(x cos a + y sin oCf 

The conic is .*. (§ 113) two straight lines, which are real, coinci- 
dent, or imaginary, according as 

e*sin*acos'a > = <(! — e*cos'a)(i — e'sin'a) 
i. e. as e' > = < I 

Note — It is obvious geometrically that if a and b aie very small the form of 
the hyperbola approximates to that of its asymptotes. Patting 

a = o, b « o 

in the equation referred to the asymptotes, viz. 

4xy *= a' + b*, 

it reduces to xy = o 

Thus a line-pair is a self-asymptotic hyperboku 



Exercises on the Hyperbola 

1. A circle meets the hyperbola 

xy « k^ 
in four points (XiyO, (X2y2) ... ; prove that 

XiX2X8X4 = k* = yiyjy3y4 

2. PQ is a chord of a rectangular h3rperbola, normal at P; prove that 

PQoc CP» 

3. Any tangent meets the asymptotes in L, L' ; show that L., L^, S, S' are 
concyclic. 
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4. Show that the polar of any point T is parallel to the joins of the points 
in which the tangents from T meet the asymptotes. 

5. Prove that the circles described on parallel chords of a rectangular 
hyperbola as diameters are co-axal. 

6. Q is any point on a rectangular hyperbola; POP' is any diameter. 
Prove that the bisectors of the angle PQP' are parallel to the asymptotes. 

7. A chord of a rectangular hyperbola subtends angles at the extremities 
of any diameter which are either equal or supplementary. 

8. Find the equation of the tangents from (x'y') to the hyperbola 

xy = k2 

Ans, 4 (xfy - k*) (xy - k^) = (x'y + /x - a k*)'; 

or (x'y-/x)2 + 4ka(x -x')(y-/) « o 

9. Show that the director circle of the h3rperbola 

xy = k« 
is x^ + 2 xy cos CO + y^ — 4 M cos co 

[JVote — Express cond'n that lines in Ex. 8 are at right angles.] 

10. The tangent at P meets the conjugate hyperbola in Q, Q'' ; L is the 
mid point of PQ, and CL meets the hyperbola in R. Prove that CQ, CR are 
conjugate. 

11. A straight line PQ subtends a right angle at each of two fixed points 
A and B. If P describes a straight line, show that Q describes a hyperbola 
whose asjrmptotes are perpendicular to AB and the given line respectively. 

12. P and Q are two points on an as3rmptote of a hyperbola, such that 

CP « 2 PQ 

and T is the point of contact of the tangent from P. Show that if the paral- 
lelogram PTRQ be completed its diagonals intersect on the curve. 

13. From points on the circle 

x2 + y2 - a« 
tangents are drawn to the hyperbola 

x2 - y2 « a2; 
show that the locus of the mid points of the chords of contact is the curve 

(xa - y2)2 = a^ (x2 + y2) 
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14k. Show that the equation to a rectaDgular hyperbola which cats the ellipse 

at an ang^ if>, and idiose asymptotes are the axes of figure of the ellipse, is 
xy « a* b* cos 4>/^(j^* + *>*)* ™** ^ + 4a* b* cos'^ 

16. Find locns of poles of normal chords of the hyperbola 

3^ - yi « a« 
j4m. The curve a*(y* — x') « 43^ y* 

16. Show that any tangent to the hyperbola 

3^ — y* = 2 a* 
is cut harmonically by the two hyperbolas 

X* + xy « a*, y* + xy = — a* 

17. A line through the centre C of an hyperbola meets the corre in P, and 
parallels to the asymptotes throogh the vertex A in T and T^. Prove that 

CP« - CT. CT' 

{Pn>/' Gencu). 



CHAFTEB XI 

GENERAL EQUATION OF THE SECOND 

DEGREE 

§ 287. The general equation of the second degree 

ax^+ 2hxy + by^ + 2gx + 2fy + c = o . . . (i) 

represents a conic. 

We shall suppose the axes rectangular ; for an equation referred 
to oblique axes may be transformed to rectangular axes (§ 207) 
and its degree is unaltered (§ 210). 

The equation to a conic whose focus is (XiYi), directrix 

xcosa + ysina — p = o 

and eccentricity e, is (def § 213) 

(x - xj' + (y - yi)'' = e'^(x cos a + y sin a - p)* . (2) 

Comparing coeflTs, this will represent the same locus as (i) if 

I — e^cos^a —e* cos a sin a i — e^sin^a 



_ e^pcosa — Xi _ e'psinoc — y^ _ y.^ + yi^ — e' p^ . . 
- - - f - ^ • (3) 

We have thus five equations, which are sufficient to determine 

the five quantities Xj, y^, OC, p, e. 

Q. E. D. 

Better practical methods of determining the particular conic 
represented by (i) will be given presently. 

Cor' — Let e = i so that the curve is a parabola. 
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The first two of equations (3) become 

sin'oc _ — cos PC sin (X _ cos' a 
a ~ h b~ 

/. ab = h' 

Thus if the general equation (i) represents a parabola, its 
highest terms 

ax' + 2 hxy + by' 

form a perfect square. 

§ 288. If the terms of the first degree are absent, the equation is 

ax' + 2 hxy + by" + c = o 

If (x'yO is a point on this curve, (— x', — y') is also evidently 
a point on the curve. Every chord through the origin is .% bisected ; 
or the origin is the centre, 

DETERMINATION OF CENTRE 

§ 289. If we transform the equation 

ax' + 2 hxy + by' + 2gx + 2fy + c = o 
to II axes through (xy) it becomes (§ 204) 

a{x + xO' + 2h (x + x')(y + /) + b(y + /)» 

+ 2g(x + xO + 2f(y + /)+ c = o ... (a) 
or 

ax' + 2hxy + by' + 2x(ax' + h/ + g) 

+ 2y (hx' + b/ + f) + C = o . . . (/3) 
where 

c' = ax'» + 2 hxy + b/'+ 2gx' + 2f/ + c . . (y) 

The new origin is the centre (§ 288), if the coeflf's of x and y 

are zero, i. e. if 

ax' + h/+g = o) 

hx' + b/ + f = o) ^ ^ 

These equations determine the centre. 
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Solving them, the co-ord's of the centre are 

, _ hf-bg , _ gh~a f 
ab-h^' ^ ""ab-h^' 

These values are infinite if ab = h^j this case will be con- 
sidered separately. 

Again, the equation (/3) becomes now 

ax' + 2 hxy + by' + c' = o 

The value of c' [equation (y)] may be written 

c' = x'(ax' + h/ + g) + /(hx' + b/+ f) + gx' + f/ + c 

Hence, using (b) we get 

c' = gx' + f/ + c (€) 

_ hf-^bg .gh^af 

"" *^ ab - h' ^ ab - h' + ^ 

_ abc + 2fgh - af -- bg'- ch' 
"■ ab - h' 

^ [§ "8. 



ab-h» 

JVote — The preceding investigation holds if the axes are oblique. 
The equations (b) and (e) should be remembered. 

It is useful to notice that the coeff 's in (8) and (c) are the letters in order 
which occur in the determinant 

A «: a h g 
h b f 
g f c 

The student who is acquainted with the Differential Calculus will remark 
that the sinisters of (8) are half the derived functions of 

<l> (x', /) E ax'2 + 2 hx'/ + &c. 
with respect to x' and y'. 

POINTS AT INFINITY 

§ 290. If we substitute r cos 6, r sin ^ for x, y, the equation 
ax* + 2 hxy + by* + 2gx + afy + c = o . . (i) 
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becomes 

r^(acos*tf + 2hcos^sin^ + bsin-^ 

+ 2r{gcos6 + fsin^+ c = o 

One root of this quadratic in r is infinite (§ 282) if 

a cos*^ + 2 h sin cos^ + b sin'^ = o 

or a + 2 h tan + b tan* =10 

This eqtiation determines the lines through the origin miiich 
meet the curve at infinity. 

Substituting y /x for tan 0, we see that the equation to these 

lines is ^x' + 2hxy + by" = o {2) 

This equation /. represents two lines parallel to the asymptotes. 
[This also follows evidently from § 280, Cor^ (3).] 

(i) If h'— ab>o, the lines (2) are real; the curve (i) is 
.•. an hyperbola. 

(2) If h' — ab < o, the lines (2) are imaginary. No real line 
through the origin meets the curve at infinity, or the curve is 
bounded in all directions. It is .*. an ellipse. 

(3) If h'— ab = o the lines (2) which meet the curve at 
infinity coincide. The curve is a parabola (§287, Cor^ 

§ 291* Two roots of the quadratic in r are infinite, if also 

g = o and f = o 
The asymptotes of ax* + 2 hxy + by* +0=0 
are .'. ax* + 2 hxy + by* = o 

This also follows evidently from § 280, C(fr' (3). 

JVb/€ — The student will observe that an ellipse has imaginary asymptotes. 

Thus the asymptotes of 

x*/a* + y*/b* = I 

are x*/a* + y*/b* « o, or x/a ± y V^/b = o 

CENTRAL CONICS 

§ 292. We resume the discussion of the reduced equation of 
§289, viz. ax»+2hxy+by^+c'=o . . . . (i) 
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A 

Let us turn the axes through 6: we must /. substitute (§ 205) 
X cos ^ — y sin ^ for x and x sin ^ + y cos 6 for y 
The equation becomes 

a (x cos^— y sin ^^+ 2 h (x cos ^— y sin ^ (x sin ^+ y cos^) 

+ b (x sin ^ + y cos Of -\- c' =0 . . (2) 
The coeflT of xy in this is 
— 2a cos ^ sin ^+ 2h(cos^^ — sin'^) + 2bcos^sin^* 

Put this = o ; 

/. tan 2^= 2h/(a— b) (3) 

If we give a value which satisfies this, (2) assumes the form 

ax^ + ^y^ + c' = o (4) 

This represents a conic referred to its axes, unless c' = o, when 
it represents two straight lines. 



The values of (X, )3 are easily determined thus. 
Equate the invariants of (i) and (4), (§ 212) 

.-. a + )3 = a + b 
OLfi = ab 

.'. (X, )3 are the roots of the quadratic in t 

t2 - (a + b) t + ab - h* « o 



-bM 



Note — This method of determining (X, )3 leaves it uncertain whether the 
reduced equation is 

ax2 + /3y2 + (/ - o or )3x2 + ay2 + c' = o; 

this must be settled by other considerations. Another method, which is free 
from ambiguity, is described in the next §. 

♦ This eq'n may be written 

h (i - tan2 ^) = (a - b) tand 
Writing y/x for tan 0, we obtain the equation of the axes 

h (x2 - y2) = (a - b) xy 
This equation is obtained otherwise in \ 293. 
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§ 293. The asymptotes of 

ax'* + 2 hxy + by' 4- c' = o . . . . (i) 

are (§ 201) . . , ^ 

^^ ^ ' ax'+ 2hxy + by' = o 

The axes bisect the angles between the asjonptotes ; the equa- 
tion to the axes is .*. (§116) 

h{x'-/)-{a-b)xy = o .... (2) 

Let the factors of this be y — Xx =0, y — /lix = o ; the 
axes are .*. ^ 

y = Ax (3) 

y = Mx (4) 

If the equation of the conic referred to its axes is 



r-i" r. 



Pj and Pj are easily obtained by finding the points where (i) meets 
(3) and (4). 

Thus at the points of inters'n of (i), (3) 

x»(a+ 2hA+ bX') + c' = o 

.-. r^ = x' + /= x^+ XV = -c'(i + XO/(a+ 2hA+ bX^) 

§ 294. A simpler expression for Pi' may be found thus : — 

(2) may be written 

y (ax + hy) « x (hx + by) 

.-. y2 (ax + hy) « xy (hx + by) 
Add to both sides 3t* (ax + hy) ; 

.-. (x2 + yS) (ax + hy) - x (ax^ + a hxy + by^) 
.-. Pj^ (ax + hy) = — c'x, by (i) 
Substitute in this A x for y ; then divide by x 

.-. Pi^ (a + h \) « - c' 
.-. Pi« - - cy(a + h\) 
Similarly Pg* « — &/(a + hfi) 

The equation of the conic referred to its axes is .*. 

x3(a + h\) + y2(a+ hfi) + c' = 
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THE PARABOLA 

§ 295. We shall now consider the case when h' = ab. 

As ax^ + 2 hxy + by' is a perfect square, the equation is of 

the form 

(ax + ^yY + 2gx + 2fy + c = o 

This may be written 

(ax + /3y+k)»=:2x(ak-g) + 2y(^k-f) + k'-c . (i) 

Now let Y, X denote the distances of a point from the lines 

ax + ^y + k = o {2) 

2x(ak-g) + 2y()3k-f) + k'-c = o . . (3) 

Then (i) expresses that 

Y' varies as X 

Thus whatever k is, the line (2) is a diameter and (3) the tan- 
gent at its vertex. 

The lines {2), (3) are at right angles if 

a(ak-g) + i8(i8k-f) = o 
... k = (ag + ^f)/{a» + /32) 

Introducing this value of k, (2) or Y = o is the axis ; and (3) 
or X = o is the tangent at the vertex. 

Now Y = (ax + /3y + k)/V(X? + ^ 
and 
X = [2x(ak - g) + 2y(i8k - f) 

+ k»- cJ/ACak - gy+ 4(/3k - f)» 

Thus (i) becomes 

{_YVoL'+ ff^y = 2Xy(ak-g)«+{i8k-f)' 

or Y«=pX (4) 

where p = 2 V(ak - gf + (/3k - f)y(a' + ^ 

Introducing the value of k, we obtain the latus rectum p ; and 
(4) is the equation of the parabola referred to its axis and tangent 
at vertex. 
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Note — As Y^ is positive, and p is positive, the equation (4) shows that X is 
positive : the parabola lies /. on the positive side of the line (3). 

§ 296. The focus and directrix of the parabola 

(x cos (X + y sin (X)* = — 2 qx — 2 ry — s . . • . (i) 
may be obtained directly thus : — 
Add (x sin a — y cos OCf' to both sides of (i) 

.'. x^ + y' = (x sin a — y cos (X)' — 2qx— ary — s 
.'. (x sin a — y cos (X)* -x'+y^+aqx+ary + s 
.-. (xsina-y cosa - k)^ 

•B x* - .2 (k sina — q) X + y2 + 2 (k cosa + r) y + k^ + s . . (a) 
The dexter of this will = (x - xO^ + (y - /)* 
if x' = k sin a — q, / « — (k cosa + r) 

and (k sina - q)^ + (k cos (X + r)^ = k« + s 

/. 2 k (q sin a — r cos (X) = q* + r^ — s 
This determines k ; the focus is (x'^) and the directrix 

X sin a — y cos (X — k — o 

RECTANGULAR HYPERBOLA 

§ 297. Since ax* + 2 hxy + by* « o 

represents a pair of lines parallel to the asymptotes of 

ax* + a hxy + by* + a gx + 2 fy + c « o . . . . (i) 
the condition that (i) may be a rectangular hyperbola is [§ 114, Cor' (i)] 

a + b := o 
If the axes are oblique the condition is (§ 115, Cor'^ 

a + b — 2hco8a)=»o 

ASYMPTOTES 

§ 298. The asymptotes of 

ax* + 2 hxy + by* + 2gx + afy+c«o . . . . (i) 

are ax* + 2 hxy +by*+2gx + 2fy + c+A«o . . . (a) 

provided the value of A. is such that (2) represents a pair of straight lines 
[§ 280, Cor' (3)]. 



This gives (§ 118) 



a h g 
h b f 
g f c+A 
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Expanding this, A (ab - h^) + A = o 

Accordingly, if the conic (i) is denoted by S = o, its asymptotes are 

S = A/(ab - h2) 
Cor' — The equation to the conjugate hyperbola is [§ 280, Cor' (3)] 

S + 3A - o 
or S « 2 A/(ab - h') 

INTERSECTIONS WITH CONCENTRIC CIRCLE. 

§ 299. The following is another method of determining the 

axes of the conic 

ax* + 2hxy + by'= i (i) 

At the intersections of the conic and the circle 

x> + y»=r* (2) 

we obtain, by dividing (2) by r* and subtracting the result from (i) 

(a-p)x'+2hxy + (b-p)/ = o . . (3) 

We see, as in § 119, that (3) is the equation of the common 
diameters of the conic and circle. 

If CP, CQ are two common semi-diameters, then since 

CP=:CQ=r, 

CP and CQ are equally inclined to the axes of the ellipse. 

Hence P, Q coincide only at the extremities of an axis. 

If the lines (3) are coincident 

(a-^.)(b-p)=h' (4) 

The squares of the semi-axes are the values of r^ deduced from (4). 

As (3) is now a perfect square, if we multiply (3) by a — ilr^ 
and take the square root, we find 

(a-p)x + hy=o 

This is the equation of the axis whose length is 2 r. 
In working numerical examples the learner may either use this method, or 
that of §§ 293, 294. 

T 
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§ 300. Ex. I. Trace the conic 

5x' + 6xy + 5y*- i6x - i6y + 8 
Here h' — ab = 9 — 25 *= — 16 ; 

the curve is .*. an ellipse (§ 290) 
The equations to find the centre are ($ 289) 



■• o 



5X + 3y - 8 - o 
3X + 5y - 8 « o 



\ 



X = I 



y - 1 



Next, c' -= (_ 8) (i) - 8 (I) + 8 = - 8 

The equation referred to || axes through centre is (§ 289) 

5X« + 6xy + 5y«- 8 - o 

The axes are (§ 293) 

3x' - 3y' « o 

or y « — X and y = + x 

The equation of the conic referred to its axes is (§ 294) 

x« (a + h A) + y« (a + hfx) + c' - o 
i.e. 2X» + 8y«-8=o 



or 



x-* + 4/ 



r3 . 



[300. 



[§ 289, (€).] 
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Ex. 2. Trace the conic 

X* -4xy + 3y' - 4X + 7y + ^ = 
Here h^ — ab = i ; 

the conic is .*. an hyperbola. 
For the centre 



X — 2y — a — o I 
-3x + 3y + }«o ) 
/. X - I, y -= - i 

Next, c' « - 3 - { + ^ « 2 

The equation referred to |1 axes through centre is 

x' — 4xy + 3y« + a « o 

The axes are 

- a (x« - y2) - (- 2) xy = o 

Solving this quadratic for y /x the axes are 

y/x - (- I ± V5)/a 

The equation referred to the axes is (§ 294) 

x2 (3 - V5) + y^ Wh + a) + 2 « o 

or x«(V5 - 2) - y* (V5 + a) = a 

x2 ya 



or 



(a-9)> (-63)8 




T 2 
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Ex. 3. Trace the parabola 

(3X + 4y)» - 8x + i56y -36-0 
Here 

(3 X + 4y + k)» = X (6 k + 8) + y (8 k - 156) + k« + 36 

Let Y, X be the distances of (x, y) from the lines 

3X + 4y + k = o (i) 

x (6 k + 8) + y (8 k - 156) + k» + 36 « o . . . . (2) 

These lines are at right angles if 

18 k + 24 + 32 k — 624 » o, /. k « 12 

(i) becomes 3X + 4y + 12 = o (3) 

(2) becomes 

80X — 6oy + 180 « o, or 4X — 3y + 9 = o . . . (4) 

.-. Y = (3x + 4y + i2)/5, X - (4X - 3y + 9)/6 

/. (5Y)«-2o(5X) 
.-. Y» - 4X 

The line (3) is the axis ; (4) is tangent at vertex. 
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Exercises 

1. Find the centres of the conies 

1°, x' + xy + y» = 3X + 3y 

20, xy — )3x - ay « o 

3°, 5x2 + 4xy + 8y2 - i8x - 36y + 9-0 

40, 4x2 _ a^^^y + II ys + ^ox + 3oy — 105 « o 

Ans. (1,1); (a,)3); (1,2); (4,3) 

2. Find the equations of the preceding conies referred to parallel axes 
through the centres. 

Ans, I®, x2 + xy + y' « 3 
20, xy = (XP 

3«, 5x' + 4xy + 8y« « 36 

40, 4x2 — 24xy + II y2 + 20 -« o 

3* Trace the preceding conies. 

Determine the inclination of the greater axis of each conic to the axis of x, 
and the lengths of its semi-axes. 

Ans. 1°, An ellipse; 135°; ^6,^2 

2«, An hyperbola; 45°; VaO^, V20[fi 
3«, An ellipse; tan-^ (- J) ; 3, 2 
40, An hyperbola; tan-^(f); a, i 

4. Find the equation of the ellipse 

ax2 + y2 — 2xy — 2Xs»o 

when referred to its axes. 

Ans. (3 - V5)x2 + (3 + V5)y" = a 

5. Trace the following parabolas ; and determine for each the equations of 
the axis and the tangent at the vertex. Obtain also the equation of each para- 
bola referred to its axis and tangent at vertex. 

i^ (3X + 4y)^ + 2ax + 46y + 9 = 

a^ 4(x-y)^- 4(x + y)- I 

30, (x - 2 y)2 _ a (x + ay) + I « o 

Ans. 1°, 3x + 4y + 5 = o, 4X - 3y + 8 « o; 5y2 « ax 
2°, X — y = o, 4 (x + y) — I = o ; y^ V2 « x 
3«, 5X - loy + 3 = 0, lox + 5y = a; 5 Vsy^ « 8x 
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I - ■ ■ ■ 

6. Show that the equation 

vx/a + V y/b « I 

represents a parabola ; and find its latns rectum. 
Am. 4a«by(a2 + b^)* 

7. Find the latus rectum of the parabola 

(a« + b«) (x« + y*) = (bx + ay - ab)« 
Ans. 2 ab/v^a« + b* 

8. Trace the hyperbola 

y « X + ay X 

Show that the product of its semi-axes is 2 a^ 

9. Find the equation to the hyperbola which passes through the point (i, 3) 
and whose as3rmptotes are 

x + 2y— 1=0, 3x — y + i-o 

Find also the equation of the conjugate hyperbola. 

Ans, 3X* + 5xy — 2y* — ax + 3y — 9-0, 
3X* + 5xy - 2y« - 2x + 3y + 7 - o 

10. Find the centre of the conic 

5x2+ iixy+ ay* — 13X + loy — 28 « o 
Ans. (- 2, 3) 

[Nbfe — This conic is a pair of lines whose intersection is the centre.] 

11. Find the asymptotes of the hyperbola 

6x' — xy — y* — x + 3y + 2 =0 
Find also the equation of the conjugate hyperbola. 

Ans. 2x--y+i=o, 3x+y— 2-0; 
6x2 -xy — y* — x + 3y — 6 = 

12. Trace the conies 

2x« = 3X + 4y+5, y'=3x + 4y. (x-y)"-a«-x* 

13a What curve is represented by the equation 

(6 X + 2 y - i)" + (3 X - 9 y + 2)' « 360 ? 

Ans. An ellipse, the lengths of whose semi-axes are 3, 2 ; and their equations are 

3X — 9y + a«o, 6x + 2y— 1=0 
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14. Find the eqaation of the axes of the ellipse 

2 X* + y* «= a xy + ay 
Ans. x' + xy — y2 — 4X + 3y — i -=o 

EQUATION OF TANGENT 

§ 301. We shall sometimes use abbreviations for the expression 
ax' + 2hxy + by' + 2gx + 2fy + c 

It may be denoted by S, or by (x, y). 

Thus S s o means the conic 

ax' + 2 hxy + by' + 2gx + 2fy + c = o 

Of course <^ (x', y') means the result of substituting x', y' for x, y in 

</) (x, y) : or 

</> (x', /) = ax'* + 2 hx'y' + by'* + 2gx' + 2y+c 
§ 302. To find the equation of the tangent at (x'y^ to the conic 

S = 

Let (x'yO> (x'V ) be two points on the curve. 
Consider the locus represented by 

a(x-xO(x-x'0 + 2 h (x-xO (y-/0 + b(y-/)(y-/') 
= ax' + 2hxy + by* + 2gx + 2fy + c . . . (i) 

The terms in x', xy, y' cancel ; so that the equation is of the 
first degree and .*. represents a straight line. 

If we substitute x', y' for x, y in the sinister of (i) it vanishes 
identically. If the same substitution is made in the dexter^ it 
vanishes also, since (x'y') is on the curve. 

Thus (x'yO is a point on (i). 

Similarly {x"y'0 is a point on (i). 

Hence (i) is the equation of the chord joining (x'y'), (x"y"). 

Now put yi' = x', y" = y' ; the equation of the tangent at 

(xV) is .-. 

a(x-xO'+ 2h(x^xO(y~/) + b(y^/)' 

= ax' + 2 hxy + by' + 2gx + 2fy + c 
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or, expanding and cancelling 

aax'x + ah (/x + x'y) + ab/y + agx + afy + c 

= ax'2 + 2 hxy + b/' 
This may be simplified : add 

agx'+ 2f/+ C 
to both sides ; then dexter vanishes, since (x^) is on the cm^e. 

The equation of the tangent at (xV) is /. 
ax'x + h (/x + x'y) + b/y + g(x + x') + f(y + /) + c = o 

In the preceding investigation (due to Prof^ W. S. Burndde) the axes may 
be oblique or rectangular. Investigations which are applicable when the axes 
are oblique will be indicated in future by the sign (12). 

The equation of the tangent at (xy) may be remembered thus : — 

Imagine equation of conic written as follows 

axx + h (xy + xy) + byy + g(x+x) + f(y + y) + c«o; 

then dcuh one letter in ecuh term, 

m 

DIAMETERS 

§ 303. To find the locus of the mid points of chords of S = o 
which are parallel to y =^ mx. 

We proceed as in § 228. 

Let (x' yO, (x''/') be the extremities of one of the chords ; 
(xy) its mid point. 

Then 
2X = x'+x", 2y = /+/^ m = (/~/0/(x'-x'0 . (i) 
Now since (x'y'), (x'VO ^^^ on the curve 
.-. ax'' + 2 hx'y'+ ... = o, ax''* + 2 hx"/' + ... = o 
Subtract these equations ; 

.-. a(x'«~x''*)+ 2h(xy-x'yO + -=o 
This may be written 

a(x'+x'0(x'-x'O + h[(x'+x'0(y'~y")+(x'-x'0 (/+y'0] 
+ b(/+/0(/-y'0+2g(x'-x'0+2f(/-/0 = o 
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Divide this by x'— yC' \ then from (i) we see that 

ax + h (mx + y) + bmy + g + f m = o 

or ax + hy + g + m (hx + by + f) = o . . . (2) 

This is the equation required. 

This proof is due to Prof ^ J. Purser. 

Cor' — If (a) is parallel to y = m'x, then 

m' « — (a + hm)/(h + bm) 

.-. bmm' + h (m + mO + a « o (i2) 

This is the condition that y >- mx, y ^ m'x may be parallel to conjugate 
diameters. 

§ 304. To find the condition that the lines 

aV+ 2h'xy + by = (i) 

may he conjugate diameters of the conic 

ax* + 2hxy + by* + c = o (2) 

Let a' x' + 2 h'xy -h b'y* = b'(y — mx) (y — m'x) 

/. m + m'= — 2W/h\ mm'= a'/b' 
But y — mx = o, y — m'x = o are conjugate if 

bmm' -h h (m -h m') + a = o [Co/, § 303.] 
ba' 2 hh' 



• . 



b--^- + *=° 



The required condition is /. 

ab'H- a'b- 2hh'=o (12) 

Note — This equation expresses (§ 141) that the lines (i) are harmonically 
conjugate to the asymptotes of the conic (a). We have thus another proof of 
the proposition of § a8i, Cor' (3). 

§ 305* Ex. I. Find the equation to the axes of the conic 

ax2 + a hxy + by2 -= I (i2) 

Let the required equation be 

a'x2 + a h'xy + b'y« « o (i) 



zSz 
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Since the axes are conjugate, 

.'. ba' — a hh' + ab' — o . 
And since the axes are at right angles 

.*. a^ — 2 h' cos o) + b' = o 

From (3) and (3), 



(2) 
(3) 



a' 



- ah^ 



b' 



h — acoso) a— b b cos o) — h 
The required equation is .*. 

(h — a cos 0)) x* + (b — a) xy + (b cos 00 — h) y* « o 

JVbte — This may be expressed otherwise. Eliminate linearly a', — a h', b' 
from (i), (a), (3), The equation to the axes is /. 



x' — xy y* 
b h a 

I cos 0) I 



= o 



Ex. 2. To find the equation to the common conjugate diameters of the 



comes 



ax* + a hxy + by* = i, a'x* + a h'xy + b'y* = i . . . (12) 
Let the required equation be 



a'^x* + 2 h"xy + b"y' - o 



(I) 



.-. ba" - a hh'^ + ab'' =0 (a) 

and b'a" - a h'h" + a'b'' « o (3) 

Eliminate a'', — a h", b" from (i), (a), (3). This gives the required 

equation, viz. 

X* - xy y* 

b h a 

b' h' a' 

This proves that any two concentric conies have a common pair of conjugate 
diameters ; and the equations of two such conies can .*. be expressed in the 

^^"^^ ax* + by» = I, a'x* + by - i 

POLES AND POLARS 

§ 306. It is proved, exactly as in § 168 or § 233, that the 
polar of (x^y')*with respect to S = o is 

ax'x + h (y'x + x^y) + b/y + g (x + xO 

+ f (y + /) + c = o . * . . {£1) 

This is of the same form as the equation of the tangent. 
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The preceding equation may be writtfcn 

X (ax' + h/ + g) + y (hx' + b/ + f ) + gx' + y + c ■= o 

Cor* (i) — Put x' ■» o, y' »■ o : the polar of the origin is .*. 

gx + fy + c = o (i2) 

Cor' (3) — It is proved as in § 17a that if P lies on the polar of Q, then Q 
lies on the polar of P. 

^^ (3) — Ifthepolars of K and B meet in C, then C w the pole of h^. 
This is proved as in § 1 74. 

Cor' (4) — 7y a line revolve round a fixed point P ; then its pole describes a 
straight line, viz, the polar of P, 

This is proved as in § 173. 

§ 307* The tangents at the extremities of a diameter are parallel to the 
conjugate diameter ; the pole of a diameter is .*. the point at infinity on the 
conjugate diameter. 

The polar of the centre is [§ 306, Cor' (3)] the join of the poles of any two 
lines through the centre. 

Hence the polar of the centre is the line at infinity. This is otherwise 
evident : the points of contact of the tangents from the centre, viz. the asymp- 
totes, are at infinity. 

Def — Two points such that each lies on the polar of the other are called 
conjugate points. 

If O, R are conjugate points it will be shown in % 308 that OR is cut 
harmonically by the conic. 

Def — Two lines such that each passes through the pole of the other are 
called conjugate lines. 

Two conjugate diameters are conjugate lines ; the pole of each is the point 
at infinity on the other. 

§ 308* Any line drawn through a point O is cut harmonically by 
the conic and the polar ofO. 

Let any line through O meet the conic in P, Q, and the polar 
of O in R. 

Take O for origin ; let the equation of the conic be 
ax' -h 2 hxy + by' -l-2gx+2fy-|-c = o 
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The polar of O is [§ 306, Cor' (i)] 

gx + fy + c = o 

Writing r cos 6, r sin tf for x, y, these become 

r*(a cos* ^ + 2 h cos 6 sin tf + b sin' 6) 

+ 2r(gcos^ + f sin^ -h c = o . . . . (i) 

r(gcostf + fsintf) + c = o .... (2) 

Let OPQ make with the axis of x. 

(i) is a quadratic in r; its roots are OP, OQ. 

I ji 2(g cos^ + f sin^ 

•• OP'^OQ" c 

Also (2) gives 

j[ I _ _ gcostf + f sintf 

OR""r^ c 

112 



• OP^OQ""OR 

i.e. OP, OR, OQ are in harmonic progression. 

§ 309. If two lines through a point O meet a conic in A, A' and 
B, B', and the direct and transverse joins of these points meet in 
P, Q; then PQ is the polar ofO, 

I'ake the fixed lines for axes ; let 

O A = a, OA' = a', 
OB = A 0B'=)8', 

Let the conic be 
ax* + 2 lixy -h by* 

+ 2gx -h 2fy + c = o 

Putting y = o in this, we see that a, a' are the roots of the 

ax* + 2gx + = 




equation _ ^ 
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.•.— + —. = ^ (i) 

Similarly i i 2f , ^ 

The equation to PQ is 

5 + ^' + ^ + ^-» = ° • • • • (3) 



a ^ a' ^ /8 ^ /8 

for (see § 126) this line passes through the inters'n of 

X . y X y 

and also of 

^ . y X . y 

Using (i) and (2), (3) becomes 

2g 2f 

Sx y— 2 = 

C "^ 

or gx + fy + = o ; 

but this is the polar of O [§ 306, Cor' (i)]. 

Cor' — Similarly OQ is the polar of P; and /. [§ 306, Cor' (3)] 
OP is the polar of Q. 

A triangle such as OPQ, in which each vertex is the pole of the opposite 
side with respect to a conic, is said to be self-conjugate or self-polar. 

Note — The geometrical proof of the preceding proposition given in Euclid 
Revised^ p. 367, is applicable to conies. 



1. Find the latus rectum of the parabola 

Vx + Vy = 3 

also the equation of the tangent to it at the point (4, i). 

Arts, 3 a/ 2 ; X + a y » 6 
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2. Deduce the equations of the tangents at (x'y^) to the curves 

y2 = 4ax, xya« + y^/b^ = 1, xy - k« 

by the method of § 30a. 

3. Fmd the equation of the tangent at the origin to the curve 

ax* + 2 hxy + by* + agx + afy — o 
j4ns. gx + fy = o 

4k, Find the diameters of S » o which are conjugate to the axes of x and y 
respectively. 
Ans. ax + hy + g - o, hx + by + f « o 

5. Find equation to chord of S » o which is bisected at origin. 
j4ns. gx + fy « o 

6. Show that the equation to the chord which is bisected at (x^y') is 

(ax' + h/ + g) (X - x') + (hx' + b/ + f) (y - /) - o 

7. Prove that one of the asymptotes of S » o will pass through the origin if 

af « + bg« - a fgh 

8. Through a fixed point O are drawn two lines at right angles, meeting a 
given conic in P, P' and in Q, Q' : prove that 

I I 

OP. OP' ^OQ.OQ' 
is constant. 

[JVbte — Take O as origita ; let equation of conic be 

ax* + a hxy + by® + agx + afy+c«o 

A 
If OP is inclined at 6 to axis of x, OP and OP' are the roots of the follow- 
ing equation in r : 

r* (a cos* ^ + 3hcosdsind + b sin* $) + 2r(gcosO + fsm0) + c = o 

I a cos* ^ + a h cos ^ sin ^ -h b sin* ^ 

•'• OP. OP'" c 

Changing into -Tr/a + 0, 

I a sin* d — ahcos^sind + b cos* 



OO.OO' c 

1 I a + b 

•'• op.op' "*" oa.OQ' " ""c~ 
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9. On a line which revolves round a fixed point O and cuts a conic in 
P, Q, a point R is taken such that 

0R2 = OP.OQ: 
find the locus of R. 

[Note — Choose O as origin, and equation of conic as in £x. 8 ; if PQ is 

A 
inclined to axis of x at dt 

0R2- OP.OQ- c/(acos2(9 + ah cos (9 sin (9 + bsin'^); 

and locus required is the conic 

ax^ + a hxy + by' - c] 

10. A parallel through any point O to mn asjrmptote meets the conic in 
P and the polar of O in R : prove that 

OP « PR 

[Note — The second point in which OP meets the conic is at infinity; /. 
(§ 308) the line OR is cut harmonically in the points P, 00; .*. &c. See 
§ 133, VI.] 

11. If the equation S — o is transformed to any axes through the same 
origin, show that g* + f * is unaltered. 

[Note — Length of X fi^om origin on its polar is unaltered.] 

12. Trace the cprves 

y = X - 3x2, + y - o 

' " ' I + ax "^ 

Show that they intersect at right angles at the origin ; and elsewhere at the 
angles tan-^ (7/6) and tan-^ (7/22). 

SEGMENTS OF CHORD THROUGH GIVEN POINT 

A 

§ 310. Let a line through T (x'y') inclined at to the axis of x 
cut the conic S = o in P, Q. We can find the lengths TP,TQ. 

As in § 208 we transform to polar co-ord^s referred to T by 
substituting x' -h rcosd, / + r sin ^ for x, y. 

Thus S = o becomes 

a(x'+ rcos^/+ 2h(x'+ rcos5)(y'+ rsin^ 
H-b(/+rsin5)H2g(x'+rcos^+2f(y'+rsintf) + c = o 



288 Analytical Geometry [311. 

or r*(a cos'tf + 2 h cos 6 sin tf + b sin*^ 

+ 2 r [(ax'+ h/+ g) cos tf +(hx'+ b/+ f) sin ^ 

+ 0(x',yO = o . . . (i) 

TP, TQ are the roots of this quadratic in r. Hence 

TP.TQ = 0(x',/)/(acos»^+2hcostfsintf+bsin*^ . (2) 

§ 311. We can draw some important inferences from the pre- 
ceding equation (2). 

A 

Let another line through T inclined at ff cut the conic in R, S. 
Then 

TR .TS = (x^/)/(a cos'^+ 2h cos ^ sin ^+ b sin'^) 

Hence the ratio TP.TQ : TR . TS is independent of the 
position of T, if the lines TP, TR are drawn in fixed directions. 

Thus if lines through another point T' parallel to TP and TR 
meet the curve in P', Q' and R', S', then 

TP.TQ : TR .TS = T'P.T'Q': T^R'.T'S'. 

Cor' (i) — Let T' coincide with the centre ; then we see that the rectangles 

TP.TQ and TR .TS 
are in the ratio of the squares of the parallel semi-diametera. 

Cor' (2) — Let P, Q coincide and also R and S ; and let C p, C r be semi- 
diameters parallel to the tangents TP, TR. We infer that 

TP : TR - C p : C r 

Cor' (3) — The joins of two pairs tf points of intersection of a circle and a 
conic are equally inclined to an cuds of the conic. 

For let the circle cut the conic in P, Q, R, S ; let PQ, RS meet in T. 

Then TP.TQ - TR .TS (EucUd lU. 35, 36) 

Hence by Cor' (i) the semi-diameters parallel to PQ, RS are equal ; and 
are .*. equally inclined to an axis. 

Ex. I. If a circle intersect an ellipse in four points whose ecc' As are 
Of, /3, y, 6, then a + ^ + y + 5- anir 
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For the joins of OC, fi and of y, b, viz. 

X oc + p y . a + i9 a-^ 

- COS — + ^sm as cos — 

a a b a a 

, X y+dy,y+d y -b 

and - cos + £ sin « cos 

a a b a a 

are [by Cor' (3)] equally inclined to the axis. 

.-. tan (a + ^)/a = - tan (y + 8)/a 

.'. (a + ^)/a = n w — (y + 8)/a ; and .-. &c. 

Ex. a. If a conic cut the sides of a triangle ABC in a, a' ; b, b' ; c, c' 
respectively, then 

Ba.Ba'.Cb.Cb'.Ac.Ac' - Ca.Ca'. Ab. Ab'. Bc.Bc' 

lCarHOf*s Theorem,^ 

Let (X, p, y he the semi-diameters parallel to the sides of the triangle. 

Then 

Ba.Ba'/Bc.Bc'- <X^/y^ 

Ac.Ac'/Ab.Ab'= y«/^« 

- Cb.Cb'/Ca.Ca'-jSya* 
The result follows by multiplication. 

§ 312. From equation (2), § 310, we infer that if ^ is given, 

(f> (xf, /) varies as TP . TQ 

Thus /he power of a point (see footnote p. 135) with respect to a 
conic varies as the rectangle under the segments of a chord drawn in 
a fixed direction through the point, • 

Ex. If I is the length of one of the tangents from (h, k) to the ellipse 

x2/a2 + yyb2 - I, 
and 5 the length of the parallel semi-diameter, then 

I - 5 Vhyaa + kyb« - i 
For 1^ : 8 (— 8) : : power of (hk) : powet of centre (o, o) 

: : hya2 + k^/b^ - i : - i 

.-. I« - 82 (h^/a^ + k«/b2 - I) 
U 
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EQUATION REFERRED TO TANGENT AND NORMAL 

§ 313. If the conic 

ax* -h 2 hxy + by' + 2gx + 2fy + c = o . . (i) 
pass through the origin it is satisfied by x = o, y = o; /. c = o. 
The points where (i) meets the line y = o are given by 

ax'H- 2gx = o 
i. e. X = o or — 2 g/a 

These points coincide if g = o. 

We may if we please take f = — i, as the particular conic re- 
presented depends only on the ratios of the coeflf's a, h, ... 

The general equation of a conic touching the axis of x at 

the origin is /. 

ax' + 2 hxy + by' = 2y {Q) (2) 

If now we suppose the axes rectangular, (2) is the equation of 
a conic referred to the tangent and normal at any point as axes 
of co-ordinates. 

Ex. If through a given point O on a conic any two lines at right angles are 
drawn cutting the curve in P and Q ; then PQ will pass through a fixed point 
on the normal. {Fregier's Theorem,) 

Take the tangent and normal at O as axes; so that (a) is the equation of 
the conic. 

The line-pair OP, OQ are adequately represented [§ 114, Cor^ (a)] by 

the equation 

x« + Axy - y3 - o (3) 

Multiply (3) by a and subtract the result from (a). Hence 

(ah - a\)xy + (b + a)y'- ay «o (4) 

is the eq'n of a locus passing through all the intersections of (a), (3). 
But (4) splits into the factors y — o, L e. the tangent at O ; and 

(ah- aA) x + (b + a)y - a - o (5) 

Hence (5) is the equation of PQ. To find its intercept on the axis of y 
put X - o in (5); 

.'. intercept of PQ on normal ■■ a/(b + a), 

which is independent of A.. Q.E.D. 
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INTERSECTIONS OF CONICS 

§ 314. Two conies intersect in general in /our points. 
Let the conies be 

S = ax' + 2hxy + by' + 2gx + 2fy + c = o 

S' = aV + 2 h'xy -h bY + 2g'x + 2fy + c' = o 

Then it is shown in treatises on the Theory of Equations that 
there are in general four sets of values of x and y which satisfy 
both these equations. 

Cor' — Two conies have a common self-conjugate triangle. 

Let the conies intersect in A, B, A', B^ (fig', § 309) ; then O, P, Q, the 
intersections of the connectors of different pairs of these points, are (§ 309, 
Cor') the vertices of a triangle self-conjngate with respect to both conies. 

Note — Two or four of the points of intersection may be imaginary. Such 
points occur in pairs of the form 



Yi - y + 8 V^ ) Yj = y - 8 a/Z^ 

On forming the equation of the join of these points (XiYi), {x^y^)* ^^ i^ 
found to be a real straight line. 



CONICS THROUGH FOUR FIXED POINTS 

§ 315. As in § 184, S — XS^ = o represents a conic passing 
through the intersections of the conies 

S = o, S' = o (ft) 

Ex. I. Every conic which passes through the points of intersection of two 
rectangular hyperbolas is a rectangular hyperbola. 

For 

S-\S'= (a-\a')x« + i(h-\hOxY + (b-\b0y2+... 
Hence (§ 297) S - A S' « o 

represents a rectangular hyperbola if 

a - \a' + b - Xt/ = o 
u 2 
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But this is satisfied if 

a -I- b «* o and a' + b' » o 

i. e. if S « o, S' = o 

are rectangular hyperbolas. 

Ex. 2. Every rectangular hyperbola circumscribing a triangle ABC peases 
through the orthocentre. 

Let one of the hyperbolas meet the JL from A on BC in D. 

Then this hyperbola and the line-pair AD, BC are two rectangular hjrper- 
bolas ; and the line-pair BD, AC is a conic through their intersections. 

The latter conic is .*. (by Ex. i) a rectangular hyperbola, i. e. BD is JL AC. 
Hence D is the orthocentre. 

It follows also that every conic through A, B, C, D is a rectangular 
hyperbola. 

(See Messenger of Mathematics ^ Vol. I., page 77.) 

§ 316* The solutions supplied of the following two examples, although 
not the neatest possible, will be useful as a guide to the learner in solving 
similar problems. 

Ex. I. Every rectangular hyperbola passing through the vertices of a 
triangle passes through the orthocentre. 

Take the side BC and the perpendicular from A on BC as axes (fig^, 
page 75) ; let DC « (X, DA - ^, DB - (X' (so that «' is negative). The 
co-ord^s of the vertices are then 

(o, /3), («', o), (a, o) 

The equation of any rect^ hyperbola is (§ 297) 

x' + a hxy -y^ + 2gx + afy + c — o 

Express that co-ord^s of vertices satisfy this equation : 

.*. - ^* + a f ^ + c - o, a'« + a ga^ + Cs=o, CX^ + aga-fO-o 

If we solve these eq'ns for g, f, c, we find 

ag--(a + ao, c-aa', af - 03*-aa')/^; 

and the equation of the hyperbola becomes 

x2 + ahxy-y2-(a + a')x + yQ32-aaO/^ + aa' = . . (i) 

The curve represented by this equation, which involves the single indeter- 
minate h, meets the axis of y in the points determined by 

^y« - (/3« - aa') y - ^aa' - o 

Solving this, y = ^3 or - aa'/zS 
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( 



Thns the curve meets AD in the fixed point 

"' - t) 

To determine the fixed point, notice that the line-pair consisting of AB and 
the JL from C on AB is a rect^ hyperbola passing through the vertices of 
A, B, C. The fixed point is .*. the orthocentre. 

Ex. a. 7^e locus of centres of rectangular hyperboUis passing through the 
vertices of a triangle is the nine-point circle. 

Retaining the notation of Ex. i, the equations to determine the centre of the 
conic (i) are 

ax + a hy - (a + aO * o, a hx - ay + (^« - OLOL')/^ = o 
Eliminating h, we find that locus required is the circle 

3x2 + ay2 _ (a + aOx - y (/32 - aaO//3 = o 

This curve meets the axis of x in the points 

(o, o) and (—^ — , o J 

i. e. it passes through mid point of BC and foot of X from A on BC. 

The locus must evidently pass through the similar points on CA, AB : it is 
.*. the nine-point circle. 

§ 317. To find the equation to. a conic parsing through tuoo given 
points A, A' on the axis of x, and two others B, B' on the axis 
o/y ... (G). 

Let O A = a, OA' = a', OB = A OB' = fi' (fig' § 309). 

Then the line-pair AB, A'B' whose equation is 



(M-)(^-^-)= 



forms one such conic. 

The line-pair consisting of the axes, whose equation is 

xy = o 

forms another. 

Hence, if a suitable value is given to A, the equation 
will represent any conic through the four given points A, B, A', B'. 
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Cor' (i)— If we put Ot' = tX, ^' = ^ we obtain the equation of a conic 
touching the axes at A, B. Hence 



(M-.y.xx, 



(0 



.2 

■* I 



is the equation of a conic touching the axes at the points (Ot, o), (o, ^). 
Cor' (2) — If (a) represents a parabola, then (§ 287, Cor') 

Va/3 a/ a2/3» 

/. A. = o or 4/ocp 

Neglecting the value A. » o which gives a pair of coincident lines, (2) becomes 

Take the square root 

X y /xy 

Take the square root again ; then, as a square root may be either positive 
or negative, we may write the result 

This is .'. the equation to a parabola touching the axes. 
S 318* To find the condition that the line 

R*-k-' (•) 

niay touch the parabola 

Vj+V|-i (0(ii) 

At the points of intersection of (i) and (a), 



? + y 

h * k 



or X fr 



(^/i * V|)* 

This quadratic in Vx/Vy ^*s equal roots if 
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reducing, the required condition is 

h k , , 

8 319* To find the equation of the tangent at (x'y') to the parabola 
If (x'/), (x'y ) are two points on the curve, 

VOL **" V^ "" 

Hence the equation of the join of the points, which is 

X - x' * x' - x'^ V" Vx' - Vx'^ Vx' + Vx"/ 



becomes 



y - / V^ V/ + V/' 



X - x' Va Vx' + Vx'^ 

Now put y" = y', x'^ « x' and multiply up ; the equation of the tangent 

at (x'y') is .*. 

y VoLx + x V^ = / Vox' + x' V^y 

Divide by VoCxf^y^ ; then remembering that (x'yO satisfies the equation 
of the curve, we obtain 

-^ + -^ - I (a) 

VoLxf V^ 

This is the required equation. 

Note — Eq'n (a) is not the equation of the polar : to obtain the polar of (x'y') 
we must use the' rationalized form of (i). 

Ezeroises 

1. A conic touches the sides of a triangle ABC in a, b, c respectively ; 
show that A a, B b, C c are concurrent. 

[Note — Prove, as in Ex. a, § 311, that 

Ac.Ba.Cb « cB.aC.bA] 

2. O is any point on a conic ; OP, OQ any two chords equally inclined 
to the normal at O. Prove that PQ meets the tangent at O in a fixed point. 
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3. Find the centre of the conic 

ax* + a hxy + by* « a y 

Ans. [h/(h« - ab), - a/(h« - ab)] 

4t. Find the equati(Hi to the diameter of this conic which passes ^oog^ 
the origin. 

Ans, ax + hy >" o 

6. O is a point on a conic ; P is any point on the tangent at O. Prove 
that the perpendiculars from P on its polar and on the diameter through O 
intercept a constant length on the normal at O. 

6. Find the parabolas touching the axis of x at (4, o) and meeting the axis 
ofyat(o, 2), (0,8). 

Ans. (x + y)' — 8x — loy + 16 « o 

7. Find locus of centres of conies touching the axes at (OC, o), (o, 0). 
Ans. The straight line fix = OLy 

8. Find the equation of a parabola referred to the tangents at the end of its 
latus rectum as axes. 

Ans. Vx + Vy ■• V^a V8) where 4 a is the latus rectum, 

9. The tai^;ents to a parabola at P, Q meet in T : any other tangent meets 
TP, TQ in p, q : prove that 

Tp .Tq = Pp.Qq 

10. Show that the joins of the origin to the other intersections of the conies 

ax* + a hxy + by* + a fy « o, a'x* + b'y* + a f y = o 

are at right angles if 

f (a + b) -f(a' + bO 

11. If d is variable, show that the locus of the point 

X « a tan (^ + a), y = b tan(^ + /3) 
is an hyperbola whose asymptotes are 

X + a cot(a - /3) = o, y - b cot (a - /3) « o 

12. Find the condition that a circle may be described through the four 
points of intersection of the conies 

ax* + a hxy + by* - i, a'x* + a h'xy + b'y* - i 
Ans. (a - b) h' - (a' - b') h 
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13. Show that the equation of a conic referred to an axis and the tangent at 
its vertex is y^ » px + qx* ; 

the conic being a parabola if q =: o, an h3rperbola if q > o, and an ellipse 
if q < o. 

IJVdie-^The names parabola, ellipse^ and hyperbola were originally derived, 
from this property.] 



CONDITIONS DETERMINING A CONIC 

§ 320. Five paints determine a conic. 

If it is required to find the equation of a conic passing through 
five given points (XiYj), (Xjyg), ... (XgYg); then assuming that the 
equation of the conic is 

ax' + 2 hxy -f by' + 2gx -f 2fy -f c = o 
we have 

axi' + 2hXiyi + ••• = o> ^>^ + ••• = o> ••• 

We have then five simple equations which suffice to determine 
the five ratios a/c, h/c, b/c, g/c, f /c. 

Thus there is one conic, and only one, which passes through 
the five given points. 

[If three of the points lie on a line, then, since a line can only meet a conic 
in two points, the conic is the line-pair containing the five points.] 

In practice it is better to proceed as in the following example. 
Ex. Find the conic through the five points 

(-1,3)1 (0,6), (-2,4), (0,10), (1,2) 
Form eq^ns to joins of two pairs of four of the points ; thns the line-pairs 
X (x + y - 3) t=s o and (a x - y + 5) (3X - y -h lo) - o 
are conies passing through the first four points. 

The eq^n of any conic through these four points is .*. 

X (x + y - 2) « X (ax - y -h 5) (3x - y + 10) 

Expressing now that this eq'n is satisfied by the co-ord's of the fifth point, 
we find X - ^. 
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§ 321* In gtnQXdXf five-conditions determine a conic. 

For each condition leads to an equation connecting the five 
unknown ratios a/c, b/c, ... 

. There may be more than one conic satisfying the conditions : for if the equa- 
tion to determine one of the ratios obtained by elimination is of the nth degree, 
there are n conies. 

The nnmber of conditions is not necessarily equal to. the number of verbal 
statements : thus to be given the centre (x^y^) is equivalent to two conditions ; 
for we have two equations 

ax' + hy' + g « o, hx' + b/ + f « o 

Ex. Two conies can be described to pass through four points and touch 
a given line. 

Take the joins of two pairs of the given points as axes ; so that the conic is 
represented by eq'n (i), § 317. 

The reader will find it easy to work out the condition that this conic may 

touch a given line /. /, 

^ x/h + y/k = I : 

the resulting equation is a quadratic in X ; .*. &c. 

NINE-POINT CONIC 

§ 322- To find the locus of the centre of a conic pcusing through four 
fixed points. 

Such a conic is represented by the equation of $ 317, viz. 
The centre of this conic is determined by the equations 

The indeterminate A is eliminated by multipl3ring the eq'^ns by x and y 
respectively, and subtracting. Reducing, we find that the locus required is 
the conic 

3^/3'x2-2aa'y2-/3^'(a + aOx + aa'()3 + /30y = . . (2) 

Putting y » o we find that the locus passes through the origin [as we might 
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have foreseen, O being the centre of the line-pair conic AA', BB' (fig', 

, oV i. e. through the mid point of AA'. 

As the joins of any two pairs of the points might have been chosen as axes, 
we see that — Given four points A, B, C, D ; then the six midpoints of their 
joins AB, AC, AD, BC, BD, CD and the three intersections of opposite con- 
nectors AB and CD, AC and BD, AD and BC lie on a conic. 

Cor' — If OLOlf = — ^)3' the centre locus (2) is a circle, and the conies (i) are 
rectangular hyperbolas. The line-pairs consisting of the joins of opposite con- 
nectors are special conies through the four given points ; these line-pairs are .'. 
rectangular. Hence the four points are so related that each is the orthocentre 
of the triangle formed by the other three. Accordingly, we infer that — IfD is 
the orthocentre of a triangle ABC, then the feet of the perpendiculars and the 
mid points of ^B, BC, CA, AD, BD, CD lie on a circle. This circle is 
called the nine-point circle. 

[An exhaustive discussion of the nine-point conic will be found in Clifford's 
Mathematical Papers, pp. 579-583.] 

TANGENTIAL EQUATION 

§ 323< To find the condition that the line 

Ax + /iy + J/ = o (i) 

may touch the conic 

ax* + 2hxy + by* + 2gx -f 2fy -f c = o . . (2) 

The equation of the lines joining the origin to the inters'ns 
of(i), (2)is(§ii9) 

j/*(ax*+ 2hxy + by*) - 21/ (Ax + /xy) (gx + fy) 

or +c(Ax + My)'=o 

x*(aj/*— 2gj;A 4- cA*) + 2xy(hj/*— fAj/ — g/ij; + cA/x) 

+y*(bj/* — 2f/ij; + c/i*) = o 

These lines .*. coincide if 
(a J/* — 2gAj/ 4- cA*) (bj/* — 2f/ij/ -f c/i^) 

= (hi/* — \Kv - g/iJ/ + cA/i)'* 

This condition reduces to 

(be - f^) A* + (ca - g*) /i* + (ab - h*) j/*+ 2(gh - af)/ij/ 

+ 2(hf--bg)j/A + 2(fg-ch)A/i= o . . (12) 
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In fatnre this eqnation will be written 

AX«+ B/jt* + Ci;2+ 2F/JU; + 2Qi;X + 2HX/JI-0 . . (H) 

The coefficients A, B, C, 2 F, 2 G, 2 H are the derived functions of the 
discriminant 

A = abc + 2 fgh — af * - bg» - ch» 

taken respectively with regard to a, b, c, f, g, h. 

The co-oidinates of the centre ($ 289) are 

q/c, f/c 

PAIR OF TANGENTS 

§ 324>- The points where the join of (x'y'), (x"y") meets the conic 
S » o are determined by snbstitnting 

mx^^ + nxf nv/' + n/ 
m + n ' m + n 

for X, y in the equation 

ax* + 2 hxy + by* -i'2gx + 2fy + C'=o 
This gives 

a (mx'' + nx')« + 2 h (mx" + nx') (m/' + n/) + b (m/' + n/)« 

+ 2g(m + n) (mx"+ nx') + 2f (m + n) (m/'+ n/) + c (m + n)* - o 
or 

m* (ax"« + 2 hx'Y'+ b/'« + 2 gx"+ 2^+0) 
+ 2 mn [ax'x" + h (x'/'+ x'y) + b//' + g(x'+ x") + f (/ + /0 + c] 
+ n2 (ax'2 + 2 hx'/ + b/* + 2gx'+2fy' + c)^o 

This quadratic in m/n has equal roots if 
(ax"2 + 3hx'y' + ...) (ax'2 + 2hx'/ + ...) - [axV + h(x'/'+ x'y ) + ...]« 

Now the quadratic has equal roots if (x"y") is any point on either tangent 
from (x'y') ; writing then x, y instead of x", y" in the preceding equation, we 
obtain the equation of the pair of tangents from (x'y'). 

The equation of the pair of tangents from (x'y') is .'. 

(ax'2 + 2 hx'/ + b/2+3gx' + 2y + c) (ax* + 2 hxy + by* + 2 gx + 2 fy + c) 

»[axx' + h(x/+x'y) + by/ + g(x + xO + f(y+/) + c]* . . . (H) 

S 32S* To find the equation of the director circle o/S = o. 
The equation of the tangents from (x'y') is 

<<> (x', yO <<> (X, y) - [axx' + h(x/+x'y) +...P-o 
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If (x^yO is on the director circle these tangents are at right angles ; the con- 
dition for this (if we suppose the axes rectangular) is 

coeff' of X* + coeff' of y* -« o 

Express this condition and write x, y for xf, y^ ; redndng, we obtain the 
equation of the director circle 

C (x2 + y2) _ 3 Qx - 2 Fy + A + B -= o 
Here C « ab — h*, &c., as in $ 333. 

Car' — If the curve is a parabola, C -■ o. The equation of the directrix 
(which is locus of inters^n of rectangular tangents) is .'. 

2Qx + 3 Fy = A + B 
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1. Find the equation of the diameters of the conic 

ax* + 2 hxy + by* = i 
passing through its intersections with the concentric circle 

X* + axy coso) + y' « p* (12) 

Am, (ap'^ — I) x' + 2 (hp* — coso)) xy + (bp* — i) y* - o 

2. Show that the length of a diameter of the same conic bisecting the angle 
between its axes is 3 p, where 

(a + b — 2 h cos o)) p* ■■ 2 nn* o) 
INaU — Express cond'n that line-pair in Ex. i is rectangular.] 

3. If 2 p is the length of an equi-conjugate diameter of the conic 

ax* + 2 hxy + by* = i 
then 2 (ab — h')p* — a+b-ahco8a>; 

and the equation to the equi-conjugate diameters is 
(a + b — 2 h coso)) (ax* + 2 hxy + by*) = 2 (ab — h*) (x*+ axy cosw + y*) 

4t. Show that the points of intersection of the conies 

ax* + 2 hxy + by* == i, a'x* + 2 h'xy + b'y* « 1 
are on conjugate diameters of the former conic if 

ab' + a'b - 2 hh' - 2 (ab - h*) 
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6. Show that the following fimctioii of the coefficients in the equations 
of two conies is unaltered by change of axes : 

sin'o) 

6. The major axes of two conies are parallel : show that their four points 
of intersection are concyclic. 

7. The polars of a point with respect to two given conies intersect at right 
angles ; prove that the point describes a conic, and that this conic is a circle if 
the given conies are rectangular h3rperbolas. 

[W^/^— Choose asymptotes of one conic as axes ; so that eq'ns of given 
conies are « 

xy = 6*, ax' + a hxy + by* + agx+afy + c«o.] 

8. Chords of a rectangular hjrperbola at right angles to each other subtend 
right angles at a fixed point O. Show that they intersect on the polar of O. 

[Note — Choose O as origin, and parallels to axes of figure of h3rperbola as 
axes of. co-ord's ; so that its eq'n is 



f« - 



y' + agx-hafy + csa] 



9. Prove that two parabolas can be drawn through four given points ; and 
that their axes are parallel to the asymptotes of the conic which is the locus of 
centres of conies passing through the four points. 

10« Find equation of tangents from origin to S « o. 

Am. B X* - a H xy + Ay« « o 

[Note — ^This may be deduced from $ 3a4; or directly thus. 

Substitute r cos d, r sin d for x, y in S — o ; express condition that the 
quadratic in r has equal roots. Then replace sin dTcos by y/x.] 

11. Tangents from P to a conic intercept a given length on a fixed tangent ; 
prove that the locus of P is a conic. 

[Note — ^Take given tangent and corresponding normal as axes.] 

12. If tangents from P intercept a given length on a fixed line, the locus of 
P is in general a curve of the fourth degree^ 

[Take given line as axis of x ; the conic may be represented by the general 
equation S » o.] 
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13. If tangents from P meet a fixed tangent at points equidistant from the 
point of contact ; prove that the locus of P is a straight line, viz. the diameter 
conjugate to the given tangent. 

[Noie^Choose axes as in Nbie, Ex. ii. The abscissae of points where 
tangents from P meet given tangent are determined by a quadratic ; put sum 
of its roots « c] 

14. PQ is one of a system of parallel chords of 8 » o; R is a point 
on PQ such that 



+ =r^ ■■ constant 



RP ^ RQ 



i-d 



If the chords are inclined to the axis of x at an angle 6, prove that the locus 
of R is the conic 

S + 2 6 [(ax + hy + g) cos ^ + (hx + by + f ) sm ^] « o 

[NoU—Let co-ord's of R be x', y'; then RP, RQ are the roots of eq'n 
(i)» § 310.] 

15. PQ is one of a system of parallel chords of an ellipse ; R is a point 
on PQ such that 

PR« + RQ« + PR . RQ = constant 

Show that the locus of R is a conic. 

16. Find the equation to the axis of the parabola 

Vx/ot + Vy/^ « I (12) 

X y tt'-Zg' 

^' a ^"*' aV+/3a+3a^cosa) "^ 

[JV^/^ — Rationalize eq^n ; and proceed as in $ 295. Use cond'n of perpen- 
dicularity given in § 93, Cor^ (2).] 



17. Find the equation to the directrix of the same parabola. 
«.| + J + cosa>g + |-i)-o 

[iVl?/^— Express cond'n that tangents from (x'/) are at right angles.] 



18. Find the focus of the same parabola. 
[Note^The line x/h + y/k - 1 

is a tangent if h/a + k^fi » i ........ (i) 
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The dicom-circle of the triangle which this tangent fonns with the axes is 

x*+axyco8a> + y* = hx + ky (a) 

Eliminate k from (2) by means of (i) ; eq^n of circle becomes 

a(x* + axyco8a> + y*-)3y)-h(ax — /3y) 

This eq'n contains the single parameter h in the first d^[ree ; and whatever 
be the valne of h the circle passes through the fixed point determined by 

X'+ axyco8ai+y" = ax«/3y 
This fixed point is the focos. (§ 330, Ex. 3).] 

19. A parabola touches the sides of a given triangle ; show that each of the 
chords of contact passes throngh a fixed point. 

20. The equation to determine the eccentricity of 8 <b o is 

i^ (a-b)« + 4M 



/ e» Y (a - b)» + 4 
Va - W " (a + b)« 



[iV<?/^— Suppose eq'n reduced by successive changes of axes to 

ax* + a hxy + by* + & = o (i) 

ax« + /3y« + c/^o (a) 

Equate the invariants (§ aia) ; 

/. a + )3 = a + b (3) 

a/3 - ab - h« (4) 

Now if (a) is written 

X* y« 

— + — « I 

then A* = - &/(X, B« - - &/p 

»nd e« « —fj— ; •*. ©' - ^=-3- (5) 

Eliminate a, /3 from (3), (4), (5). 

It will be observed that the equation to determine e* is a quadratic ; the 
existence of a second eccentricity will be accounted for in Chap. XIII.] 

21. Prove that the equation of the join of {xfy^) to the centre of 8 « o is 
(ax + hy + g) (hx' + b/ + f ) =» (hx + by + f) (ax' + h/ + g) 

[J^ote— The lines 

ax + hy + g - o, hx -i* by + f ^ b 
pass through the centre (§ 289).] 
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22. Proye that the equatioii to the axes of S -3 o is 

h (u* - v«) = (a - b) uv 
where u E ax + hy + g, v = hx + by + f 

[Note — If (x'y^) is a point on an axis of the conic, the join of (x^/) to centre 
is -L polar of (x'/).] 

23. PQ is a chord of a conic ; P q, P r are chords equally inclined to PQ. 
Show that qr passes through a fixed point, viz. the intersection of the tangents 
at P and Q. 

[Note — When P q coincides with PQ so does P r ; the tangent at Q is .*. 
one position of qr.] 

24. Conies are drawn through four fixed points. Prove that the polars of 
a given point pass through a fixed point. 

[Let two of the conies be 

S = ax* + 2 hxy + ... « o, S' = a'x' + 2 h'xy + ... = o 

The polar of (x'y') with respect to 

S + AS' = o 

is ax'x + h (/x + x'y) + ... + A [aVx + h' (/x + x'y) + ...] - o 
This passes through the intersection of 
ax'x + h (/x + x'y) + ... = o, a'x'x + h' (/x + x'y) + ... — o] 

25. Find locus of poles of a given straight line with respect to conies 
passing through four fixed points. 

[Let the given line be 

Ix + my + n « o 

Express that this coincides with polar of (x'y') with respect to 

S + XS' = o: 

ax' -f h/ + g + A (a'x' + h'/ + g') _ 



I - ,fr-n-'*'^y- 



Multiply up and eliminate X, fi. Locus is the conic 

ax + hy + g a'x + h'y + g' I 

hx + by + f h'x + b'y + f m 

gx + fy + c g'x + f y + c' n 



o.] 



26. A S3rstem of conies passes through the angular points of a square. 
Tangents are drawn from a given point on one diagonal. Prove that the locus 
of the points of contact is a rectangular hyperbola. 

X 
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[JVbU — Choose parallels to sides of square through its centre as axes ; so 
that system of conies is 

x« - a2 + A (y« - a') - o] 

27. Conies are drawn through four points : prove that the pole of the join 
of any two of them describes a straight line. 

28. The lengths of the tangents from (x'/) ^o ^^^ ellipse 

x'/a' + yyb2 - I 
are the roots of the equation in I, 

a/Vl«- b^S' = bx'Va«S'- l« + ab V{a^ - b«) S' 
where S' - x'^/a^ + /'/b' - i 

[JVo/e — Let b « length of parallel semi-diameter ; tan~^ m its inclination to 
axis of X. 

Then I - b VS' [Ex., § 312] 



and / «= mx' + Va^ m^ + b' [§ 249] 

Express b in terms of m ($ 238) ; then eliminate m.] 

29. Find the locus of the Fregier Points (see Ex., § 313) corresponding 
to points on the ellipse 

x«/a2 + y«/b« - I 

Ans, xa/a^ + y2/b« - (a« - b«)2/(a« + b«)* 

\Note — Let P be a point on the ellipse ; draw chords PQ, PR parallel to 
the axes. The corresponding Fregier Point is inters^n of diara' QR and normal 
at P. Express eq'ns of these lines in terms of CX, the ecc' A of P; then 
eliminate Oi^ 

30. Find the condition that the line 

x/h + y/k = I 

may touch the conic 

(x/a + y/)3 - i)« = 2 Axy 

\Note — Express cond^u that the following eq^n in x/y has equal roots : 

(x/a + y/)3 - x/h - y/k)2 « 2 Axy] 

31. Prove that the locus of centres of conies inscribed in a quadrilateral is 
the straight line through the mid points of its diagonals. 
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[Take diag^s as axes ; let eq'ns to sides be 

x/p + yh ='■ '' Vp' + y/q - i» • • • 

The cond'ns that these lines touch the general conic are 

A/p2 + B/q2 + C - 2 F/q - 2Q/p + 2 H/Cpq) - o . . (i) 

A/p'«+B/q« +...-0 (2) 

A/p» +B/q'2 + ...= o (3) 

A/p'«+B/q'«+...= o (4) 

Subtract (2) from (i) and divide by 

i/p - i/p' 
.-. A (I /p + i/p') - 2 Q + 2 H/q =» o 

So from (3) and (4) 

A(i/p + i/p') - 2 G + 2 H/q'« o 

Whence H « o, A « a pp'OAp + p') 

Similarly B «s 2 qq' F/(q + q') 

Substituting in (i), and simplifying, we get 

C-2G/(p+ pO-aF/(q + qO=o (5) 

But co-ord^s of centre are 

a = q/c, p - f/c 

We deduce then from (5) 

aa/(p + p') + 2/3/(q + qO-i 
i.e. ((X/9) is a point on 

But this is the join of mid points of diagonals. 

The cond'n » o may be interpreted to show that the diagonals are conju- 
gate with respect to the conic, i. e. the pole of each lies on the other. 

This solution is by Prof Genese. 

It may be seen d priori that the mid points of diagonals are points on the 
locus ; for a diagonal is the limiting form of a thin inscribed ellipse. 

The question may also be solved by taking two sides of quad^ as axes, and 
using the cond'n of Ex. 30.] 



X a 



CHAFTEB XTT 

FOLAB EQUATION OF A CONIC BE- 
FEBBED TO FOCUS ; CONFOCAL CONICS 

§ 326. To find the polar equation of a conic referred to the focus. 




By def 
also 



From a point P on the curve 
draw PN X axis, and PM -L 
directrix; 

let SP=r, PSN = ^. 

Let the semi-latus rectum 
SL= I 



SL = eSX 
SP = ePM 

= e(XS + SN) 
= SL + eSN 
i.e. r = I + ercosd 

or r(i — ecosd) =. I 

The required equation is .'. 

- = I — e cos 6 
r 
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Cor' (i) — The equation pf the directrix is 

r cos (tt - ^ - SX = - ; 

i a 

or - B _ e cos 9 

r 
Cor' (3)— Let PS p be a focal chord ; then 

g^ = I -ecos^ 

— «i-ecos(7r + d)-i + ecofd 

I I 

•*• SP"*"Sp"^ 

I I a 

SP + S^ = T 

Thus the semi-lotus rectum is a harmonic mean between the segments of any 
focal chord. 

A 

Note — If the initial line make an angle (X with SN, then as PSN is now 

d + CX, the equation of the conic is 

l^r « I - e cos (d + a) 

§ 327* It is a useful exercise to deduce the figure of the curve from 

the equation 

I /r « I — e cos d 

by giving a series of values increasing from o to 2 tt. 

The cases eai,e<i,e>i, should be separately considered. 

The last case is very instructive; the following summary will guide the 
learner in discussing the question frilly. 

When ^ « o, r « \J{i - e) : this is negative and = SA' (fig', § 266). 

As increases, r continues negative (the extremity of the radius vector 
describing the lower portion of the further branch of the hyperbola), until 

cos -a I /e, when r -■ — 00 . 

The nearer branch is next described in the order PA p (fig', § 270) ; and 
lastly the upper portion of the further branch. 

Note — Observe that if a line through S cut two opposite branches of an 
hyperbola in P and p, then the vectorial As of P and p are not the same; 
they differ by TT. 
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EQUATIONS OF CHORD AND TANGENT 

§ 328. Consider the locus represented by 

a- ^ 
u — \ sec 

This may be written 
I =: r COS a cos + r sin ^ sin 



> = cos(^ ^jsec ecos^. . (i) 



a + ^ . ^.r^/i^.^a + ^lgQ^o-J^ 



2 

— er cos 6 
or 

= (xcos + ysin ^ )sec ^ -ex 

\ 2 2 / 2 

Thus (i) represents a straight line. 
Again, if we put = Oi in (i) it becomes 

I 

- = I — e cos a 
r 

/. (i) passes through the point on the conic whose vectorial 
angle is OC. 

Similarly it passes through the point whose vect' A is )8. 

Hence (i) is the equation of the chord joining the two points on 
the conic whose vect' A s are OC, )8. 

Cor' — Put )8 = 0C in (i); the equation of the tangent at the 
point whose vectorial angle is OC is .•. 

- = cos (^ — oc) — e cos 6 .... (2) 

§ 329. The equation of the chord may also be obtained thus. 
Assume that the required equation is 

i« Acos^ + Bsin^ (3) 

Express that this is satisfied by the co-ord's of the given points : 

.'. I — e cos a — A cos a + B sin a ) 
I - e cos/3 = A cosjS + B smjB ) 
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If we solve these two equations for A, B and substitute their values in (3), 
we obtain after reduction the same equation as before. The student should 
work this out as an exercise. 

§ 330. Ex. I. If the tangent at P meet the directrix in Z, then PZ 
subtends a right angle at S. 

Let vect' A of P be CX ; the equation of the tangent at P is 

I /r -» cos (^ — CX) — e cos 6 

The equation of directrix is 

I /r -» — e cos 6 

At the point Z where these intersect we have .'. 

cos(d _ CX) = o 

/ A . 

/. e -OL ^ ± ir/3, i.e. PSZ - Tt/2 

Ex. 2. If the tangents a/ P, Q intersect in T, then ST bisects the angle 

psa 

Let vect' A of P be CX, and of Q, /3. 
At the inters'n of the tangents 

I /r = cos (^ - CX) — e cos ^ 
l/r = cos (^ — /3) — e cos ^ 

we have cos (^ — CX) « cos (^ — /3) (1) 

... ^ _ CX - - (^ - g) 

.-. ^ = (CX + /3)/2 ; .-. &c. 

If, however, P and Q are on opposite branches of an hyperbola, then ST 
does not lie between SP, SQ. The proper deduction from (i) is now 

^_CX = 27r-(^-/3) 

.-. ^ « IT + (CX + /3)/2 

In this case ST bisects the angle supplemental to PSQ. 

Ex. 3. The circum-circle of the triangle formed by three tangents to a para- 
bola passes through the focus. 

Let the equation to the parabola be 

I /r = I — cos Q 
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Tht tangtnU at the points wfaote rtOf f\% aae (X, p, y mn 

l/r-co»(^ -a)-co«fl (I) 

l/r » coi(0-^) -cof0 (a) 

l/r - co»(^ - y) -cosfl (3) 

At p't of intew'ii of (I) and (a), " i(Ol + p\ l/r ^ a sin^ sin- 

W » (3), ^-i(^ + y), l/r-asin|sin? 



» ft 



(3) M (0, ^-i(y + a)» l/r-asin^sin- 




y . a 

- sin — 
a a 

It is evident that these three points all lie on the circle 

- sin! - 1 « a sin— sin^ sin- 

r \ a / a a a 

The eqnation to the circle shows that it passes through the focns. 

Ex. 4. A chord PQ of a conic subtends a constant angle a y at the focns. 
Find the locos of T the intersection of tangents at P and Q. Find also the 
envelope of PQ. 

Let the conic be 

l/r •* I ~ e cosfl 

Let the vecf As of P, Q be 0(, /3 ; then 

a-|d«sy 

The tangents at P, Q are 

l/r -= cos (d - a) - e cosfl 

l/r - cos (^ - /3) - e oos^ 

Where these intersect we have 

6 = , l/r - oos ^ - e cosd 

a / a 

The eqnation to the locos of T is .*. 

I /r -= cos y — e cos B 

or (I sec y)/r « i — e sec y cos B 

The locos of T is .*. a conic having the same focos and directrix as the given 
conic, and whose eccentricity •* 6 sec y. 
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Again, the equation to PQ is (§ 328) 

l/r = cos f ^ ^ j sec y - e cos 

or (I cosy)/r = cos (O j — e cosy cos0 

Comparing this with the equation of the tangent [eq'n (3), $ 338] we see 
that PQ tonches the conic 

(I cos y)/r — I— ecosycosO (i) 

at the point on that conic whose vect' A is 

(a + /3)/3 

The conic (i) is the envelope. It has the same focns and directrix as the 
given conic, and its eccentricity » e cos y. 

Ex. 5. Find the equation of the polar of (r^ Oi) with respect to 

I /r » I — e cos^ 

The equation of the conic is 

I — r — er cos ^ 



or I « Vx* + y* — ex 

or X* + y« = (I + ex)« 

or x« (I - e*) + y« - 3 lex - l« = o 

The polar of (Pj cos Oj^, Pj sin dj) is then (§ 306) 

xPj cos $1 (i — e*) + ypj sin Oi - le (x + Pj cos di) - l« - o 
Writing p cos 0, p sin for x, y we obtain the req'd eq'n, viz. 
ppj cos ^ cos ^1 (I — e") + rvi sin sin 0^ - le (r cos ^ + Pj cos 61) + I" 
This may be written 

ppj cos (^ — ^j) = (I + ep cos 6) (I + ePi cos di) 

or cos {$ - ^i) =- (l/p + e cos 0) (I/pj + e cos $1) 

Ezeroises 

[Unless otherwise implied, the equation of the conic in these questions is 

I /p « I — e cos $] 

1. PS p, QS q are focal chords at right angles. Prove that the sum of the 
reciprocals of P p, Q q is constant. 
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2. A chord PQ subtends a right angle at the focus. Prove that 

Vsp - 1/ ^ VsQ 1/ " I* 

3. Prove that a focal chord varies as the square of the parallel semi- 
diameter. 

4. PSp, QSq are focal chords. Prove that PQ, pq meet on the 
directrix. 

5. Prove that tangents at the ends of a focal chord meet on the directrix. 

6. Tangents at P and Q meet in T. If PQ meet the directrix in Z, prove 
that SZ is at right angles to ST. 

7. Find the equation to the normal at (Pi ${), 
Ans. r [sin (^j — d) + e sin d] = ePj sin 6^ 

8. Find the equation to the director circle. 
Ans, r* (e^ — i) + 2 ler cos ^ + 2 1^ = o 

9. A chord PQ passes through a fixed point O. Prove that 

tan i PSO . tan J QSO 
is constant. 

10. P is a point on a hyperbola; the tangent at P meets an asymptote in 

T. Prove that A A 

PST = CTS 

[Note — TP and the asjonptote are the tangents from T. Use result of 
Ex. 2, § 330.] 

11. A chord of a rectangular hyperbola subtends a right angle at the focus; 
prove that it envelopes a parabola. 

12. If TP, TQ are tangents to a parabola, then 

ST«« SP.SQ; 
and the triangles SPT, STQ are similar. 

[Ab/^— See § 330, Ex. 3 ; use EucUd VI. 6.] 

13. Show that the equations 

I /r « I — e cos B, I /r = — I — e cos ^ 

represent the same conic. 
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[Note — If PSQ is a focal chord whose vect' A is Ot one of these eq'ns deter- 
mines SP and the other determines SQ.] 

14. The eqnations of two conies having a common focus are 
S = l/r - I + e cos ^ « o, S' = Vjr - i + e' cos (^ + /3) = o; 

prove that S-S'«o, S + S' + 2=o 

are the equations to one pair of common chords. 

CONFOCALS 

§ 331. The co-ordinates of the foci of 

xya^ +yYb'= I (i) 

are (o, ± -/a* — b*) 

These are unaltered if we substitute a^ — A, b' — A for a', b*. 
Accordingly, if different values are given to A, the equation 

xY(a«-A) + y7(b'-A)=i . ... (2) 

represents a system of conies confocal with (i). 

If A > b^, the curve represented by (2) is an hyperbola. 

Note — ^We may briefly refer to the ellipse represented by (i) as 'the ellipse 
(a, b).' Thus (2) represents *the ellipse {Vd? - X, Vb* - A)/ 

§ 332. Put 

c^-a^-bS ai2«a2-X, bj^^b^-X; 
then aj , bi are the semi-axes of the confocal (2) ; and 

a^a - bi^ « a2 - b2 = c2 
Equation (2) may also be written in the forms 

x^a^^ + ya/bi« - I (3) 

x^/ai^ + y2/(ai2 - c2) - I (4) 

x'/Cbi" + c2) + yy b^a = I (5) 

S 333. Looking at eq'n (5) we see that — 

If b-^ is very small and positive, then aj' is nearly — c^ ; and the confocal 
is a thin ellipse nearly coincident with the join of the foci SS'. 

If b^^ is very small and negativci the confocal is a thin hyperbola nearly 
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coincident with the portions of the axis extending from 8, S' to infinity in 
opposite directions. 

Thns, corresponding to 

bi« - o, or X - b«, 

we have as limits of the confocal system 4>oth ^e line-ellipse (the join of the 
foci), and the line-hyperbola (the complement of this join). 

§ 334. If the confocal pass throngh a given point (hk), then by eq'n (5) 

h«/(bi» + c«) + k«/bi« - I 

or h« bi« + k" (bi« + c«) - bi« (bj" + c^) 

/. bi*-(h2 + k«-c«)bi«- k«c«-o 

This is a quadratic to determine b^'. 

Its roots are both real ; one is positive and the other negative. 

Thus tiifo conies of a confocal system can be drawn through a given point ; 
one is an ellipse and the other an hyperbola. 

§ 335. We deduce similarly from eq'n (4) the quadratic in ai^, 

ai* - ^\ (h« + k« + c«) + h«c« « o (6) 

Let a^^, a2^ be the roots of this equation ; 

/. h»c2 = ai«aa« (7) 

Similarly - k« c« » b^* h^ = (ai« - c«) (aa« - c«) . . . . (8) 

The semi-axes major of the two confocals which pass through a point are 
called by Lam^ its elliptic co-ordinates. The preceding eq'ns (7), (8) give 
expressions for the rect' co-ord's h, k of a point in terms of its elliptic co-ord's 
aj, a2« 

Cor' — We see also from (6) that 

ai« + aa2- h« + k« + c» . (9: 

§ 336. Confocal conies cut at right armies. 

Suppose that (hk) is a point of intersection of the conies 

xya^ + y'/b' = I, xy(a« - A) + yy(b» - A) = i 

Then 

hya' + ky b» = I, hy(a* - A) + ky(b* -A ) = i 

By subtraction 

a^la^-A)"*" b«(b^-A)"° 
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But this is the condition that the tangents at (hk) viz. 
xh/a« + yk/b« = i, xh/(a*- A) + yk/(b«- A) = i 

should be at right angles. 

Note — This proposition and that of the last $ are obvious geometrically. 

If P is the given point and 8, S' the given foci : then one curve is the ellipse 
whose foci are S, S^ and major axis -» SP + S^ P ; the other is the hyperbola 
whose foci are S, S' and transverse axis « SP — S' P *. 

A 
The tangents at P bisect SPS' and the supplemental angle ; they are .*. at 

right angles. 

§ 337. The line x cos a + ysina= p will touch the conic 
x7(a^-A) + y7(b«-A)=i 

(a* - A) cos* a + (b' - A) sin* a = p« 

[§250,C^(i). 

/. A = a* cos* a + b* sin* a - p* 

Thus there is one conic ^ and only one, of a confocal system which 
touches a given line, 

§ 338* If^y P' are perpendiculars from the centre on parallel tangents to 
two confoccUs ; then p^ — p'^ w constant. 

Let X cos CX + y sin a -= p, x cos Ot + y sin CX == p' 

be parallel tangents to the confocals 

x^/a^ + y2/b2 « I, xyCa' - X) ^ y'/cb' - X) « i 

Then p» « a« cos« a + b« sin» a 

p'2 « (a2 - X) cos^a + (b2 - X) sin«a 
.*. p2 — p'2 « X ss constant 

§ 339. To find the locus of the intersection of tangents to two confoca,ls 
which cut at right angles. 

The line 

xcosa + ysina = Va^cos^a + b^sin^a (i) 

* It follows that the elliptic co-ord's of P are 

ai - i (SP + S'P). a^ - i (SP - S'P). 
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is a tangent to the conic 

x^/a^ + y^/b* « I 

If we change a*, b' into a' — X, b* — X and a into w/2 + (X, we obtain 
the line at right angles to (i) which touches the confocal 

xy(a« - X) + y«/(b« - X) - i 

The tangent to this confocal at right angles to (i) is .*. 

-xsina + ycosa- V(a« - X) sin«a + (b» - X) cos«a . . (a) 

OC is eliminated from (i), (2) by squaring and adding; the required locus 

is .'. the circle 

X* + y« - a« + b* - X 

§ 340. To find the locus of the pole of a given line with respect 
to a system of confocals. 

Let the given line be 

x/h + y/k=i (i) 

If (x'y^ is the pole of this line with respect to 

xy (a* - A) + y7(b» - A) = i 
we must have 

1 _ x^ I _ / 

.-. hx'-k/=a»-b» 
The required locus is /. the line 

hx-ky = a»-b^ 

which is perpendicular to the given line. 

Further, the point of contact of the given line with the conic of the system 
which it touches is a point on the locus. 

The required locus is .*. the normal to that conic at its point of contact with 
the given line. 

Cor' — If the tangent at a point P on a conic intersect a confocal in p, q ; 
then the tangents at p, q intersect on the normal at P. 

§ 3^1 • ^/a chord of a conic touch a confocal, its length varies as the square 
of the parallel semi-diameter, {Prof Bumside^ 
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Let d be the length of a chord of the ellipse 

x^/a* + y*/ b« - I ; 

OC, P the ecc' As of its extremities ; R the length of parallel semi-diam', its 
inclination to the axis of x. 

The equation of the chord is 

X a+^ y . (X + fi OC-fi 

- cos — + c sin « cos . . . . (i) 

a 2 b 3 3 ^ ^ 



tan 



0..bcos'^/(asin^ 



I cos«^ sin^^ 
Hence, as ^, - -^ + -^ 

OL + 3 OL + S 

we deduce R» « a^ sin« + b« cos* ^ (a) 

2 2 ^ ^ 

Again, 8" - (a cos a — a cos)3)' + (b sin a — b sin )3)* 

Reducing this, and using (2), we find 

b « aRsm^!-^ (3) 

Again, (i) touches the confocal 

xy(a« - X) + y«/(b« - X) - i 

if r — COS* — + — j-r — sin* = cos* - 

a* 2 b* 2 2 

Using (2), this reduces to 

. ,a-jS XR* ,. 

sin* « -st:^ (4) 

2 a* b* 

Eliminate sin (a — )3)/a from (3), (4) ; 

ab 

§ 342. -De/' — Points on two ellipses which have the same eccentric 
angle are called corresponding points. 

Thus (a cos CX, b sin CX) and (a' cos CX, b' sin (X) are corresponding points 
on the ellipses (a, b), (a', b'). 

Some properties of corresponding points on confocals are given in the Exer- 
cises which follow. 
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ExeroiBes on Chapter XTT 

1. If tangents are drawn to a confocal system from a point in the major 
axis, the locos of the points of contact is a circle. 

2. Find the confocal hyperbola through the point on the ellipse (a. b) 
whose eccentric angle is OL 

^«^- -^ - ^a^ ' a« - b« 
cos'a sin'tx 

3. Prove that corresponding points on a system of confocal ellipses lie on 
an hjTperbola. 

4. TP, TQ are tangents to two confocals. If TP, TQ are at rig^t angles, 
prove that the join of T to the centre bisects PQ. 

5. Show that the locos of the interaction of rectangular tangents to the 
confocal parabolas 

y«-4a(x + a). y* = 4/3(x + ^) 

is the line x + (X + j3 -> o 

Prove that the parabolas cot at right angles in two points at a finite 
distance; and that these points are imaginary if (X and ^ have the same 
sign. 

6. Parallel tangents are drawn to a confocal system ; prove that the locos 
of the points of contact is a rectangolar hyperbola. 

7. Tangents from T to an ellipse meet a confocal in R, R' ; 8, S'. Prove 
that J i^ J i^ 

TR TR' " TS TS' 

I I RR' 

INbie—^ " TR"' " TR.TR^ ; ose § 341 and C(^' (i), § 311.] 

8. P and Q are any two points on an ellipse ; p and q are the correspond- 
ing points on a confocal. Prove that 

Pq = Qp 

(Jvory^s Theorem^ 

9. Prove that the eqoation in elliptic co-ordinates of the director circle 

of the ellipse (a, b) b 

ai« + 82' « a a« 
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10. Prove that the square of the semi-diameter of the ellipse (a, b) 
parallel to the tangent at its intersection with a confocal is X, where X is the 
parameter of that confocal. 

11. Tangents to the ellipse (a, b) from a point whose elliptic co-ordinates 
are a^ , a2 include an angle <^ : prove that 



^i<t>'\/^^. 



&{' - a' 
[Note — This follows from Ex. 33, page 339, and foot-note, page 317.] 

12. Prove that the equation of the tangents in the last question referred to 
the normals to the confocals through the point as axes is 

xy(a,2 - a2) + yyCaa^ - a^) - o 

13. The tangents to two confocals from a point P which describes a con- 
focal ellipse are inclined at angles yfff yff^ to the tangent at P. 

Prove that the ratio sin >|r : sin xf/' is constant. 

14. If A« Xf are the parameters of the confocals which pass through any 
point on a directrix of the ellipse (a, b), prove that 

AX' = a2(X + X0 

15. If a point describe the director circle of the ellipse (a, b) its polar 
envelopes a confocal. 

[Note — Write eq'n of polar of (x^), viz. 

xxf/a^ + yZ/b^ - i 

in the form Ix + my « i (1) 

.-. x'-aai, /=b2m 
Express now that (x', yO is a point on director circle 

.-. a*|2 + b*m« = a« + b« 
The line (i) is .*. a tangent (§ 250) to the ellipse 



\Va«+ b^' Va« + bV 



16. P and Q are points on the ellipse (a, b) ; P, Q^ are the corresponding 
points on the ellipse (a', b'). If the tangents at P', Q meet in T, prove that 
T is the pole of PQ' with respect to the ellipse ( Vaa', Vbb'). 

Prove also that the tangents at P', Q are at right angles if the tangents 

at P, Q^ are at right angles. 

{Mr. R. RusselLy 

Y 
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17. Prove that the join of the points of contact of rectangular tangents to 
two confocal ellipses (a, b), (a|, b^) envelopes the confocal 



/ aai bbi \ 

VVa* + bi« ' Va« + bjV * 



[^ATote — If the conies in Ex. i6 are now assumed to be confocal ; then if tan- 
gents at P, Q' are at right angles, T describes the circle 

X* + y* « a^ + bi*. 
Finish solution as in Aiffe, Ex. 15.] 

18. The equations to the asymptotes of the hyperbola 

I /r = I — e cos ^ 
are abe - r (a sin ^ + b cos 0) 

19. Two conies have a common focns S ; a variable line throngh S meets 
the conies in P and Q. Prove that the intersection of the tangents at P and Q 
describes a straight line. 

20. Two conies have a conmion focos ; prove that two of their common 
chords pass through the intersection of their directrices. 

21. A, A' ; B, B^ ; C, C^ are three pairs of opposite summits of a quadri- 
lateral which circumscribes a parabola whose focus is S. Prove that 

SA.SA'= SB.SB'^- SC.SC 

22. Two parabolas have a common focus. Show that the locus of the 

intersection of two tangents, one to each, cutting at a constant angle, is a 

parabola. 

{Prof Purser.) 

23. Prove that the polar equation to the normal to the parabola 

2 

at the point OL is 

a SB r cot — cos — sin I ^ ) 

3 a \ 2/ 

If ^ be the angular co-ordinate of the point at which the normals at 

(Xf )3, y intersect, prove that 

2$ ^ OL + P + y 

24. A circle is described with the focus S of a conic as centre; a line 
through 8 meets the circle in P and the conic in Q. 

Prove that the tangents at P and Q intersect on a common chord of the 
circle and conic. 
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25. Show that the locus of the extremities of the latera recta of parabolas 
which have a common focus and a common tangent consists of two circles. 

26. Given the focus and directrix of a conic ; show that the polar of a given 
point with respect to it passes through a fixed point. 

27. A circle circumscribes the triangle formed by tangents to a parabola at 
three points A, B, C. If p is its radius, prove that 

2p3| « SA.SB.SC 
where S is the focus of the parabola, and 2 I its latus rectum. 

28. Two conies have a common focus ; then axes are inclined at an 
angle )3. Show that the conies touch if 

(I - |/)s « |2e'2 + r^e* - 2ee'ir cos^ 

where e, e' are the eccentricities, and I, V the semi latera recta. 

[JVote — If Of is the vect' A of a point of inters'n of the conies 
l/r = I — e cos 0, y/r -» i — e' cos (JS + /3) 
the tangents at that point are 

\/r = cos (^ - a) - e cos 6, I'/r - cos (^ - cx) - e' cos (^ + fi) 

These equations may be written in the form 

l^r- Acosd + BsinO 

These tangents .*. coincide if 

(cos OL - e)/l = (cos a - e' cos /3)/r 

and sinOc/l = (sin a + e'sin)3)/l' 

The result is now obtained by eliminating (X.] 

29. Two conies have a common focus, about which one is turned ; show 
that the common chords envelope a conic having a focus at the given focus. 

{S, Roberts, Edwf Times, xxxix.) 

30. Two ellipses have a common focus ; one revolves about this focus while 
the other remains fixed. Prove that the locus of the point of intersection of 
their common tangents is a circle. 
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CHAPTER XIII 

ABRIDGED NOTATION; MISCELLANEOUS 

PROPOSITIONS 

THE STRAIGHT LINE 

§ 343. In §§ 126-130, 1 39-1 4 1, 148, we have given some 
account of the abridged notation of the straight line ; we shall now 
give some other propositions. 

We shall (as agreed on in $ 127) use Greek letters OL, /3, &c, as abbrevia- 
tions for expressions of the form 

xcosa + ysinOC — p; 

and English letters u, v, w, or L, M, N, for expressions snch as 

Ax + By + C 

§ 344. ^ u = o, V = o, w = o are /he equations to three 
given straight lines which form a triangle ; then the equation 

lu + mv + nw = o 

may^ by giving suitable values to the ratios I : m : n, be made to 
represent any straight line whatever. 

Let the given lines form a triangle ABC {^g ^ 138); and let 
any other line meet the sides of this triangle in D', E, F. 

The line BE passes through B, the intersection of u = o, 
w = o ; it may /. be represented (§126) by the equation 

lu + nw = o 
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The line FE passes through E, the intersection of BE and 
V = o ; it may .*. be represented by the equation 

(lu + nw) + mv = o, or lu + mv + nw = o Q.E.D. 

S 345- The preceding general result is of course applicable to the 
particular case when the equations of the given lines are expressed in the 
standard form. 

Thus CX-*o, /3»o, yso being the equations to the sides of a fixed 

triangle in the plane of reference, the equation to any other line may be 

expressed in the form 

la + m^ + ny=-o (i) 

This equation expresses a relation between the lengths of the perpendiculars 
from any point of the line on the sides of the given triangle (which may be 
called the triangle of reference). Trilmear co-ordinates are thus suggested ; 
the trilinear co-ordinates of a point are its perpendicular distances from the 
sides of the triangle of reference. Looking at equation (i) we see that any 
homogeneous equation of the first degree in trilinear co-ordinates represents a 
straight line. 

§ 346** More generally, let the equations to the sides of the triangle 
of reference be 

u = Ax + By + C = o, V = A'x + B'y + C - o, 

w « A"x + B"y + C' - o 

Let Ui, Vi, Wj denote the values of u, v, w respectively when we substitute 
Xi» Yi ^'^^ X ^^^ y » ^"^^ U], V2, W2 their values when we substitute X2, y2 
for X and y. 

Then (§ 76) 

Ui « VA^ + 82 X perpendicular from (x^ y^) on u — o ; &c. 

Thus we may speak of the u, v, w of a point as its co-ordinates ; these 
co-ordinates being constant multiples of its perpendicular distances from the 
sides of the triangle of reference. 

§ 347* To find the equation to the join cf the points (UiViWj), (U2V2W2). 

Let the required equation be 

lu + mv + nw — o (i) 

* The beginner may omit §§ 346-349, 354, 356, 357 until after he has read 
the early part of Chap. XIV. 
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Then we must have 

lui + mvi + nwi - o 

lU] + mva + nwa — o 

The eq'ns (a) determine the ratios I : m : n ; viz. 

1 m n 



! 



(2) 



VjWj — V2W1 Wi Us — Wj Ui UjVj — UjVi 

If these values are substituted in (i) we obtain the required equation. 
The result may of course be written 

U V w 

"1 Vj Wi 

Uj Vj W2 

§ 348* It should be noticed that a homogeneous equation 

lu + mv + nw — o 

in reality expresses a relation between hvo of the ratios u : v : w ; for the 

equation may be written 

, u V 

I— fm— + n=»o 
w w 

This is unaltered if we substitute ku, kv, kw for u, v, w. 

§ 349* Ex. I. We may apply these principles to prove the theorem 
of § 138. 

Let the equations to BC, CA, AB and FE be 

u = o, V = o, w « o, lu + mv + nw — o 

Then mv + nw « o (i) 

is the eq'n to a line through the inters'n of v — o, w = o, i. e. through A. 
But (i) may be written 

(lu + mv + nw) — lu r^ o 
The line (i) .-. passes through the inters'n of 

lu + mv + nw -* o and u » o 
i. e. through D'. 

Hence (i) is the eq'n to AD'. 

Similarly the equations to BE, CF are 

lu + nw >= o (a) 

lu + mv -= o (3) 

Subtracting (a) from (3) we see that the equation 

mv — nw = (4) 

represents a line through the inters'n of BE, CF ; L e. through O, 
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Hence (4) is the equation to AO. 

Bnt the lines (i), (4) form a harmonic pencil with v ^ o, w -* o [§ i39r 
Cor' (i)]. 

Ex. 2. ABC, PsfWC are two triangles. BC, B'C meet in P ; CA, CW 
in Q and AB, A'B' in R. If P, Q, R are collinear, show that AA^ BB^ CC 
are concurrent. 

Let the equations to BC, CA, AB, and PQR be 

a = o, ^ = 0, y=o, ltX + m^ + ny»o 

By suitably choosing K, the equation 

Ka+m^ + ny«o (i) 

will represent any line through the inters^n of 

a-o, la + m^ + ny«o 
Hence we may take (i) as the equation to B^C^. 
Similarly the eq'ns to C'A', A'B' are 

Ja + m'^ + ny«o (a) 

la+m^+n'y-o (3) 

Subtracting in pairs the eq'ns (i), (a), (3) we obtain the equations to 
AA', BB', CC; viz. 

(m - m') ^ - (n - n') y, (n - n') y - (I - 1') «, 

(I - I') a = (m - m') ^ 

The third of these equations is a consequence of the other two ; and .*. the 
three lines co-intersect. 

Exercises 

1. What is represented by the equation 

a + c = o? 

Ans, A straight line parallel to OL ^ o, 

2. Ifu =0, v = o represent parallel straight lines; show that 

u + V = o 
represents a parallel midway between them. 

3. If u = o, V ~ o, w » o are the equations of three parallel straight 

lines; then the equation 

lu + mv + nw « o 

represents a straight line parallel to them. 
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4. With the notation of Ex. i, § 349, find the equations to DF, DE. 
Ans. lu + mv — nw = o, lu — mv + nw « o 

5. Prove that the lines 

V « Iw, w = mu, u = nv 
CO- intersect if Imn « i 

6. The joins of the vertices of a triangle ABC to a point O meet the 
opposite sides in A', B', C : if the equations of BC, CA, AB are 

u«o, v = o, w — o 

prove that AO, BO, CO may be represented by the equations 

mv « nw, nw « lu, lu = mv 

Prove also that BC, B'C ; CA, C'A; and AB, A'B' meet on the line 

lu + mv + nw « o 

[Note—^hovT that equation to B'C is 

— lu + mv + nw « o ; &c] 

7. Two triangles are such that the perpendiculars from the vertices of one 
on the sides of the other are concurrent ; prove that the perpendiculars from 
the vertices of the second on the sides of the first are concurrent. 

\_Note—UX sides be a, )3, y, a', ^', /. Denote A between (X, /3 by (aj3;. 
Then eq'n of X from {(Xp) on / is (§ ia8) 

a cos (fiY) - fi cos (a/) = o ; &c. 
The condition of concurrence is found to be 

cos (a/30 cos (/3/) cos iyOf) = cos (qL'0) cos Q3'y) cos (/a).] 

r 

CASES OF S — AS'= O 

§ 350. If S = o, S'= o are the equations of two conies; 
we have seen (§ 315) that 

S-AS^=o 
represents a conic through their intersections. 

We shall now consider some important cases of this equation. 

I. Suppose that one of the conies is a line-pair; it follows that— 

77ie equation 

S- ALM =0 
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represents a conic passing through the points in which the conic S = o 
is met hy the lines L = o, M = o. 

Ex. If TP, TQ, T'P, T'Q' are tangents to a conic, the six points T, P, Q, 
T', R, Q' lie on a conic. 

Let the given conic be 

x^/a^ + ys/b^ - i ; 

let (x'/), (x"/') be the co-ord's of T, T'. 
Then the equation 

V a« ^ b^ ) W b« 7 " Vl? b^ " / Vl?^ "b^ / 

represents a conic which evidently passes through the points 

(x « x', y - /) and (x - x", y - /') ; 

and also (by the preceding principle) through the inters'ns of S « o with 

their polars. 

(Wolstenholme, Edud Times ^ 6103.) 

§ 351. Again, let P, Q be the points in which the conic S = o 
is met by the line L = o, and P', Q' the points in which it is met 
by the line M = o ; and let us now suppose that P, Q move up 
to coincidence with P', Q' respectively. 

Then the chords PP', QQ' ultimately become tangents; and 
M = o becomes ultimately the same line as L = o. We see 
then that — 

II. The equation 

S-AU = o (i) 

represents a conic touching S ^=^ o at the points where it is met by the 
line L = o. 

That is, (1) represents a conic having double contact with S = o, ''along 
the line L." 

Note — Instead of (i) we may write 

S - L2 = o; 

for the multiplier A may be supposed to be implicitly included in L. 

Ex. I. We may deduce the equation of the tangents from (x'y') to 

<^ (x, y) = o 
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«</ litst P « o » Hk e^a to ^ poibr «f jT"/,. 
1*« ^jcyi^-AP* O 

M s CMttk vtodb htf dosUe cxHtact Mil 

«t iU Jtc n ecti g pt with tibe pobr <if r JT'yO ; >ad <^ tvo 1mi|^iHi are sadi 
a c<ttk detenubed by iSoe coDditjaD dut it a to pass ^xoag^ {^fy 

ExpRMMf tiMB that (f ^ is Mtiified bfx^^,y»^y, 

Tbif deiendMet A ; sod the r equ i red eqnaliaD is 

♦ (if, /. ♦ X y> - P* (Compare § 3x4) 

§ 352' Ex« 2« //fvf0 conies lume double cmti4utiinih a tkird^ them, tw9 tf 
tfuir common chordt cmdthc two chords ef cont4sct siuet in one poimt mnd form 
a harmonic pencil, 

Vof, faUractiog the equations 

8-L<-o, 8-M<-o 

wc obtain a conic throogh the intenections of these cooics ; viz. 

L« - M* « o 

But this conic is a line-pair. Hence two of the commoo chords are 

L^M-o, L-M-o 

But these lines form a harmonic pencil with 

L « o, M - o [§ 139, Cor' (I)] 

Ux. 3« The two diagonals of an inscribed quadrilaUral, and of the quadri- 
lateral whose sides are the tangents cU its vertices ^ meet in a point and form 
a harmonic pencil, 

This is a particular case of Ex. 2 ; the conies 

8 - L« - o, 8 - M* « o 

^)ein|; now supposed to reduce to line-pairs. 

§ 363. Again, as a particular case of II. it follows that — 
HI. The equation 

represents a conic louching the lines L = o, VA z^o at the points 
where it is met by the line R = o. 
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If we suppose the equations to the lines written in the standard form and 
interpret the equation q^o ^ ^^ 

we deduce the theorem — 

The product of the perpendiculars from any point of a conic on tTvo tangents 
varies as the square of the perpendicular from the point on the chord of contact. 

§ 3S4. The equation of a conic referred to two tangents and their chord 
of contact \j^ _ p2 

is evidently satisfied by the co-ordinates (L'M'R') of a point, if these co- 
ordinates are in the ratios 

L/ M^ R^ 

I " ft' " pi 
This may be called * the point /ui.* 

The equation to the join of the points /m, yf on the conic is (§ 347) 

L M R - o 

I fx2 > 

This reduces to 

/x/x'L - (fz + fzO R + M =» o (i) 

Putting jj/ ^ jJLvre get the equation of the tangent at JJ., viz. 

/x^L- a/xR + M -o (a) 

§ 3SS. Both the conies S = o, S' = o may be line-pairs. 

We have then the theorem — 

IV. The equation 

(Xy = \fiS (i) 

represents a conic circumscribing the quadrilateral whose sides are 

a = o, j8 = o, y = o, 5 = 

In fact the eq'n is evidently satisfied by the co-ord's of the 
vertices of the quadrilateral, which are the points of inters'n of 
the lines 

(a = o, ^ = o), (^ = o, y = o), (y = o, 5 = o), 

(5 = o, a = o). 

Let these points be A, B, C, D ; and let tTi, tTj, tTj, tt^ be the 
perpendiculars from any point P of the conic on the lines 

a = o, ^ = o, y = o, 5 = 0. 
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Then d) expresses diat 

— 5— • = coDstaot = A lit 

Aff^ 2aicaPAB»«,.AB^PA.PBaBAPB 

.-. X, = PA. PB BB APB/AB 

Similar tififfyinni naj be obtained liar x,, x^. x^. 

WbcB diese Tahws aic nbtfimtfd in >y it redaoes to 

mAPD.gnCPB _ 
snAPB.sinCPD ~ 
Hacc § 136:— 

Tlujeins cf a variable point on a cmdc to fomr fuced foimis on the comic form 
a pencil, wkosc cross mtio is c on st a nL 

§ 356. We mar DOW interpret the eqoatico 

AL* + /AM* + rN««o (i) 

This may be written 

- r N« = (L VA + M V^; (L v^A - M -/^jl 
The lines 

L VA + M V^ =0, L v^A - M V^ = o . . . ,2 



are .*. tangents, and N » o is their choid of oootact (§ ^3}. 

The pole of N » o is .'. the inters'n of the lines (2), i. e. it is the intcrsf'n of 
L a o, M = o. 

Similarly with reference to the poles of L » o, M = o. 

The equation (i) .*. represents a conic idiich is sndi that the lines L == o. 
M a o, N s^ o form a triangle which is self-coi^ngale with respect to it. 

§ 357. Ifu — o, v = o, w— oarethe equations of the sides of a giren 
triangle, the equation to any conic may be written in the fiorm 

au* + bv* + cw* + 2 fvw + a gwu + 2 huv = o . . • (i) 

For let iXiYi), (Xjy,), ... (x^yj) be five points 00 the conic; then expressing 
that the co-onFs of these points satisfy (i), and using the notation of § 346, 
we get five simple equations 

auj* + bv,* + ... = o, au,* + ... =^ o, . . . . 
These equations snffioe to determine uniquely the values of the five ratios 

a/h, b/h, c/h, 01, g/h. Q.E.D. 
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Cor' — Suppose that the conic (i) circumscribes the triangle 

(u = o, V = o, w = o) 

If (Xj Yi) are the co-ord's of the inteis'n of u =» o, v = o, the values of u, v, w 
for this point are o, o, Wj. As these values satisfy (i) we must have 

cwj* - o ; /. c « o 

Similarly a » o, b »« o 

The general equation of a conic circumscribing the triangle 

(u « o, V « o, w = o) 

is .*. fvw + gwu + huv « o 

Exercises 

1. An ellipse touches the asymptotes of an hyperbola ; prove that two of the 
common chords of the ellipse and hyperbola are parallel. 

2. Find the equation of an ellipse passing through the centre of the ellipse 

x«/a« + y2/b* - I 
and touching it at two adjacent extremities A, B of its axes. 
Ans, b^x^ + abxy + a'y* = ab (bx + ay) 

3. Find the circle having double contact with the same ellipse at the ends 
of its latus rectum. 

Ans. x« + y2 - 2 ae»x « a«(i - e^ - e*) 

4. A circle has double contact with an ellipse ; prove that the chord of con- 
tact is parallel to one of its axes. 

5. A circle has double contact with an ellipse at the extremities of a parallel 
to the minor axis ; prove that the tangent to the circle from any point on the 
ellipse is to the distance of the point from the chord of contact in the constant 
ratio e : i. 

6. Two circles have double contact with an ellipse, the chords of contact 
being parallel ; prove that the sum or difference of the tangents drawn to the 
circles from any point on the ellipse is constant. 

7. A, B, C, D are given points on a conic. On a line which moves parallel 
to itself and cuts AB, CD in P, Q and the conic in P^, Q^ a point O is taken 
such that OP. OQ - A OP. OO' 



334 Analytical Geometry [358. 



where A is constant; prove that the locus of O is a conic passing through 
A, B, C, D. 

[A<?/^— Let 8 = o, S' = o be eq'ns of line-pair AB, CD and given conic ; 
use § 31a.] 



THE FOCOIDS; RELATIONS OF CONICS TO THE LINE AT 

INFINITY 

§ 358. Since paraUels meet at infinity (§132) lines parallel to 

y = X v^ — I 
pass through a fixed point on the line at infinity. 

The fixed points in which the line at infinity is met by the lines 

y — X V — I = o, y + X V" — I = o . . . (i) 
are called the circular points at infinity. 

The shorter itrm/ocoids has been suggested by Dr. C. Taylor. 

These points are also often referred to as the points I, J (Sal- 
mon, Higher Plane Curves), 

The lines (i) have been called the isotropic lines through the 
origin; they are evidently parallel to the isotropic lines through 
any other point (x'y'), viz. 

y — / = ± (x — x') V — I 

We shall now prove some osefiil properties of the focoids. 

§ 359. All circles pass through the focoids. 

For the equation of the circle 

x* + y^ + 2gx + 2fy + c = o 
may be written 

(y + X v^- i) (y - X V' — i) 

= (— 2gx — 2fy — c) (o.x + o.y + i) 

It follows (§ 355) that the intersections of 

y + X V — I = o and o.x + o.y+ 1=0 
are points on the circle. 
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§ 360. Every right angle is divided harmonically by the isotropic 
lines through its vertex. 

Take the arms OA, OB of a right angle AOB as axes ; then 
the equations of the line-pairs (OA, OB) and (01, OJ) are 

xy = o and x' + y* = o 
These form a harmonic pencil (§ 141). 

§ 361.* If the axes of co-ordinates are oblique, the circle 
x* + 2xycosa)+y*+3gx + 3fy + c— o 
meets the line at infinity on the lines 

X* + a xy cos o) + y* « o (i) 

Hence equation (i), or its factors 
y + X (cos (o+V— isina)) = o, y+x (cos o) — V— i sin o)) = o . (2) 
represent the isotropic lines through the origin. 

§ 362> We can determine the cross ratio (^ in which any angle is divided 
by the isotropic lines through its vertex. 

Take the arms of the angle as axes ; then the rays of the pencil are x -• o, 
y = o and the lines given by eq'n (a) of the last §. 

Hence (§139) 

<^ = (cos 0) + V— I sin a>)/(cosa) — v^— i sin o)) 

.*. <^ ~ cos 2 0)+ */ — I sin a o) 

§ 363- The tangents to a conic from a focus are isotropic lines. 
Take the focus as origin ; let the eccentricity be e and 

X cos oc -I- y sin a — p = o 

the equation of the directrix. Then the conic is 

x^ -h y' = e"(x cos a -h y sin a — p)* 

Factorize the sinister of this equation; it follows (§ 353) that 

x + yV— 1=0, x — y V — 1 = o 
are tangents whose chord of contact is 

X cos a-l-ysinoc— p = o 
Thus the isotropic lines through the focus are tangents whose 
chord of contact is the directrix. 

♦ The beginner may omit %% 361, 36a, 366, 367, 369, 371, 37a. 



33^ Analytical Geometry [364. 

§ 364. All parabolas ttmch the line ai infinity. 
For the equation of any parabola may be written 

LM - Rs 

where 

L = Ix + my + n, M = o.x + o.y+i, R = Otx + ^y 

The tangents at the ends of the chord R <» o are .*. ($ 353) L » o and 
M ss o ; the latter being the line at infinity. 

DETERMINATION OF FOCI 

§ 365. A central conic kcLS two imaginary foci on its minor 
axis. 

The foci of the conic 

xya» + yYb»=i (i) 

may be determined by the process of § 287. 

Suppose then that the preceding eq'n (i) is equivalent to 
eq'n (2) of § 287. 

Compare coeff s of xy ; /. cos OL sin a = o 

/. either cos CX = o or sinOC = o 

Let cos OC = o ; then comparing coeff's of x we get x, = o. 

Equation (2) of §287 becomes now 

X* + (y - yj' = eMy - P)' .... (2) 

Compare corresponding coeff's in (i) and (2). 

/. a' = b* (i - e") = e* p» - y^* and y^ = pe» 
From these equations we deduce 

yi = ± V'b* — a', e = y^/b 

Thus the points (o, + Vb^ — a*) are foci. 

The other alternative sin OC = o gives the known foci 

(± VqF^^\ o). 

If — b* is written instead of b', this proof answers for the 
hyperbola. 
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S 366. A parabola has three foci at infinity. 
This follows from §§ 365, 263. 

S 367. From % 363 we deduce the following general conception of focL 

Draw tangents from the focoids I, J : their intersections form a qnadri- 
lateral, two opposite vertices S, S' of which are the real foci and the other two 
(T, (T* are the imaginary foci of the conic. 

Thus the conic is inscribed in the quadrilateral S a* S' o^. 

Cor' — A system of confocals is inscribed in a fixed quadrilateral S O" S' cr'. 

§368. To find the foci of the conic 

ax' + 2hxy + by* + 2gx + 2fy + c = o 

If (x'y') is a focus, the isotropic line through it 

y-/=(x-xOy'^i (i) 

is a tangent (§ 363). 

We must then substitute — V^ — i, i, x'y — i — y' for A, /t, v 
in the condition of § 323. 

Suppressing the accents, this gives 

- A + B + C(-x'+y'-2xy-/^)+ 2F(xy^i-y) 

+ 2Q(x + yA/— i) — 2H V^ = o ... (2) 

The equation of the other isotropic line through (x'y') is 
obtained by changing V— i into — -/— i in (i); the condition 
that it should be a tangent differs /. from (2) only in the sign 
of V— I. We may .•. equate to zero the real and imaginary 
parts of the sinister of (2). 

The foci are .*. determined as the intersections of the two loci 

C (x».- y') + 2 Fy - 2 Q X + A - B = o, 

Cxy - Fx - Qy + H = o 

These equations represent equilateral hyperbolas, unless C = o. 
In the latter case the conic is a parabola ; and the preceding equa- 
tions represent straight lines. 
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4. With the notation of Ex. i, § 349, find the equations to DF, DE. 
Ans. lu + mv — nw = 0, lu — mv + nw — o 

5. Prove that the lines 

V — Iw, w = mu, u == nv 
CO- intersect if Imn » i 

6. The joins of the vertices of a triangle ABC to a point O meet the 
opposite sides in A^ B', C^ : if the equations of BC, CA, AB are 

u-to, v=»o, w — o 

prove that AO, BO, CO may be represented by the equations 

mv •« nw, nw « lu, lu « mv 

Prove also that BC, WO' ; CA, C'A; and AB, A'B' meet on the line 

lu + mv + nw « o 

[Note — Show that equation to B'C is 

— lu + mv + nw « o ; &c] 

7. Two triangles are such that the perpendiculars from the vertices of one 
on the sides of the other are concurrent ; prove that the perpendiculars from 
the vertices of the second on the sides of the first are concurrent. 

[Note—UX sides be a. ^, y, a', ^', /. Denote A between «, /3 by (a)3). 
Then eq'n of X from (a^) on / is (§ ia8) 

a cos {fiy) - ^ cos (a/) » o ; &c. 

The condition of concurrence is found to be 

cos (a^O cos (/3/) cos (yaO « cos {Offf) cos Q3'y) cos (/«).] 

CASES OF S — AS'= O 

§ 350. If S = o, S' = o are the equations of two conies ; 
we have seen (§ 315) that 

S-AS^=o 

represents a conic through their intersections. 

We shall now consider some important cases of this equation. 
I. Suppose that one of the conies is a line-pair; it follows that — 
Tlie equation 

S- ALM =0 
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represents a conic passing through the points in which the conic S = o 
is met by the lines L = o, M = o. 

Ex. If TP, TQ, T'P, T'Q' are tangents to a conic, the six points T, P, Q, 
T', R, Q' lie on a conic. 

Let the given conic be 

xya« + y^/b^ - I ; 

let (x'/), (x"/') be the co-ord's of T, T'. 

Then the equation 
(yfyf!' //' \ /x2 ya \ /x'x /y \ /x^'x /'y \ 

represents a conic which evidently passes throagh the points 

(x - x', y « yO and (x - x". y - /') ; 

and also (by the preceding principle) through the inters'ns of S « o with 

their polars. 

(Wolstenholme, Edud Times^ 6103.) 

§ 351. Again, let P, Q be the points in which the conic S = o 
is met by the line L = o, and P', Q' the points in which it is met 
by the line M = o ; and let us now suppose that P, Q move up 
to coincidence with P', Q' respectively. 

Then the chords PP', QQ' ultimately become tangents; and 
M = o becomes ultimately the same line as L = o. We see 
then that — 

II. The equation 

S-AU = o (i) 

represents a conic touching S =■ o at the points where it is met by the 
line L = o. 

That is, (1) represents a conic having double contact with S «= o, ''along 
the line L." 

Note — Instead of (i) we may write 

S - L2 = o; 

for the multiplier A may be supposed to be implicitly included in L. 

Ex. I. We may deduce the equation of the tangents from (x'/) to 

<^ (X, y) = o 
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17. Prove that the join of the points of contact of rectangnlar tangents to 
two confocal ellipses (a, b), (aj, b^) envelopes the confocal 



/ aai bbi \ 

Vva* + bi« ' Va2 + bjV 



[Note — If the conies in Ex. i6 are now assumed to be confocal ; then if tan- 
gents at P, Q^ are at right angles, T describes the circle 

x« + y« = a« + bi«. 
Finish solution as in Note, Ex. 15.] 

18. The equations to the as3rmptotes of the hyperbola 

I /r = I — e cos ^ 

are abe - r (a sm + b cos 0) 

19. Two conies have a common focus 8; a variable line through 8 meets 
the conies in P and Q. Prove that the intersection of the tangents at P and Q 
describes a straight line. 

20. Two conies have a common focus ; prove that two of their conmion 
chords pass through the intersection of their directrices. 

21. A, A^ ; B, B^ ; C, C^ are three pairs of opposite summits of a quadri- 
lateral which circumscribes a parabola whose focus is 8. Prove that 

8A.8A'= 8B.8B'r. 8C.8C' 

22. Two parabolas have a common focus. Show that the locus of the 

intersection of two tangents, one to each, cutting at a constant angle, is a 

parabola. 

{Prof Purser.) 

23. Prove that the polar equation to the normal to the parabola 

r « a sec'* - 
3 

at the point Oi is 

a « r cot — cos — sm ( a I 

2 2 \ a/ 

If be the angular co-ordinate of the point at which the normals at 

tX, )3, y intersect, prove that 

3(? - a + ^ + y 

24. A circle is described with the focus 8 of a conic as centre; a line 
through 8 meets the circle in P and the conic in Q. 

Prove that the tangents at P and Q intersect on a common chord of the 
circle and conic. 
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25. Show that the locus of the extremities of the latera recta of parabolas 
which have a common focns and a common tangent consists of two circles. 

26. Given the focus and directrix of a conic ; show that the polar of a given 
point with respect to it passes through a fixed point. 

27a A circle circumscribes the triangle formed by tangents to a parabola at 
three points A, B, C. If p is its radius, prove that 

apsi « SA.SB.SC 

where S is the focus of the parabola, and a I its latus rectum. 

28. Two conies have a common focus ; then axes are inclined at an 
angle /3. Show that the conies touch if 

(I _ r)a - |ae'2 + V^e'^ - aee'll' cos^ 
where e, e' are the eccentricities, and I, K the semi latera recta. 

iJVotg — If (X is the vect' A of a point of inters'n of the conies 
l/r ~ I — e cos Of V/r » i — e' cos (d + )3) 
the tangents at that point are 

l/r = cos (d - a) - e cos 6, I'/r « cos (d - a) - e' cos (d + fi) 

These equations may be written in the form 

l/r- A cos d + Bsind 

These tangents .*. coincide if 

(cos Of - e)/l = (cosa - e'cos)3)/l' 

and sin (x/\ = (sin a + e' sin )3)/l' 

The result is now obtained by eliminating CX.] 

29. Two conies have a common focus, about which one is turned ; show 
that the common chords envelope a conic having a focus at the given focus. 

{S, Roberts^ Educf Times^ xxxix.) 

30. Two ellipses have a common focus ; one revolves about this focus while 
the other remains fixed. Prove that the locus of the point of intersection of 
their conmion tangents is a circle. 
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CHAPTER XIII 

ABRIDGED NOTATION; MISCELLANEOUS 

PROPOSITIONS 

THE STRAIGHT LINE 

§ 343. In §§ 126-130, 1 39-1 4 1, 148, we have given some 
account of the abridged notation of the straight line ; we shall now 
give some other propositions. 

We shall (as agreed on in $ 127) use Greek letters (X, )3, &c. as abbrevia- 
tions for expressions of the form 

xcos(X + ysinOC~p; 

and English letters u, v, w, or L, M, N, for expressions such as 

Ax + By + C 

§ 344. ^u = o, v=o, w = o are the equations to three 
given straight lines which form a triangle ; then the equation 

lu + mv + nw = o 

may^ by giving suitable values to the ratios I : m : n, be made to 
represent any straight line whatever. 

Let the given lines form a triangle ABC {^g' ^ 138); and let 
any other line meet the sides of this triangle in D', E, F. 

The line BE passes through B, the intersection of u = o, 
w = o ; it may /. be represented (§ 126) by the equation 

lu + nw = o 
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The line FE passes through E, the intersection of BE and 
V = o ; it may .*. be represented by the equation 

(lu + nw) + mv = o, or lu + mv + nw = o Q.E.D. 

S 345. The preceding general result is of course applicable to the 
particular case when the equations of the given lines are expressed in the 
standard form. 

Thus OC ^ o, )9*o, y^o being the equations to the sides of a fixed 
triangle in the plane of reference, the equation to any other line may be 
expressed in the form 

la + m)3 + ny*o (i) 

This equation expresses a relation between the lengths of the perpendiculars 
from any point of the line on the sides of the given triangle (which may be 
called the triangle of reference), Trilmear co-ordinates are thus suggested ; 
the trilinear co-ordinates of a point are its perpendicular distances from the 
sides of the triangle of reference. Looking at equation (i) we see that any 
homogeneous equation of the first degree in trilinear co-ordinates represents a 
straight line. 

§ 346 •* More generally, let the equations to the sides of the triangle 
of reference be 

u=Ax+By + C = o, v = A'x + B'y + C - o, 

w « A"x + B"y + C" - o 

I^t Ui , Vi , Wj denote the values of u, v, w respectively when we substitute 
Xi, Yi for X and y ; and Ug, V2, w^ their values when we substitute X2, yj 
for X and y. 

Then (§ 76) 



Ui « VA* + B^ X perpendicular from (x^ y^) on u — o ; &c. 

Thus we may speak of the u, v, w of a point as its co-ordinates ; these 
co-ordinates being constant multiples of its perpendicular dbtances from the 
sides of the triangle of reference. 

5 347. To find the equation to the join of the points (UiViWj), (U2V2W2). 

Let the required equation be 

lu + mv + nw — o (i) 

♦ The beginner may omit §§ 346-349, 354, 356, 357 until after he has read 
the early part of Chap. XIV. 
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Then we must have 



lui + mvi + nw, « o } 

, > (2) 



The eq'ns (a) determine the ratios I : m : n ; viz. 

I m n 



ViWj — V2W1 Wi Us — Wa Ui U1V2 — U2V, 
If these values are substituted in (i) we obtain the required equation. 
The result may of course be written 

u V w 

Ui V, Wi 

Uj Va W2 

§ 348* It should be noticed that a homogeneous equation 

lu + mv + nw — o 

in reality expresses a relation between hvo of the ratios u : v : w ; for the 

equation may be written 

, u V 

w w 

This is unaltered if we substitute ku, kv, kw for u, v, w. 

§ 349* Ex. I. We may apply these principles to prove the theorem 
of § 138. 

Let the equations to BC, CA, AB and FE be 

u « o, V — o, w « o, lu + mv + nw — o 

Then mv + nw - o (i) 

is the eq'n to a line through the inters'n of v « o, w «» o, i. e. through A. 
But (i) may be written 

(lu + mv + nw) — lu ^ o 
The line (i) .-. passes through the inters'n of 

lu + mv + nw « o and u « o 
i. e. through D'. 

Hence (i) is the eq'n to AD'. 

Similarly the equations to BE, CF are 

lu + nw = o (a) 

lu + mv — o (3) 

Subtracting (a) from (3) we see that the equation 

mv — nw =s o (4) 

represents a Ime through the inters'n of BE, CF; L e. through O. 
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Hence (4) is the equation to AO. 

But the lines (i), (4) form a harmonic pencil with v » o, w *» o [§139, 
Corf (i)]. 

Ex. 2, ABC, A'B'C are two triangles. BC, B'C meet in P ; CA, CW 
in Q and AB, A'B' in R. If P, Q, R are collinear, show that AA', BB', CC 
are concurrent. 

Let the equations to BC, CA, AB, and PQR be 

a = o, )3 = o, y«o, IO( + m/3 + ny-iO 

By suitably choosing K, the equation 

Ka + m)3 + ny « o (i) 

will represent any line through the inters'n of 

a«o, la+m)3 + ny«o 

Hence we may take (i) as the equation to B'C. 

Similarly the eq'ns to CA', A'B' are 

Ja + m')3+ny = o (2) 

la+m^+n'y-o (3) 

Subtracting in pairs the eq'ns (i), (a), (3) we obtain the equations to 
AA', BB', 00' \ viz. 

(m - m') /3 - (n - n') y, (n _ n') y - (I - I') Of, 

(I - I') a = (m - m') ^ 

The third of these equations is a consequence of the other two ; and .*. the 
three lines co-intersect. 

Exercises 

1. What is represented by the equation 

Of + C r= o? 
Ans. A straight line parallel to Of *■ o. 

2. Ifu =0, v = o represent parallel straight lines; show that 

u + V s o 
represents a parallel midway between them. 

3. If u — o, V — o, w » o are the equations of three parallel straight 

lines; then the equation 

lu + mv + nw = o 

represents a straight line parallel to them. 
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4. With the notation of Ex. i, § 349, find the equations to DF, DE. 
Ans. lu + mv — nw = 0, lu — mv + nw — o 

5. Prove that the lines 

V = Iw, w = mu, u = nv 
co-intersect if Imn =» i 

6. The joins of the vertices of a triangle ABC to a point O meet the 
opposite sides in A', B^, C : if the equations of BC, CA, A6 are 

u— o, v=»o, w-o 

prove that AO, BO, CO may be represented by the equations 

mv — nw, nw « lu, lu « mv 

Prove also that BC, B'C ; CA, C'A; and AB, A'B' meet on the line 

lu + mv + nw « o 

{^ATcig — Show that equation to B'C is 

— lu + mv + nw « o; &c.] 

7. Two triangles are such that the perpendiculars from the vertices of one 
on the sides of the other are concurrent ; prove that the perpendiculars from 
the vertices of the second on the sides of the first are concurrent. 

INctg—Let sides be a, /3, y, «', )3', /. Denote A between «, )3 by (a/3). 
Then eq'n of X from (a/3) on / is (§ ia8) 

a cos (fiy) - )3 cos (a/) « o ; &c. 
The condition of concurrence is found to be 

cos (a)30 cos (/3/) cos (yaO - cos (a'^) cos (/3'y) cos (/«).] 

CASES OF S — AS'= O 

§ 350. If S = o, S' = o are the equations of two conies ; 
we have seen (§ 315) that 

S-AS^=o 

represents a conic through their intersections. 

We shall now consider some important cases of this equation. 
I. Suppose that one of the conies is a line-pair; it follows that — 
TAe equation 

S- ALM =0 
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represents a conic passing through the points in which the conic S = o 
is met by the lines L = o, M = o. 

Ex. If TP, TQ, T'P, T'Q' are tangents to a conic, the six points T, P, Q, 
T', R, Q' lie on a conic. 

Let the given conic be 

x^/a^ + yy b" - I ; 

let (x'Z), (x"/' ) be the co-ord's of T, T'. 
Then the equation 

V a* ^ b» 7 W b« V ■" Va« ^ b* ~ V V"S^ b« / 

represents a conic which evidently passes through the points 

(x - x', y = yO and (x - x'^ y - /O ; 

and also (by the preceding principle) through the inters'ns of S -< o with 

their polars. 

(Wolstenholme, Edud Times y 6103.) 

§ 351. Again, let P, Q be the points in which the conic S = o 
is met by the line L = o, and P', Q' the points in which it is met 
by the line M = o ; and let us now suppose that P, Q move up 
to coincidence with P', Q' respectively. 

Then the chords PP', QQ' ultimately become tangents ; and 
M = o becomes ultimately the same line as L = o. We see 
then that — 

II. The equation 

S-AU = o (i) 

represents a conic touching S = o at the points where it is met by the 
line L = o. 

That is, (1) represents a conic having double contact with S « o, "along 
the line L." 

Note — Instead of (i) we may write 

S - L2 « o ; 

for the multiplier A may be supposed to be implicitly included in L. 

Ex. I. We may deduce the equation of the tang^its from (x'y') to 

</) (X, y) = o 
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Let P = ax'x + h (x'y + y'x) +... 

so that P « o is the eq'n to the polar of (x'/). 

Then </)(x.y)-AP« (i) 

is a conic which has double contact with 

<t> (X, y) - o 

at its intersections with the polar of (x'y') ; and the two tangents are such 
a conic determined by the condition that it is to pass through (x'y'). 

Expressing then that (i) is satisfied by x « x', y «* y', 

<l> (X'. /) = A [<^ (X', /)]' 
This determines X ; and the required equation is 

<f> (x', /) (f) (X, y) « P« (Compare § 324) 

8 352* Ex. 2. If two conies have double contact with a thirds then two of 
their common chords and the two chords of content meet in one point and form 
a harmonic pencil. 

For, subtracting the equations 

S - L« = o, S - M« « o 

we obtain a conic through the intersections of these conies ; viz. 

L« - M« = o 

But this conic is a line-pair. Hence two of the common chords are 

L + M— o, L— M=o 

But these lines form a harmonic pencil with 

L = o, M - o [§ 139, Corf (I)] 

Ex. 3. The two diagonals of an inscribed quadrilcUercUt and of the quadri- 
lateral whose sides are the tangents at its vertices, meet in a point and form 
a harmonic pencil. 

This is a particular case of Ex. 2 ; the conies 

S - L2 « o, S - M« « o 

being now supposed to reduce to line-pairs. 

§ 353. Again, as a particular case of II. it follows that — 
III. The equation 

represents a conic touching the lines L = o, M = o a/ M^ points 
where it is met by the line R = o. 
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If we suppose the equations to the lines written in the standard form and 
interpret the equation q^q ^ ^^ 

we deduce the theorem — 

The product of the perpendiculars from any point of a conic on two tangents 
varies as the square of the perpendicular from the point on the chord of contact. 

§ 354. The equation of a conic referred to two tangents and their chord 
of contact L|^ _ pa 

is evidently satisfied by the co-ordinates {\JWRf) of a point, if these co- 
ordinates are in the ratios 

I " M» * M 
This may be called * the point /ix.* 

The equation to the join of the points ft, \i' on the conic is ($ 347) 

L M R 

I \i'^ 11/ 
This reduces to 

jUifi'L- (fi + fiOR + M = o (i) 

Putting 11' ^ fJLwe get the equation of the tangrat at fi, viz. 

fi^L - afiR + M «o (a) 

§ 355. Both the conies S = o, S' = o may be line-pairs. 
We have then the theorem — 
IV. The equation 

ay = Ai85 (i) 

represents a conic circumscribing the quadrilateral whose sides are 

a = o, /8 = o, y = o, 5 = 

In fact the eq'n is evidently satisfied by the co-ord's of the 
vertices of the quadrilateral, which are the points of inters'n of 
the lines 

(a = o, ^ = o), (^ = o, y = o), (y = o, 5 = o), 

(5 = o, a = o). 

Let these points be A, B, C, D ; and let tTj, tTj, tTj, tt* be the 
perpendiculars from any point P of the conic on the lines 

a = o, ^ = o, y = o, 5 = 0. . 
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Then (i) expresses that 

» 

— — ? = constant = A (2) 

Again, a area PAB « Wj . AB = PA . PB siii APB 

/. TTa = PA . PB sin APB/AB 

Similar expressions may be obtained for 'TTg, 774, TTi- 

When these values are substituted in (a) it reduces to 

sin APD . sin CPB ^ 
sin APB. sin CPD "" ^ 
Hence (5 136) — 

The joins of a variable point on a conic to four fixed points on the conic form 
a pencil y whose cross rcUio is constant, 

r 

§ 3S6. We may now interpret the equation 

XL« + fiM« + j;Na -=o (i) 

This may be written 

- i;N2 == (L VA + M V^) (L VX - M V3]I) 
The lines 

L VX + M V^ = 0, L VX - M V^ = o . . . (2) 

are .*. tangents, and N « o is their chord of contact (§ 353). 

The pole of N = o is .*. the inters'n of the lines (2), i. e. it is the inters'n of 
L =» o, M = o. 

Similarly with reference to the poles of L ^s o, M = o. 

The equation (i) .*. represents a conic which is such that the lines L = o, 
M =s o, N = o form a triangle which is self-conjugate with respect to it. 

§ 357. If u = o, V = o, w = o are the equations of the sides of a given 
triangle, the equation to any conic may be written in the form 

au* + bv^ + cw* + 3 fvw + 3 g;wu + 3 huv = o . . . (i) 

For let (XiYi), (X2y2), ... (Xgys) be five points on the conic; then expressing 
that the co-ord^s of these points satisfy (i), and using the notation of § 346, 
we get five simple equations 

aui* + bvx" + ... = o, aua" + ... =^ o, . . . . 
These equations suffice to determine uniquely the values of the five ratios 

a/h, b/h, c/h, f/h, g/h. Q.E.D. 
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Cor' — Suppose that the conic (i) circomscribes the triangle 

(u = o, V = o, w « o) 

If (Xj Yi) are the co-ord's of the inteis^n of u = o, v « o, the values of u, v, w 
for this point are o, o, Wj. As these values satisfy (i) we must have 

CWj* — o ; /. c - o 

Similarly a » o, b »" o 

The general equation of a conic circumscribing the triangle 

(u — o, V = o, w = o) 

is .-. fvw + g:wu + huv « o 

Exercises 

1. An ellipse touches the asymptotes of an h3rperbola ; prove that two of the 
common chords of the ellipse and h]rperbola are parallel. 

2. Find the equation of an ellipse passing through the centre of the ellipse 

x^/a* + y2/b« - I 
and touching it at two adjacent extremities A, B of its axes. 
Ans, b'x^ + abxy + a'y" = ab (bx + ay) 

3. Find the circle having double contact with the same ellipse at the ends 
of its latus rectum. 

Ans, x» + y2 - 2 ae»x « a2(i - e« - e*) 

4. A circle has double contact with an ellipse ; prove that the chord of con- 
tact is parallel to one of its axes. 

5. A circle has double contact with an ellipse at the extremities of a parallel 
to the minor axis ; prove that the tangent to the circle from any point on the 
ellipse is to the distance of the point from the chord of contact in the constant 
ratio e : i. 

6. Two circles have double contact with an ellipse, the chords of contact 
being parallel ; prove that the sum or difference of the tangents drawn to the 
circles from any point on the ellipse is constant. 

7. A, B, C, D are given points on a conic. On a line which moves parallel 
to itself and cuts AB, CD in P, Q and the conic in P^, Q"^ a point O is taken 
such that OP. OQ -> X OP'. OQ' 
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4* A parabola whose latns rectum is 4 a slides between two rectangular 
axes ; find the carve traced by its focos. 

Ans. x^y* « a*(x* + y*) 
[A^/— Find lengths of X.% on 

y«=mx + a/m, y— — x/m-am 
from (a, o) ; call these lengths x and y. Then eliminate m.] 

5. Find also the cnire traced by the vertex. 

Ans. x^y» + x»y» « a* 

6. If one of the common chords of a circle and a rectangular h]rperbola is a 
diameter of the circle ; prove that another conmion chord is a diameter of the 
hjrperbola. 

7* Prove that if a parabola be described with a point on an ellipse as focus, 

and the tangent at the correspcmding point on the auxiliary circle as directrix, 

it passes through the foci of the ellipse. 

{Prof J, Purser,) 

8. A series of parabolas whose axes are parallel have a common tangent at 
a given point. Prove that if parallel tangents are drawn to the parabolas the 
points of contact lie on a straight line through the given point. 

9* If p> p^ are the perpendiculars frx>m the fod of an ellipse upon any 
chord, R the semi-diameter parallel to the chord, prove that 

2R« 



length of chord = — j^ ^ __ pp^ 



10. CP, CD are conjugate radii of an ellipse, AA', BB^ the axes. 

Prove (1) that PA . PA' = DB . DB'; 

and (a) the bisectors of the angles APA', BDB' are at right angles. 

{Prof Getuse,) 

11. Given a focus, a tangent and the eccentricity of a conic; prove that 
the locus of the other focus is a circle. 

12. Tangents from any point T meet an ellipse in P and Q, so that, S 
being a focus, SP . SQ oc ST*. Prove that the locus of T is a similar 
ellipse. 
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13. Given a focus and two tangents to a conic; prove that the chord of 
contact passes through a fixed point. 

14. If a parabola always touches a given straight line and has double 
contact with a fixed circle, then the chord of contact passes through a fixed 
point. 

15. Show that the normals at the points of intersection of the ellipse (a, b) 
with the polars of the points (x'y'), (x'^y'') are concurrent if 

x'x'ya* = //'/b* - - 1 

16. The normals at the points P, Q, R, S on the ellipse (a, b) are 
concurrent. Prove that two parabolas can be drawn through P, Q, R, S, 
and that the angle between their axes is 

2 tan-^b/a. 

17> Four normals to an ellipse are concurrent. Prove that perpendiculars 
to these normals firom an extremity of the axis major meet the ellipse in four 
points which lie on a circle. 

[^Note — The ecc' As of the extremities of the chord J. normal at the point 
whose ecc' A is (X are o, a (X ; use eq'n (4), § 374 and § 311, Ex. i.] 

18. Show that the equation of the normal to the conic 

xy « M 

at the point (k X, k/A.) is 

(X' — X cos co) X + (X' cos 0) - X) y = k (X* - i) 

where o) is the angle between the axes of co-ordinates. 

If the normals at the points P, Q, R of the above conic meet at a point on 
the curve, prove that the centroid of the triangle PQR lies upon the conic 

9 xy « k* cos^ 0) 

19. If the normals to a conic at L, M, N, R meet in O, and S is a focus, 
^^^^ e^SL.SM.SN.SR = b^.SO^ 

{Frof Bumside, Edud Times, 1708.) 

20. Show that the product of the three normals that can be drawn from 
the point (x^yx) on the ellipse (a, b) is 



aab(a«-e2xi2)*/(a«-.b«) 



21. The sum of the squares of the four normals from a point to an ellipse 
is constant ; prove that the locus of the point is a conic. 

A a 
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22. If the circle of curvature of the ellipse (si, b) at the point whose eccen- 
tric angle is <f} passes through the centre of the ellipse, prove that 

tan«<() « (a« - 3 b2)/(2a2 - b«) 

23. If pf f/ are the radii of curvature at the extremities of two conjugate 
diameters of the ellipse (a, b), then 



pi + p'* . (a« + b«)/(ab)* ^^^ ^^^_^ 



24. Any chord of curvature of a parabola is divided by the axis in the 
'^^^^ ' • 3. (Prof Curtis.) 

[Note — The sum of the ordinates Yi , Ya > Ys > Y* of the intersections of a circle 
with the parabola is zero ; put 

Ya - Ys *= Y4, &C-] 

25. Find the equation of the parabola which meets the ellipse (a, b) in four 
coincident points (x^Y^) ; and show that the equation of its axis is 

x/x' - y// - (a« - b'^Cx^a + /«) 

26. Prove that the centres of curvature at the points (x^ Yi)> (^Ys)> (^sYs) 
on the parabola y^ ^ 4 ax are collinear if 

Y1Y2 +Y2Y8 + YsYi - o 

27. From O, the centre of curvature at any point on the ellipse (a, b), 
the other normals OQ, OR are drawn to the ellipse; prove that the locus 
of the mid point of QR is 

(xya2 + y^/b^f « x«Y'/(a«b«) 

28. Show that the latus rectum of the parabola which has contact of the 
third order at P with an ellipse, whose centre is C and axes 2 a, a b, is 



3a2 



byCR 



29. The locus of the pole of a given straight line with respect to one of 
a given system of co-axal circles is a hjrperbola whose asymptotes cut the line 
of centres in points equidistant from the radical axis, and which becomes two 
straight lines, if the given line passes through one of the limiting points. 

30. Two circles have double internal contact with an ellipse, and a third 
circle passes through the four points of contact. If t, t^, T be the tangents 
from any point on the ellipse to these circles, then 

T2-tf 

{Prof Crqfton, Eduef Times, 1994.) 
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31. Show that a tangent to the conic 

xy(b + bO + y^Ca + aO = i/(ab' + a'b) 
is cut harmonically by the conies 

ax2 + by* « I, aV + b'y* = i 

32. If the normals to the conic 

l/r « I — e cos ^ 

at the points 2(X, 2 ^, 2y meet on the curve, then 

(i + e)* cos (a + ^ + y) — a e cos a cos )3 cos y 

33. Prove that all conies through the extremities of the principal axes 
of the ellipse (a, b) are cut orthogonally by the hjrperbola 

x^a* - yy b" - (a2 - b«y(a« + b«) 

{Prof Croftoftf EdtK* Times, i6oa.) 

34. A series of parabolas have AB, the hypotenuse of a given right-angled 
triangle ABC, for a common chord, whilst their axes are parallel to the side 
AC. Prove that their foci all lie on a hyperbola of which A and B are the 
foci ; and show that if the triangle is isosceles, the hyperbola will be equi- 
lateral. 

35. The centre of a conic and two tangents are given ; prove that the locus 
of the foci is a rectangular hyperbola. 

36. The rectangle under the tangents from (x^ yO to the ellipse (a, b) is 

^A_ Vrx* - y2 - a2 + b2)« + 4x«y« 

Oj + I 

where Sj = x^j^^ + yi^ b» - i 

Hence find the locus of a point such that the rectangle under the tangents 
from it to a given conic is equal to the rectangle under the tangents to a given 
confocal conic. ^^^^yz j p^^ser,) 

37. From a fixed point O a tangent OT is drawn to one of a system of 
confocal conies, and a point P is taken on the tangent, such that OP. OT 
is constant ; prove that the locus of P is a rectangular hyperbola. 

{Prof J, Purser.) 
A a 2 
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38. PQ is the chord of contact of tangents OP, OQ to a conic whose 
centre is C, and Ibd S, S^, and OC cats PQ in V; prove that 

OP.OQ : OS.OS' - OV: OC 

39. A circle passes throogfa the focos of a parabola and cats the parabola 
at angles fdiose som is constant. Prove that the locas of its centre is a straight 
line. 

40. Two fixed tangents OP, OQ to a parabola are met by a variable 
tangent in P and Q ; prove that the locos of the dream-centre of the triangle 
OPQ is a straight line. 

41. Prove that normals drawn to the ellipse (a, b) from a point oa either 

of the straight lines 

a'x* — b'y* «« o 

meet the curve in points, a pair of whose connectors are paralleL 

42. To a rectangalar h3rperbola with centre C and focas S normals are 
drawn from a point P. Show that, if these normals make angles 0i, 0^, ... 
with one of the asymptotes, 

2cosec2d = CP«/CS« 

43. If from any point on a given normal to a conic three other normals 
be drawn ; prove that the circle through their feet belongs to a fixed co-axal 

»y^«™- (Mr. F. Purser,) 

44. Throngh a fixed point O within an ellipse is drawn any pair of conju- 
gate lines, and parallel to these are drawn a pair of tangents meeting them in 
R and R' and one another in T. Prove that the locus of T is an ellipse, and 
that the locus of R and R^ is a similar ellipse which has double contact with 
the given ellipse at the extremities of the diameter through O. 

46> If the line joining P, the intersection of two tangents to an ellipse 
to the intersection of the corresponding normals is cut by the axes of the ellipse 
in a constant anharmonic ratio, the locus of P is a concentric conic 

{Prof Purser,) 

46. If three sides of a quadrilateral inscribed in a conic pass through three 
fixed points in a straight line, prove that the fourth side passes through a fixed 
point in the same straight line. 

\^Note — The given line is cut by the conic and sides of quad^ in six points in 
involution (§ 391) ; and as five of these points are fixed, so is the sixth.] 
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47. If 

n = ^ cos J («! + (Xa) + ^ sin J ((Xj + Otj) - cos J («! - Otj)* &c. 

prove that the equation 

13 • 34 • 56 -33 '45 -61 = o (i) 

includes as part of its locus the ellipse (a, b). What is the remaining part 
of the locus? {Prof Purser,) 

{Note — We find that the sinister of (i) vanishes identically if we substitute 
a cos d, b sin ^ for x, y ; we infer that 

xya« + y«/b« - I 

is a factor. The other part of the locus (i) is a straight line through the points 

("» 45)> (34> 61), (56, 23) 
This affords a proof of Pascal's Theorem (see § 431).] 

48. Interpret the equation 

(a + 1 6) (^ + m 6) (y + n 8) = (« - 1 8) (/3 - m 8) (y - n 8) 
Ans, The equation represents the line 8*0 and the conic 

I /3y + m ya + n a/3 + Imn 8* « o 
This conic passes through the six points 

(a + 18 = o, /3- m8 - o). ... 

49. TP, TQ arc tangents to a conic. The circle through T, P, Q cuts 
the conic again in P, Q' ; tangents at P, Q' meet in T'. Show that CT, CT' 
are equally inclined to the axis, and that 

CT. CT' = CS*, 
C being the centre, and S a focus of the conic. 

{Leudesdoff, Edtuf Times ^ 6103.) 

\Note — If T is (x'y'), and T (x^'y"), the equation of the conic through 
T, P, Q, T', R, Q' is given, Ex., § 350. Express cond'ns that this eq'n 
represents a circle.] 

60. TP, TQ are tangents to a parabola ; the circle through T, P, Q meets 
the parabola again in R, Q', and the tangents at R, Q' meet in T'. Prove 
that TT' passes through the focus. 

61. T and T' are points external to a parabola ; TP, TQ, T'R, T'Q' are 
tangents to the parabola. If TT' is bisected by the parabola, prove that the 
six points T, P, Q, T', R, Q' lie on another parabola. 
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62. A conic is drawn through a point P and the feet of the normals from 
it to an ellipse. Show that its centre is the centroid of the points in which 
a circle of any laditis meets the ellipse, the centre of the circle being at P. 

63. PQy P^Q^ are chords of a conic, normals at P and P^; the tangents 
at P and R meet in T, and the tangents at Q and Q' meet in T'. Prove that 
if T describes a straight line, so does T^. 

64. If the axis of a parabola which touches two fixed lines passes through 
a fixed point, prove that the focus lies on a rectangular h3rperbola. 

66. If the chords PQ, RQ^ of a conic are such that each contains the pole 
of the other, prove that the points P, Q, P^, Q' subtend a harmonic pencil at 
every point of the conic. 

\_Note—ljtt tangents at P, Q meet m T ; let PQ meet PQ' in T'. Take P 
for the fifth point on the conic ; then one ray of the pencil is the tangent PT. 

Then {P. PPQQ'} = {TPT'Q'} -=-!(§ 308).] 

66. If the origin is within the quadrilateral formed by the lines (X, /3, y, 5, 
determine the value of k in order that the equation 

a/3 = kyh 
may represent a circle. 

Ans. k — — I 

67. A line through the focus of a conic meets the tangents at the ends 
of the transverse axis in P, Q : prove that the circle whose diameter is PQ 
has double contact with the conic. (Prof Genese ^ 

68. The directrices are common chords of a conic and its director circle. 

{Prof Genese.) 

69. A circle cuts a rectangular hyperbola in P, Q, R, S. Prove that the 
join of their centres is bisected by the centroid of P, Q, R, S. 

(A D, Thomson, Echitf Times, 5995.) 

60. If five points lie on a circle, radius r, prove that the centres of the five 
rectangular hyperbolas which pass through them, taken four and four together, 
lie on another circle whose radius is r/a. 

(/ Griffiths, Educf Times Reprint, V., page 56.) 

61. An ellipse has double contact with each of two concentric circles ; show 
that the loci of its centre and its foci are circles. 
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62. Two supplemental chords of an ellipse PQ, RQ meet the tangents 
at R and P in T', T respectively ; prove that 

PT.RT' 

is constant. 

63. A conic is drawn passing through two given points and having double 
contact with a given conic ; prove that the chords of contact pass through one 
or other of two fixed points. 

64. A point describes a straight line ; prove that the locus of the intersec- 
tion of its polars with respect to two fixed conies is a third conic. 

66. If the common tangents of the curves 

y2 - 4ax, x« + (y - b)« « r^ 
make angles OL, /3, y, b with the axis of x, prove that 

2 (tan a) = o 

66. Show that the equation 

c tan* a « r (sec (X + cos $) 
where OC is a variable parameter, represents a system of confocals. 

67. A fixed tangent to an ellipse meets the major axis in T ; Q and Q^ are 
two points on the tangent equidistant from T. Show that the second tangents 
which can be drawn from Q, Q' to the ellipse meet on a fixed straight line 
parallel to the major axis. 

68. A variable circle whose diameter is D passes through a fixed point O 
and intersects a given conic in L, M, N, R : prove that 

OL.OM.ON.ORoc D2 

69. Two concentric circles are cut by a conic in the points M, N, P, Q and 
M', N^ R, Q' respectively: show that a conic can be described through 
M, N, P, Q whose asymptotes are M'N', P'Q^ 

70. A line through P cuts a conic in Q, Q'. If N is the foot of the per- 
pendicular from P on the polar of P, prove that NQ, NQ' make equal angles 
with NP. 

71. An ellipse of semi-axes a, b slides between two rectangular axes. Prove 
that the equation to the locus of its real foci is 

y2 ^x2 - b2)2 + x2 (y2 - b^)* + 2 xy (x2 - b^) (y2 - b2) « 4 x^ y* (a* - b*) 
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72. PP^ is a diameter of a conic If from points on a fixed chord through 
P^ tangents be drawn meeting the tangent at P in R, R^ : prove that 

PR + PR' 

is constant. 

73. A system of conies passes through fodr fixed points, of which P, Q are 
two ; PX, QY are two fixed lines meeting any conic of the syistem in X, Y. 
Prove that XY passes through a fixed point 

74. The polar of a point P with respect to an ellipse always touches a fixed 
circle whose centre is on the major axis, and which passes through the centre 
of the ellipse. Prove that the locus of P is a parabola whose latus rectum is a 
third proportional to the diameter of the circle and the latus rectum of the 
ellipse. 

76* Prove that the polar of the origin with respect to the general conic 
S K o is a normal if 

fa(f8- be) + ifg(fg- he) + g*(g*-ae) = o 

76. Prove that the two conies 

ax* + 2 hxy + by" « i, a'x* + 2 h'xy + b'y" = i 

may be placed so as to be confocal if 

(a - b)* 4 4 h8 (a^ JO^jfj+h^ 
(ab-h2)2 " (a'b'-h'*)" 

77. O is a given point on a conic; OP, OQ are any chords through O. 
Parallels through P, Q to OQ, OP meet the conic in R, S. Prove that RS is 
parallel to the tangent at O. 

78. Two similar conies have a common focus. Prove that a pair of their 
common chords intersect at right angles. 

79. Through a fixed point O on a conic a chord OP is drawn ; the circle 
whose diameter is OP cuts the curve again in Q, Q^ Prove that QQ' passes 
through a fixed point. 

80. With the notation of Ex. 32, page 305, the equation of the joins of the 
extremities of the axes of S » o is 

2 h (ua - v«) - 2 (a - b) uv « ± (ab - M)* {(a -6)^ + 4 h«}4. S 

81. Prove that the locus of the extremities of the principal axes of conies 
through the four points (+ a, o), (o, + b) is the curve 

(x^/aa - yy b") (x* + y^) - x« - y» 
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82. Prove that the product of the latent recta of the two parabolas which 
can be described through four concyclic points is 

i (di^ _ da«) sm (I) 

where d^, d2 are the diagonals of the quadrilateral; co the angle between 
them. 

83. Prove that an ellipse which has double contact with two fixed confocals 
has a fixed director circle. 

84. Tangents are drawn to the parabola 

2 a = r (i + cos ^) 

at the points 2% 2/3, 2 y, 2d: circles are described about the triangles formed 
by the tangents taken three at a time : and circles are described through the 
centres of these circles taken four at a time : show that the five centres of these 
circles lie on the circle 

4 r cos OC cos /3 cos y cos S « a cos (^ — (X — /3 — y — 6) 

86. The third diagonal of a quadrilateral inscribed in a circle and circum- 
scribed to a parabola passes through the focus of the parabola. 

86. Four rectangular hyperbolas osculate each other at a certain point. 

Prove that any other conic osculating these at the same point is cut by them in 

four other points which have a fixed anharmonic ratio. 

(^Prof Curtis.) 

87. P is a point on a rectangular hyperbola whose centre is C. A circle 
is described with centre P and radius PC. Prove that an infinite number 
of triangles can be inscribed in the circle whose sides touch the hyperbola. 

88. An infinite number of triangles can be inscribed in the ellipse (a, b) 
and circumscribed to the ellipse (a^, W) provided 

a'/a + bVb + i « o 

{Wolstenholme, Edwf Times Reprint, Vol. XV., p. 43.) 



CHAFTEB XIV 
TBILINEAB CO-OBDINATES 

§ 397. In the plane of reference take a fixed triangle ; this is 
called the triangle of reference. As in Trigonometry, its sides are 
denoted by a, b, C and its angles by A, B, C. We shall denote 
its area by D, and the radius of its circum-circle by R. The 
trilinear co-ordinates OL^ fi, y of 2l point P are its perpendicular 
distances from the sides of the triangle of reference : OL is positive 
or negative according as P is on the same side of BC as A, or on 
the opposite side ; and there is a similar agreement with respect to 
the signs of fi, y. 

If P is within the triangle ABC, 

A PBC + A PCA + A PAB = A ABC 

/. aa -h b)3 + cy = 2D . . . . . (i) 

By examining figures in which P is outside the triangle ABC, 
it is seen as a consequence of the agreement as to the signs of 
a, )8, y, that the trilinear co-ordinates of any point whatever are 
connected by the relation (i). 

The relation (i) may be written in the form 

a sin A + )3 sin B -h y sin C = D/R = constant . . (2) 

NbU (i) — ^Any equation may be rendered homogeneous by means of (i). 

For example, the equation 

a/32 « ky 

becomes 4D«a/32 = ky(a(X + b^ + cy)* 

Note (2) — ^The equations used in trilinears are always homogeneous. 
We are .*. in general concerned only with the ratios OC : fi : y» 
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Ex. The equations to the perpendicnlars of the triangle ABC are (§ 128) 

(X cos A *- ^ cos B, /3 cos B — y cos C, ycosC — OL cos A 
These lines obyionsly co-intersect in the point 

a/sec A « ^/secB « y/secC (3) 

These equations give the ratios of the co-ordinates of the ortho-centre. 
Again, by a familiar algebraic theorem, each of the fractions in (3) 

= (aa + b/3 + cy)/(asecA + bsecB + csecC) 

« 3 p/(a sec A + b sec B + c sec C) — 1 say ; 

the trilinear co-ord's of the ortho-centre are .*. 1 sec A, I sec B, 1 sec C. 

§ 398. We have seen in § 345 that teilinear co-ordinates are suggested by 
the methods of abridged notation. 

It is easy to transform from trilinear to Cartesian co-ordinates. 

Thus, taking the origin of rectangular axes inside the triangle of reference, 
so that the equations of its sides are 

a = xcosa + ysina — p — o, /3 = ... « o, yE... =0; 

then since the trilinear co-ordinates of a point inside the triangle are positive, 
we have the following equations connecting the trilinear co-ordinates OC, /3, y 
of any point with its Cartesian co-ordinates x, y : 

a = p — X cos a — y sin a \ 

/3 = p'-xcos/3-ysin^ V (i) 

y = p" — X cos y — y sin y / 

Further, since (X, /3, y in the dexters of (i) are the angles made by perpen- 
diculars on the sides of the triangle ABC with a fixed line, these angles being 
measured by the amount of rotation in a definite direction fix>m that line ; it 
will be seen from a figure that we may take 

/3-a-7r-C, y-^-TT-A, a-y«-(7r+B) 

Cor"— 
cos 03 — y) =» — cos A, cos (y — a) = — cos B, cos (a — /3) = — cos C 

§ 399. There is another method of transforming to Cartesians. 

Let (x, y) be the co-ord's of the point (a, )3, y) referred to two sides CA, CB 
of the triangle of reference as axes. We see at once from a figure that 

a = xsmC, ^«ysmC 
It follows then from eq'n (a), § 397, that 

y « D/(RsinC)-xsmA -ysinB 



^ Anauy^tat 



% 400' Tzit vstsrC *g:patrjL 3j i, iLnuric Jne in. TTiiirii i^ 



«^ 




■ P. aR: :« 



C P\ tiB Ae agM of q, r 

JDCkatofp. 



Toe e/^ofl^t of R ate tieteraoMd bv 

/ « o^ 131 4- m^ -r ny « o 

,', l/m - - ^/X - - RA SB A/3R anff; « (ALan A/3M sbBT ; 

.-. l/m = mp/^Hfj ; 

aftd a flifmlar valoe if foond ibr n/m. 

Ttie equJtkn to a line in terms of the pCTpcmttmlais p, q, r on the line 
frtftn the rerticei of the triang^ of lefexeoce is .'. 

ap(X -t- bq^ -t- cry - o (a) 

C^^'Tbe ratios of the Xs from A, B, C on a line vciy distant from tibe 
triangle of reference are nearly •- i ; hence for the line at infinity (see page 107) 

p - q - r 

The er|iiation to the line at infinity is .'. 

aOC -t- bfi + cy^o (3) 

tn asinA-f^sinB-fysinC^o (4) 

§ 401. To find the equation to the join of two points (CXj jSj y,). 

Let the required equation be 

la + miS + ny = o 
Then 

I a, + m A + n yi = o» I a, + m A + n y, = o 



404-] 
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Eliminating I, m, n we obtain (as in § 347) the required equa- 
tion, viz. r% 

' a p y = o 

^1 3i yi 
a, ^, y, 

C<ir'— The condition that three pointe (ai/3iyi)» {^^%y^^ (^s/Ssys) 
may be coUinear is 

«! /3i yi 
02 A y2 
as /38 ys 

§ 402. The co-ordinates of the point of intersection of two lines 

I a + m jS + n y = o, Ta + m')3 + Wy = o 

are determined (see § 61) by the equations 



a 



_ ^ y 



mn' - m'n " nl' - n'l " Im'- Km 

These equations give the ratios of the OK, /3, y of the point of intersection ; 
their actual values may (if required) be deduct as in Ex., § 597. 

§ 403 a To find the condition that three lines 
la + m/3 + ny « o, Ta + m'^ + n'y = 0, Pa + m"/3 + n"y = 
may be concurrent. 

Eliminating a, /3, y we obtain the required condition, viz. 



I 

r 
I" 



m 



n 



m' 



m 






n' 



§ 404. It follows from eq'n (2), § 397, that the equation of 
a line parallel to 

la+m)3 + ny = o (i) 

is I oc + m )8 + n y = k (a sin A + )3 sin B + y sin C) 

Cor' — The equation of the line through {OLi^iy^ parallel to (i) is 

la+m/3 + ny asinA + jSsinB + ysinC 

I tti + m /3i + n y^ ai sin A + i3i sin B + y^ sin C 
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§ 40Sa Suppose that the third line in § 403 is the line at infinity. This 
gives (§ 152) the condition that the lines 

la + m/3 + ny«o, V OC + m'/3 + n'y « o 
may be parallel ; viz. 



1 


m 


n 


1' 


m' 


n' 


sinA 


sinB 


sinC 



§ 406* Tofindthelengthof the perpendicular from {(X\Q\y^ on the line 

la + m)3 + ny — o 

Transforming to Cartesians by the substitutions of § 398, eq^n (i), the equa- 
tion of the line becomes 

(I cos a + m cos ^ + n cos y) X 

+ (I sina + m sin/3 + n siny)y — Ip — mp' — np" « o 

The result of substituting the Cartesian co-ordinates x^y yi of the point 
((Xi /3i yi) for X, y in the smister of the preceding equation is evidently 

I «! + m /3i + n yi 

The length of the -1- is (§ 76) the quotient of this by the square root of 
(I cos a + m cos/3 + n cos y)' + (I sin (X + m sin /3 + n sin y)* 
This expression reduces {Cor\ § 398) to 

|2 + m* + n* — 3 mn cos A — 3 nl cos B — 2 Im cos C 
The length of the perpendicular is /. 

I (Xi + m )9i + n yi 



Vl* + m* + n* — 2 mn cos A — 2 nl cos B — 2 Im cos C 
This result should be remembered. 



(I) 



§ 407. To find the condition of perpendicularity of two lines 

la + m^ + ny-o, Ka + m'/3 + n'y- o 

Transform to Cartesians as in § 406 ; the lines are at right angles [§ 68, 
Cor' (3)] if 

(I cos a + m cos/3 + n cosy) (K cos a + m' cos /3 + n' cosy) 

+ (I sin a + m sin /3 + n sin y) (I' sin a + m' sin /3 + n' sin y) = o 

Using the results of Cor\ § 398, this reduces to 

W + mm' + nn' - (mn' + m'n) cos A - (nK + n'l) cos B 

— (Im' + I'm) cos C = o 

This is the required condition ; it should be remembered. 
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§ 408. If S is the distance between the joints ((Xi/Siyi), {(X^fi^y^ it 
follows from § 14 and § 399 that 

S«sin«c - (ai-a2)«+ (^1-/32)' + a(ai-a2)(A-ft)cosC 

We may deduce a symmetrical expression for d. 
By § 397> a(ai - Ota) + b (^1 - fi^) + c iy^ - 72) - o 
.-. a («! - Oa)' =- - b («! - Oa) (^1 - ^2) - C (OCi - Otj) (y^ - y,) 

Hence («! — CX2)', and similarly ()3i — /Sa)' ™ay ^ expressed in terms of 
the binary products of the dififerences 

«i-a2. Pi-Pif yi-y% 

We may .*. asstime 

8«= A(^i- /3a)(yi- ys) + M (yi - 72) («! - a,) 

+ y («! - a^) (/3i - ^a) ... (I) 

where \, \i, v are constants. 
Substitute in (i) the co-ord^s of the points B, C whose distance is a ; 

.-. a«-X(aD/b)(-3D/c) 

/. X - - a* bc/(4 D«) ; 
and jui, V are similarly obtained. 
We have /. 

J^a[a(^i - ftXyi - ya) + b (y^ - y^) (a^ - «,) 

+ c («! - Oa) (ft - /Sa)] ... (2) 
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AREAL CO-ORDINATES 

§ 409. It is sometimes convenient to Tise the following system of co- 
ordinates. 

If ABC is the triangle of reference, the areal co-ordinates x, y, z of a point 
P are the ratios of the triangles PBC, RCA, PAB to the triangle ABC. 
They are connected by the relation 

X + y + 2 = I 

If X, y, z are the areal co-ordinates of any point, and OK, /3, y its trilinear 
co-ordinates, we have the relations 

X - aa/(3 D), y = b /3/(a D), z « c y/(3 D) 

Ex. Substituting the values of a, /3, y deduced from these relations in the 
trilinear equation of the circum-circle of the triangle of reference (§ 424), its 
equation in areal co-ordinates is found to be 

a*yz + b'zx + c*xy ■- o 
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I 410. fc fcG^n &» <qr» J , i 



fK-^qOf-^rz — o I) 

wiere p, q^ r are she pcr]^€adkmIaD froB A, B, C ok tihe hmt, 

iCsY^^ 0mtk€ Hme 'l, is 

^ ♦ qo^ ♦ rz' 

Tbe dcaoanaator of the tuifitw (i% § 406^ is a i i Maat ■i ktififjt of 
OLxtf^*yi\ we isler that tke IcBStk of tke f wu pfiSnitar froB (i^/<, on 
tibe Use ^ly flmt be 

^i^ete A if a coni raiir iadepeadeit of jc^, y^, z^. 

Tbe kagth of the X bom A, {i, o, o) is .-. A p ; bat tfab la^;tli is p ; 
A A «> ly and /, &c, 

§ 4II« Since the istios of the Xs from A, B, C on tbe liiie at infinitj are 
each * I ; theeqnatioD of die line at iafiiiity in aieal co-otdinates is 

X + y + z ■= o 

§ A42* Ifthi areal co-ordinaUs of the vertices of a triangle are (x, yi z.^j 

(Ki y, z,„ (X, y, z,: /// ««» w 

Xi Yi ^ . 
Xj y^ Zj I 

X, yi 2, i 

The area ranis bet only when the three points are collinear ; the conditioo 
for this is that the determinant shoold vanish. We may .*. assume that the 
area if A times the determinant where A is constant. 

Hut taking the vertices of the triangle of reference, (i, o, o), (o, i, o), 
(Of o, i) as the three points^ we find A >« D ; and /. &c 

§ 413. To find the relation connecting the perpendiculars p, q, v from 
Af B, C on any line. 

The trilinear equation of the line is (§ 400) 

ap a + bq ^ + cr y -= o 

By f 406 tbe length of the ± from A, (a D/a, o, o) is 

a p D/Va« p« + b2q« + &c. 
Put this i- p ; this gives the required relation, viz. 
a^ p< •(• b'q< .f 0' r^ - a bcqr cos A - a oarp cos B • a abpq cos C = 4 D< 
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Ezeroises 

[The triangle ABC in these questions is the triangle of reference.] 

1. Find the trilinear co-ordinates of the mid point L of BC, and of the 
circum-centre. 

Ans. (o, p/b, D/c); (R cos A, R cosB, R cosC) 

2. Find the equation of the median AL. 
Ans. b/3 « cy 

3. Prove that the three medians co-intersect in the point 

(X sin A = /3 sin B » y sin C 

4. /The internal bisectors of the angles co-intersect in the point 

a « /3 = y « d/s 

[^JVote — ^The bisectors are 

/3 - y - o, y - a « o, a - /3 - 0.] 

6. The external bisectors of the angles B, C meet on the internal bisector 
of the angle A. 

[JVote — ^The bisectors are 

y + a = o, a+^ = o, /3-y = o.] 

6. Find the equation to the join of the in-centre and circum-centre ; and 
show that it is perpendicular to the line 

a + /3 + y ■» o 
Ans. CX (cos B — cos C) + /3 (cos C — cos A) + y (cos A — cos B) — o 

7. Find the equation of the parallel to BC through A. 
Ans, b /3 + c y « o 

8. Find the equation to the join of the mid points of AB, AC. 
Ans, b/3 + oy — aa = o 

9. The joins of the vertices of ABC to any point O meet the opposite sides 
in A', B^ C. BC, B'C' meet in A^' ; CA, CW in B" ; and AB, A'B' in 
C. Prove that A", B", C are colUnear. 

B b 
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10. What is the cqnadoo of the line N'B"0" in the last qnestioo, i* if O 
is the ill-centre ; 3* if it is the ortho-centre ? 

Ans. OL + ^ + y ^ o; a cos A + ^cosB +ycosC = o 

11. Find the equation of the line hisrfting BC at right angles. 
j4ms. ^8inB-ysinC + asin(B-C) = o 

12. The in-circle toodies BC in D ; 6nd the equation of the join of the 
mid point of AD to the mid point of BC, and show that it passes thioogh the 
in-centre. 

jIms. (b - c) a » b^ - cy 

13. Show that the lines 

are equally inclined to the internal bisector of the angle C. 

14. If three lines drawn through the vertices of a triangle co-intersect ; the 
three lines drawn through the same vertices, equally inclined to the bisectors of 
the angles, also co-intersect 

{^NoU — If the first point is 

a/l = /3/m = y/n, 

the second is I Ot = m /3 = n y.] 

16. Any line meets the sides BC, CA, AB in P, Q, R respectively; 
P\ Of J Rf are points on these sides equidistant with P, Q, R from their 
mid points. Prove that R, Q^, R^ are coUinear. 

16. If $ is the distance between the points {OL^ fix yx), (OCifi^y^, prove that 

&bc 

8" - ^Qi [a cos A (a. - aj)» + b cos B 03, - )3,)« + c cos C (y, - yj)»] 

17. Prove that the relation of § 413 may be expressed thus : 

a^ (p - q) (p - r) + b2 (q - r) (q - p) + c^r - p) (r - q) = 4 D« 

18. Find the area of a triangle in terms of the trilinear co-ordinates of its 
vertices. 

«! fix yi 



abc 

Ans. 



^2 A 72 
Os ft 78 



8D« 
[Note — See § 412 ; for another method see Nixon's Trigonometry ^ pag^ 2^0.] 
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GENERAL EQUATION OF THE SECOND DEGREE 

§ 4'I4'. The general equation of a conic in trilinears is (§ 357) 

(a. A y). 
= aoc*+ bi8*+ cy^ + 2ffiy + 2gya+ 2ha)8 = o (i) 

The equation of the chord joining two points (0C')8')/), 
{(Xf'fi'y) on the conic is 

a(a - a') (a - a'O + b (jQ - )80 ()8 - i8'0 

+ c(y-/)(y-/0+2f(^.-)80(y-/0 

+ 2g(y - /) (a - a'O + 2h(a - aO (^ - i8'0 = 0(a,)8,y) 

For the locus represented by this equation evidently passes 
through the points (a'jS')/), {Oi^'fi'^y^; and the equation is 
really of the first degree in OC, )8, y. 

Now put a'' — a^ )8'' = )8', /' = '/; the equation of the 
tangent at (OC', )8', -)/) is /. 

aaa'+ b)8)8'+ cy/ 
+ f ()3'y + /)8) + g(y'a + a'y) + h (a'iS + )8'a) = o (2) 

As in § 168, if the point (0C')8'y^ is not restricted to lie on the 
curve, (2) is the equation of its polar. 

We shall use the abbreviation P for the sinister of (2). 
With the notation of Differentials^ 

^ . d <f) ^.dd) . dd) dd) ^ d</> d<b 

da ^ dp ^ dy da' ^ d p^ ' dy^ 

§ 41 5 ■ It is proved as in § 15 that the point which divides the join of 
(a'/3y ), (a''/3V0 in the ratio m : n is 

(m a" + n a' m j3" + n j3' m /' + n /\ 
m + n' m + n' m + n/ 

Hence, as in § 324, it is proved that the equation of the pair of tangents 
from (a')3Y) is 

</) (a', /3', /) </) (a, ^, y) « R 

This may also be proved as in Ex. i, § 351. 

B b 2 



3/2 



Analytical Geometiy 



[416. 



§ 446. Tbe rtai'.inon tbat tbe conic maj be a line-pair is 
§117. Its A=ahg:«o 

h b f I 
g ^ c ; 

§ 417. If tbe fine 

Afll+/i^ + jry«o 

ooincxde with the line repnsented hj tx(n (a), § 414, then 

a3[' + h^' + g/ ha' + b)3^ + f/ gflt' + f/J' + c/ 



as m 



(1) 



. . (2) 



A /I IT 

The pole [Of^y] of the line (i; is .'. detennined by the cqf^ns (a). 

We may thns detennine tbe centre, which is the ^tAit of the line at infinity 

(X sin A -t-^SsinB-i-ysinC so 

Again, if the line (i) is a tangent, its pole {Ot^Y) is on the 



The 

(3) 



. • (4) 



f 
c 

V 



X 

p 
o 



(5) 



coodidoo of tangcncy is .*. obtained hf eliminatii^ Of, ^^ y 
tionsWand Ao' + |i^' + r/ = o ..... 

Pot each member of eq'ns (2) *" — p 

.*. aflt' + h/9' + gy' + A/> SB o, , ... 

We can eliminate Of, /9', y, p lineaily from (5) and (4)- 

The tangential eqoatioo is .*. 

a h 
h b 

X M 

Tbe condition of tangency may also be deduced by tiie method 
in the form 

AX* + B|i* + Ov^ + aFfUf + aGyX + aHXfi « o . 

where A -s be — f , &C., 

as in § 323. 

NoU — ^We shall nse the abbieviation 2 for the sinister of (Q. 



§ 4I8> The line at infinity touches a parabola (§ 364) ; it meets an ellipse 
in imaginaiy points and an hyperbola in real points. If we eliminate y between 
the equations of the conic and the line at infinity we obtain a quadratic in Ot/p » 
from this we can infer the nature of the conic 



of § 323 

. . (6) 
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The condition that the conic may be a parabola is [see eq^n (6), § 41 7] 
A sin^A + B sin^B + C sin^C 

+ sFsinBsinC + 2QsinCsinA+ 2HsinAsinB -> o 

Note — The letters A, B, C have here doable significations; it is assumed 
that there is no risk of confusion. 

§ 419 > If we transform to Cartesians (§ 398), and apply the criterion 
of § 297, we shall obtain the condition that the conic may be a rectangular 
hyperbola. It is 

a + b + o — afcosA — agcosB — ahcosC = o 
§ 420. The equation 

</) (a, ^, y) - k (Xa + pt^ + ry)« (i) 

represents (§ 351) a conic having double contact with the given conic at its 
intersections with the line 

Xa + fjt^ + i;y = o (2) 

The conic (i) is a line-pair (§ 416), if 

a-k\a h-kX/ut g-kXi; 
h — kXjut b — k/ut^ f — k/uti; 
g — kXr f — k/utz; o — ky* 

If this equation is expanded the terms in k' and k' vanish identically ; and 
we shall obtain the following simple equation to determine k : 

A - k S = o, 

where 2 has the meaning assigned, NoU^ § 417* 

The equation of tangents to the given conic at its intersections with the 
line (2) is .*. 

Si/) (a,/3,y) = A (Xa + M^ + vy)^ (3) 

Cor' — Since the asymptotes are the tangents to the conic at its intersec- 
tions with the line at infinity, the equation to the asymptotes is derived by 
substituting sin A, sin B, sin C for X, fx, j; in (3). 

§ 42 1 • Let QLi )3, y be the co-ordinates of the extremity of a semi- 
diameter p^ parallel to BC ; (a> )3> y) the centre. Then projecting p^ on 
perpendiculars to the sides of ABC, we see that 

a = 5, yS-^ + Pa^inC, y = y-PaSinB 

.-. </) (a, ^ + p^^yxiO, y - p^sinB) - o 
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§ 4-00. The general equation to a straight line in trilinears 

''^^345) |a+m)8 + ny = o (i) 

It is easy to assign the geometric meanings of the ratios I : m : n. 

Let the line (i) meet the 
/^ sides of the triangle of refer- 

ence in P, Q, R ; let the JLs 

Y\^ \ denoted by p, q, r. 

We shall assume that JLs 
^ from points on different sides 

of the line have opposite signs ; 
B C P^^ thus the signs of q, r in our 

6gure are opposite to that of p. 

The co-ord's of R are determined by 

y = o, \(X + mp + ny ^ o 

... \/m - - fi/cx = - (RA sin A)/(BR sin B) = (AL sin A)/(BM sin B) ; 

.-. l/m --= ap/(bq) ; 

and a similar value is found for n/m. 

The equation to a line in terms of the perpendiculars p, q, r on the line 
from the vertices of the triangle of reference is .*. 

apa + bq)3 + cry = o (a) 

Cor^ — The ratios of the JLs from A, B, C on a line very distant from the 
triangle of reference are nearly » i ; hence for the line at infinity (see page 107) 

p - q - r 

The equation to the line at infinity is .*. 

aa + b^ + cy=o (3) 

or a sin A + )3 sin B + y sin C = o (4) 

§ 4-01. To find the equation to the join of two points (Otj )8i y,), 

Let the required equation be 

la + m^ + ny = o 
Then 

lcXi + m)8i+nyi = o, lcX2+m^a+nyj = o 
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Eliminating I, m, n we obtain (as in § 347) the required equa- 
tion, viz. Q 

' a p y = o 

^1 3i yi 
a, fi, y. 

Cor'— The condition that three points {(Xifiiy^), {Ok^^y^)* (PCsfisyi) 
may be coUinear is 

«! ^1 yi - o 

Oa P% 72 

as Pz ys 

§ 402. The co-ordinates of the point of intersection of two lines 

I a + m )8 + n y = o, Ta + m')8 + n'y = o 

are determined (see § 61) by the equations 



a 



^ fi ^ 7 



mn' — m^n nT — n'l Im'— Tm 

These equations give the ratios of the (X, fi, y of the point of intersection ; 
their actual values may (if required) be deduct as in Ex., § 397. 



^ 403 a To find the condition that three lines 
la + m^ + ny « o, I'a + m'^ + n'y « o, K'a + m")3 + n"y 
may be concurrent. 

Eliminating (X, ^, y we obtain the required condition, viz. 



= o 



m n 
m' n' 



I" m'' n" 



§ 404. It follows from eq'n (2), § 397, that the equation of 
a line parallel to 

la+m)8 + ny = o (i) 

la + m)8 + ny = k(asin A + )8sin B + ysin C) 



IS 



Cor' — The equation of the line through {(Xifiiyi) parallel to (i) is 

Ia+mj3 + ny (XsinA + jSsinB + ysinC 

I (Xi + m ^1 + n yi " (Xi sin A + i3i sin B + yj sin C 
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§ 40S> Suppose that the third line in § 403 is the line at infinity. This 
gives (§ 132) the condition that the lines 

la + m)3 + ny«o, l'a + m'^ + n'y « o 
may be parallel ; viz. I m n ■* o 



1 


m 


n 


V 


m' 


n' 


8tnA 


sinB 


sinC 



§ 406> To find the length of the perpendicular from (OLiffiyi) on the line 

la + mj3 + ny « o 

Transforming to Cartesians by the substitutions of § 398, eq^n (i), the equa- 
tion of the line becomes 

(I cosOC + m co8)3 + n cosy)x 

+ (I sinOK + m sin)3 + n siny)y — Ip — mp' — np" — o 

The result of substituting the Cartesian co-ordinates x^, yi of the point 
((Xi )3i yi) for X, y in the sinister of the preceding equation is evidently 

I «! + m j3i + n yi 

The length of the JL is (§ 76) the quotient of this by the square root of 

(I cos (X + mcosj3+ncos y)' + (lsinO( + msin^ + nsin y)* 

This expression reduces {Cor\ § 398) to 

I* + m' + n* — 3 mn cos A — 2 nl cos B — 2 Im cos C 

The length of the perpendicular is .*. 

!«! + m)3i + nyi 



Vl* + m* + n' — 2 mn cos A — 2 nl cos B — 2 Im cos C 
This result should be remembered. 



(I) 



§ 407- To find the condition of perpendicularity of two lines 

Ia+mj3+ny — o, l'a + m')3 + n'y«o 

Transform to Cartesians as in § 406 ; the lines are at right angles [§ 68, 
Cor' (3)] if 

(I cosOC + m cos)3 + n cosy) (K costt + m' cos^ + n' cosy) 

+ (I sin OK + m sin ^ + n siny) (K sin (X + m^ sin )9 + n' sin y) s o 

Using the results of Cor'y % 398, this reduces to 

IK + mm' + nn' — (mn' + m'n) cos A — (nl' + n'l) cos B 

— (Im' + I'm) cosC B o 

This is the required condition; it should be remembered. 
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§ 408. If b is the distance between the joints (OLifiiyi), (JX^fi^yii i* 
follows from § 14 and § 399 that 

52 sin«C - («! - OkY + (/3i - A)« + 3 («! - aa)(A - P%) cosC 
We may deduce a symmetrical expression for d. 
By§397, a(ai-aa) + b (/3i - ySa) + c (yi - y^) - o 

.-. a («! - Oa)' - - b («! - Oa) 03i - ^a) - C (a^ - O,,) (y^ - y^) 

Hence (Ofj — Ota)', and similarly (^^ — /Sj)' may be expressed in terms of 
the binary products of the dififerences 

ai-a2. A-A» 71-72 

We may .*. assinie 

a^ = A(^i - ^a) (yi - 72) + M(yi - 72) («! - Oa) 

+ I' («! - Ofa) 03i - ^3) ... (I) 
where \, jXt V are constants. 

Substitute in (i) the co-ord^s of the points B, C whose distance is a ; 

.-. a»-\(3D/b)(-2D/c) 

.-. \«-aabc/(4D2); 
and fjL, V are similarly obtained. 
We have /. 

«' -- ^[aOi - ^2)(yi - yi) + b(y, - ya) («! - (Xa) 

+ c («! - Oa) (A - ^2)] ... (2) 

AREAL CO-ORDINATES 

§ 409* It is sometimes convenient to use the following S3rstem of co- 
ordinates. 

If ABC is the triangle of reference, the areal co-ordinates x, y, z of a point 
P are the ratios of the triangles PBC, RCA, PAB to the triangle ABC. 
They are connected by the relation 

X + y + 2 « I 

If X, y, z are the areal co-ordinates of any point, and OC, ^, y its trilinear 
co-ordinates, we have the relations 

X « aa/(a D), y = b ^/(a D), 2 - c y/(3 D) 

Ex. Substituting the values of OL, fi, y deduced from these relations in the 
trilinear equation of the circum-circle of the triangle of reference (§ 424), its 
equation in areal co-ordinates is found to be 

a'yz + b'zx + o*xy - 
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§ 410. It follows from eq'n (a), § 400, that the equation to a straight 
line in areal co-ordinates is 

px + qy + rz = o (i) 

where p, q, r are the perpendiculars from A, B, C on the line. 

The length of the perpendicular from the point whose areal co^ordincUes are 
x', /, 2' on the line (i) is 

px' + q/ + Tzf 

The denominator of the expression (i), § 406, is a constant independent of 

(Xi > )3i » yi ; we infer that the length of the perpendicular from {yf ^ if) on 

the line (i) must be 

A(px' + q/ + rz') 

where X is a constant independent of xf, y^, zf. 

The length of the J. from A, (i, o, o) is .*. X p ; but this length is p ; 
/. A. «* I, and /. &c. 

§ 411. Since the ratios of the ±s from A, B, C on the line at infinity are 
each Bs I ; the equation of the line at infinity in areal co-ordinates is 

X + y + 2 « o 

§ 412. If the areal co-ordinates of the vertices of a triangle are (Xj y^ Zj), 
(Xj ya Za), (Xg y, z^) its area is 

xi yi zi 

X2 ys Za 

xs ys zs 

The area vanishes only when the three points are collinear ; the condition 
for this is that the determinant should vanish. We may .*. assume that the 
area is X times the determinant where A is constant. 

But taking the vertices of the triangle of reference, (1,0, o), (o, 1,0), 
(o, o, i) as the three points, we find A. ■- D ; and .*. &c. 

§ 413. To find the relation connecting the perpendiculars p, q, t from 
Ay B, C ^» any line. 

The trilinear equation of the line is (§ 400) 

ap a + bq )3 + cr y ■= o 

By § 406 the length of the JL from A, (2 O/a, o, o) is 

2 p D/Va« p« + b« q« + &c. 

Put this = p ; this gives the required relation, viz. 
a'p* + b*q' + c'r* - abcqr cosA - 2 carp cosB - 2abpq cosC = 4D* 
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Exercises 

[The triangle ABC in these questions is the triangle of reference.] 

1. Find the trilinear co-ordinates of the mid point L of BC, and of the 
circnm-centre. 

Ans. (o, p/b, D/c); (R cos A, R cosB, R cosC) 

2. Find the equation of the median AL. 
Ans, b)3 «« cy 

3. Prove that the three medians co-intersect in the point 

a sin A = )3 sin B « y sin C 

4. /The internal bisectors of the angles co-intersect in the point 

a « /3 « y B d/s 

IJVoie — The bisectors are 

/3-y-o, y-a = o, a-/3-o.] 

5. The external bisectors of the angles B, C meet on the internal bisector 
of the angle A. 

[JVo/e — The bisectors are 

y + a = o, a+^ = o, i3-y = o.] 

6. Find the equation to the join of the in-centre and circum-centre ; and 
show that it is perpendicular to the line 

a + )3 +y - o 

Ans. OL (cos B — cos C) + )3 (cos C — cos A) + y (cos A — cos B) « o 

7. Find the equation of the parallel to BC through A. 
Ans, b /3 + c y — o 

8. Find the equation to the join of the mid points of AB, AC. 
Ans. b/3 + cy — a(X = o 

9. The joins of the vertices of ABC to any point O meet the opposite sides 
in A', B', C BC, B'C meet in A'' ; CA, C'A' in B" ; and AB, A'B' in 
C. Prove that A", B", C are colUnear. 

B b 
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. 10. What is the equation of the line A"B''C" in the last question, !<> if O 
is the in-centre ; 2® if it is the ortho-centre ? 

Am, OC +)3 + y — o; acosA + )3cosB +ycosC = o 

11. Find the equation of the line bisecting BC at right angles. 
Ans, /38inB-ysinC +asin(B — C) = o 

12. The in-circle touches BC in D ; find the equation of the join of the 
mid point of AD to the mid point of BC, and show that it passes through the 
in-centre. 

Ans, (b — c)a«b)3 — cy 

13. Show that the lines 

a « k^, ka = )3 

are equally inclined to the internal bisector of the angle C. 

14. If three lines drawn through the vertices of a triangle co- intersect ; the 
three lines drawn through the same vertices, equally inclined to the bisectors of 
the angles, also co-intersect 

IJVote — If the first point is 

a/l = j3/m = y/n, 

the second is I (X = m )3 — n y.] 

15. Any line meets the sides BC, CA, AB in P, Q, R respectively; 
P', Q', R' are points on these sides equidistant with P, Q, R from their 
mid points. Prove that P', Q', R' are coUinear. 

16. If 5 is the distance between the points {OLi fii yi), (0^2 ^82 72)9 prove that 

&bc 
^' " 4D^ ta cos A (Oti - O^)" + b cos B (^i - jS,)" + c cos C (y, - y,)'] 

17. Prove that the relation of § 413 may be expressed thus : 

a^ (p - q) (P - r) + b2(q - r) (q - p) + c^ (r - p) (r - q) = 4D« 

18. Find the area of a triangle in terms of the trilinear co-ordinates of its 
vertices. 

^ «! /3i yi 

abc ^ 

^«J. gj^ OC2 P2 72 

^8 ^3 ys 

[Ai?/^— See § 41a ; for another method see Nixon's Trigonometry y page 2^0.] 
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GENERAL EQUATION OF THE SECOND DEGREE 

§ 414. The general equation of a conic in trilinears is (§357) 

(o, A y). 

= aa*+ b)8'+ cy^ •{• 2f)8y + 2gya+ 2ha)8 = o (i) 

The equation of the chord joining two points {Oi' fi' Y)^ 
(a''j8''y'') on the conic is 

a(a - aO (a - a'O + b (jQ - )8') ()8 - )8'0 

+ c(y-/)(y-/0+2f(^-^0(r-/0 

+ 2g(y - /)(a - a'O + 2h(a - aO(^ - )3'0 = 0(a,i8,y) 

For the locus represented by this equation evidently passes 
through the points (a')8''/), (a'')8'')/0; and the equation is 
really of the first degree in OC, )8, y. 

Now put Oi" :^ a^ )8'' = )8', y zrzY; the equation of the 
tangent at (a', j3', y') is /. 

a aa' + b fi^' + c y/ 
+ f (i3'y + /)8) + g(/a + a'y) + h (a'^ + )8'a) = o (2) 

As in § 168, if the point (OC'/S'y^ is not restricted to lie on the 
curve, (2) is the equation of its polar. 

We shall use the abbreviation P for the sinister of (2). 
With the notation of Differentials^ 

d d) ^.dd) d<f) d </> ^ d</> d<f) 

" da ^d^ ^dy da' ^ d ^^ ^d/ 

§ 415. It is proved as in § 15 that the point which divides the join of 
(a'/3y ), (a''/3'yO in the ratio m : n is 

(m a" + n a' m j3" + n j3' m /' + n /\ 
m + n ' m + n ' m + n / 

Hence, as in § 324, it is proved that the equation of the pair of tangents 
from (a')3Y) is 

4> («'» ^'. /) <*> (a. i3, y) - P* 

This may also be proved as in Ex. i, § 351. 

B b 2 
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§ 416. The condition that the conic may be a line-pair is found as in 



§117. It is 



A = 



a h g 
h b f 
g f c 



SB O 



§ 417. If the line 

Xa + fi/3 + ry « o 

coincide with the line represented by eq'n (2), § 414, then 
aa' + h/3' + g/ ha' + bj3' + f/ gOL' +ffi' -^c/ 



(0 



W 



The pole ((X'^')/) of the line (i) is /. determined by the eq'ns (2). 

We may thus determine the centre, which is the pole of the line at infinity 

asinA + )3sinB + ysinC =0 

Again, if the line (i) is a tangent, its pole (JX'^^Y) is on the line. The 
condition of tangency is .*. obtained by eliminating a', j3', )/ between equa- 
tions (2) and Xa' + iut/3' + y/ - o (3) 

Put each member of eq'ns (a) «= — p 

/. a a' + h /3' + g / + Xp = o, . . . , (4) 

We can eliminate a', /3', )/, p linearly from (3) and (4). 

The tangential equation is .*. 

a h g \ - o (5) 

h b f ^ 

g f o 1; 

X jut i; o 

The condition of tangency may also be deduced by the method of § 323 
in the form 

A\2 + B^2 + Cr^ + aF^i; + aGrX + aHXfi = o . • • (6) 

where A « be — i\ &c., 

as in § 323. 

Note — ^We shall use the abbreviation 2 for the sinister of (6). 

§ 4I8> The Une at infinity touches a parabola (§ 364) ; it meets an ellipse 
in imaginary pomts and an hyperbola in real points. If we eliminate y between 
the equations of the conic and the line at infinity we obtain a quadratic in Oi/^ ', 
from this we can infer the nature of the conic 
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The condition that the conic may be a parabola is [see eq^n (6), § 417] 
A sin^A + B sin^B + C sin^C 

+ 2 F sin B sin C + a Q sin C sin A + 2 H sin A sin B '^ o 

Note — The letters A, B, C have here doable significations; it is assumed 
that there is no risk of confusion. 

§ 419* If we transform to Cartesians (§ 398), and apply the criterion 
of § 297, we shall obtain the condition that the conic may be a rectangular 
hyperbola. It is 

a + b + o — afcosA — agcosB — ahcosC = 
§ 420. The equation 

<;> (a, /3, y) = k (Xa + /ut^ + z;y)2 (i) 

represents (§ 351) a conic having double contact with the given conic at its 
intersections with the line 

Xa + fjtjQ + ry = o (2) 

The conic (i) is a line-pair (§ 416), if 

a-k\' h - kXjx g-kXi; 
h — kX/x b — kjui^ f — k/utz; 
g — kXv f — kjuti; o — ky* 

If this equation is expanded the terms in k^ and k' vanish identically ; and 
we shall obtain the following simple equation to determine k : 

A - kS = o, 

where 2 has the meaning assigned, Note^ § 417* 

The equation of tangents to the given conic at its intersections with the 
line (2) is .*. 

S<^ (a,^, y) = A (\a + M^ + vy)^ (3) 

Cor^ — Since the asymptotes are the tangents to the conic at its intersec- 
tions with the line at infinity, the equation to the asymptotes is derived by 
substituting sin A, sin B, sin C for X, jx, 2/ in (3). 

§ 421 • Let a, )3, y be the co-ordinates of the extremity of a semi- 
diameter p^ parallel to BC ; (a, )3, y) the centre. Then projecting p^ on 
perpendiculars to the sides of ABC, we see that 

a « 5, )3«^ + Pa^^» y = y-p^ sin B 
.\ </) (a, ^ + p^^vaOy y - p^sinB) = o 
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see that each vertex of the triangle of reference is the pole of the 
opposite side with respect to the conic 

Ia2+ m)8'+ ny2=o (i) 

This is proved otherwise in § 356. 

§ 43s. The centre, being the pole of the line at infinity, is determined 
by the equations 

I a/sin A « m /3/sin B « n 7/sin C (2) 

Suppose that the conic is a circle ; then the join of any point to the centre is 
perpendicular to the polar of the point. If .*. O is the centre, AO, BO, CO 
are respectively perpendicular to BC, CA, AB ; or O is the ortho-centre. 

The co-ord's of the ortho-centre, which are proportional to sec A, sec B, 
sec C, .'. satisfy eq'^ns (2) ; this determines I : m : n. 

The equation of the circle with respect to which the triangle of reference 
is self-conjugate is .*. 

0(2 sm a A + /32 sin 2 B + y2 sin 2 C « o 

Note — This result may also be obtained by methods similar to those of 
§§ 424» 429- 

Cor^ — From eq'ns (2), (i), § 429, we see that the self-conjugate circle, the 
circum-circle and the nine-point circle are co-axal, the radical axis being 

a cos A + )3 cos B 4- y cos C = o 

§ 436. It may be proved as in § 423, or deduced from § 417, 

that the line \ n / v 

Aa + /i)8 + J/y = o (i) 

touches the conic 

la'+ m)32+ n/=o (2) 

if Xyi + /xym + j/yn = (3) 

Note — In questions relating to four lines it is convenient to assume that 

their equations are 

Xa + fjt^ + z;y = o (4) 

Thus each side of the quadrilateral (4) touches the conic if the single 
condition (3) is satisfied. The reader will find no difiiculty in proving that 
the diagonal triangle of this quadrilateral is the triangle of reference* 
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In questions relating to four points it is convenient to assume that the points 

- - + - « + ^; 

p "q " r 

these points are on the conic (2) if 

Ip2 + mq* + nr* = o 

§ 437. Id questions relating to two conies it is convenient to choose the 
harmonic* triangle of the quadrangle formed by their four intersections (see 
Cifr'f § 314) as triangle of reference ; so that the equations of the two conies are 

I a* + m /32 + n y2 = o, K «« + m'/S* + n'/ « o 

Exercises 

1. Find the locus of the pole of a given line 

Xa + fx)3 + z^y = o 
with respect to conies inscribed in the quadrilateral 

pa ± qfi + ry — o 

Ans. The straight line p^(x/\ + q*^//x + r^y/v = o 

2. Find locus of centres of conies inscribed in this quadrilateral. 
Ans. The straight line p^o/sin A + q^/S/sin B + r^y/sin C = o 

[Compare the solution, page 307.] 

3. Find the locus of the pole of a given line 

Xa + fx/3 + vy = o 
with respect to conies through the four fixed points (p, + q, + r). 

Ans, The conic X p^/oc + /ut q*/^ + V r^/y = o 

4. Show that the triangle of reference is the harmonic triangle of the quad- 
rangle whose vertices are (p, + q, + r). 

5. Find locus of centres of conies circumscribing this quadrangle. 

Ans, The conic p* sin A^OC + q^ sin B^fi + r^ sin C/y = o 

[Compare § 322.] 

* Let A, A', B', B be the vertices of a quadrangle (fig', page 284) ; the triangle 
OPQ whose vertices are the intersections of the three pairs of lines joining the 
points is called the harmonic triangle of the quadrangle .Casey) ; the triangle 
whose sides are the three diagonals AB', A'B, OP is called the diagonal 
triangle (Cremona). 

C c 
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6. Find the conditions that the conic 

I «« + m ^2 + n y2 - o 
may be (i), a parabola ; (2), a rectangular hyperbola. 

Ans. sin' a/I + sin* B/m + sm' C/n =o;l + m + n=o 

7. Prove that a rectangular hyperbola passes through the centres of the 
inscribed and escribed circles of any triangle which is self-polar with respect 
jjo the hjrperbola. 

8. The polars of A, B, C with respect to a conic form a triangle A'B'C ; 
prove that AA', BB', CC co-intersect. 

9. Prove that the locus of centres of rectangular hyperbolas passing through 
the vertices of a triangle is the nine- point circle. 

10. Find the director circle of the conic 

la* + my3* + ny« = o 

Ans, l(m + n)a' +... + ...+ 2 mn^y cosA +... + ...= o 

[A^/^ — The eq'n of the tangents from (Ot'yS'y') is (§ 415) 

(la'2 + m)8'* + n/2)(la» + m)82 + ny») = (laa'+ m^^'+ ny/)« 

If these are at right angles the coeff's satisfy the cond'n for a rectangular 
hyperbola (§ 419).] 

11. If the curve is a parabola, find the equation of its directrix and the 
co-ordinates of its focus. 

I (m + n) _ m (n + I) ^ n (I + m) 

smA smB ^ smC ' 

Q CsinA _ )8 sinB _ y sinC 
m + n~ n + l ~l + m 

[Note — Use Ex. 10. The locus of intersection of rectangular tangents breaks 
up into factors, one of which is the directrix, and the other the line at infinity 

a sin A + )3 sin B + y sin C =0 

The focus is the pole of the directrix.] 

CONIC REFERRED TO TWO TANGENTS AND THEIR CHORD OF 

CONTACT 

§ 438. The equation of a conic touching the sides CA, CB 
pf the triangle of reference at A, B is {§ 353) 

ai8 = kV (0 

The results of §354 are applicable if we write a, )8, ky for L, M, R. 



\ 
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Ex. If the bisector of the angle C meet AB in R, and PQ is any chord 
through R ; prove that PR, RQ subtend equal angles at C. 

The eq'ns to CR, PQ are 

a - ^ - o (2) 

a - )8 + Ay = o (3) 

Eliminate y from (i), (3) ; this gives the equation to the pair of lines 
CP, CQ, viz. 1^2 (Q^ _ ^y - A2 a^ = o 

The factors of this are of the form given, Ex. 13, page 370 ; and .*. &c. 

§ 439. If Mi> M2' M8> M4 (s^^ § 354) ^® fo^'* points on a conic, the cross 
ratio of the pencil passing through these points, and whose vertex is any fifth 
point on the conic, is constant (§ 355) ; this cross ratio is briefly designated 
' the cross ratio of four points on a conic' 

Take A for the vertex of the pencil ; its rays are (§ 354) 

)3 = jtAiky, iS - fXaky, 

The cross ratio of the four points is .*. (§ 140) 

(Ml - Ms) 0^4 - M2) /j^ 

(Ms - M2) (Ml - M4) 

Four fixed tangents cut any fifth in a range whose cross ratio is constant y and 
equcd to that of the four points of contcut. 

I^ Mi> M2> Ms* M4 ^ ^^ f<o^ points ; [k the point of contact of the variable 
tangent 

Let the variable tangent meet the other tangents in P^ P2, Ps, P*. 
The elimination of y from the equations of the tangents at \k and JU4, 
jLt'a - 2jLtky + )8 = o, Mi^Ot- 3/j4ky + )3 « o 
gives MMiO^ = )3 

This is the equation of CP^. 

Hence {PiPaPsP*} = {C.P1P2P3P4} 

s= cross ratio of pencil jLtjii Ot = )3, jLt/Jta a «= ^, . . . . ; 

the latter cross ratio, which is given by the formula of § 140, reduces to the 
preceding expression (i). Q.E.D. 

S 440. In working with homogeneous equations we may replace the 
co-ordinates by any quantities proportional to them. Thus we may take 
(i, /m', /m) as the co-ord^s of a point on the conic 

LM = R2 

C C 2 
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£x. I. Proye that the tangents at fx, fjf meet at the point 

[I, fAjLt', Qi + MO/a] 
These co-ord's are obtained by solving for L : M : R the eq^ns of the tangents 

/Ut«L- 2jLtR + M «0, jLt'^L- 2jLt'R + M «=o 

^ 44 1 • Ex. 3. If the three sides of a triangle touch a conic S and two of 
its vertices move on another conic 2, the locus of the third vertex is a conic 
inscribed in the quadrilcUeral formed by the common tangents qfS and S. 

Take two of the (real or imaginary) common tangents as two sides of the 
triangle of reference ; so that the equations of S and 2 are 

LM « R», ^ LM = (I L + m M + 2 n R)2 

Let fJLi, fi2, fXs be the points of contact; then expressing that the inters'ns 
of the tangents &t fXi, fi^ and at fA2> Ms ^^^ on 2, we see that jui^ and jui^ ^^^ ^^ 
roots of the quadratic in fi 

/[XfXs « (I + m/ifAg + n/x + nfXs)* (0 

We can .*. write down the values of jlLj + Ms * f^ /bi2 • 

But, by Ex. I these are 2 R/L and M/L, where (L, M, N) is the inters'n of 
the tangents at jU4, JUI2; hence 2 R/L and M/L are expressed in terms of JUI3 : 
/utg is easily eliminated ; and we Bnd for the locus an equation of the form 

LM « (KL + m'M + 2n'R}« 

The locus is .*. a conic touching L, M ; but L, M are any two common 
tangents ; .*. &c. 

JVote — The reader should work out this solution in full, supplying the sup- 
pressed details. It will be seen that the locus becomes two coincident lines if 
Im B= n^; i.e. if the chord of contact of 2 with L, M touches S. 

INVARIANTS 

§ 442. The following convenient notation is due to Prof Cayley. 

(a, b, c, d) (x, yY means ax' + 3 bx*y + 3 cxy* + dy' 
Thus 

(a,b,c,f,g,h)(a,)3,y)«= ao^ + bfi^ + cy« + 2f^y + 2gy(X + 2ha^ 
and (a, b, c, f, g. h) (x, y, 1)' = ax« + 2 hxy + by' + 2gx + 2fy + c 

§ 443. Let the result of substituting the values of (X, /3, y, given in 
5 398 in </) (a, )8, y), be 

(a, b, c, f, g, h) (a, p, y)« = (ai, bi, Ci, fj, gi, hO (x, y, i)« 
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Let the discriminant of (j) (CX, )3, y) be A. Also, as in § 333, 

A = be - f , &c. ; 
i. e. A, B, ... are the minors of the determinant A. We shall also pat 

- ajbi-hiS ^' = ai + bj 

The conic is a parabola if d « o, and a rectangular hyperbola if 0^^ o\ 
6 and ^ are the invariants of § 213. 

Then by substituting the actual values of aj, b^, h^ we shall obtain the 
following relations : 

(9 =aibi- hi« =(A, B, C, F, Q, H)(sinA,sinB, sinC)2 . . (i) 
^ = »! + bi = a + b + c — 2 f cos A — 3 g cos B — 3 h cos C . . (3) 

Ex. I. Suppose that the conic is a circle; and let its centre be the origin 
of rectangular axes, so that 

(a, b, c, f, g, h) (a. ^, y)2 = q (x^ + y^ - p») 

/. d = q». d' - 2 q 

The square of the tangent from any point (JX, )8, y), or (x, y) is .'. 

Ex. 3. The circum-circU of any triangle which is self-polar tvith respect to 
an ellipse cuts its director circle orthogonally. {M. Faure,) 

Take the given triangle as triangle of reference ; let the equation of the 

ellipse be I «« + m ^2 + n y^ = o 

The equation of the director circle is given, Ex. 10, page 386 ; the square of 
the tangent from the centre of the circle (R cos A, R cos B, R cos C) is .*. 
(by Ex. i) 

3 R' [I (m + n ) cos'A •¥„. + ,.,+ 3mn cos A cos Boos C +... + ...] 
r(m + n) +... + ...— 2mncos2A -...-... 

We find by easy Trigonometrical reductions that this expression = R ; this 
proves the theorem. 

§ 444< Suppose that the axes of x and y are the axes of figure of the 

conic ; so that , , 

«^ (ot, /3, y) = q (xyp» + y'/o" - i) (i) 

Then by §443, fl = q'/pV* (») 

e' = q (i/p" + i/p'«) (3) 

Another equation which determines q may be deduced thus. 
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From the equation of the asymptotes \Cor\ § 420] we see that 
4> (a, /3, y) - (A/fl) (D»/R») = q (x'/p* + y»/o'») 

Subtract this from (i), 

.-. - q - (A/d) (D»/R«) (4) 

The relations (2), (3), (4) suffice to determine all constants connected with 
the conic. Thus we have at once expressions for p^ + f/^ and p^f/^; and we 
find that the semi-axes are the roots of the following equation in p : 

R*e^p^ + R^D^ A eO'p^ + D*A2 = o 

§ 445. If S, S' are two conies, the conic through their intersections, 

S+ kS'« o (i) 

is a line-pair (§§ 118, 416) if its discriminant vanishes; ie. if 

a + ka"^ h + kh' g + kg' — o . . . . (a) 

h + kh' b + kk/ f + kf 

g -h kg' f + kf c + kc' 

This cubic in k is usually written 

A + k + e' k2 + A' k8 = o (3) 

The substitution of the roots of this cubic in (i) gives the line-pairs through 
the intersections of S = o, S' = o. 

§ 446. If by a change of axes S and Sf become S and S^, then S + k S' 

becomes S + k S' ; and if k is such that S + k S' breaks up into factors, so 

does S + kS'. 

Hence the roots of the preceding cubic (3), and .*. the ratios of its coefficients, 
are independent of the axes of co-ordinates to which the two conies are referred. 
This conclusion leads to many interesting properties of a system of two conies ; 
for these the student is referred to Salmon's Conies, 



Exercises on Chapter XIV 

[In these questions ABC is the triangle of reference.] 

!• Find the trilinear co-ordinates of the centre of the nine-point circle. 
Am. J R cos (B - C), i R cos(C - A), J R cos(A - B) 

2. Prove that the in-centre, circum-centre, and ortho-centre of the triangle 
ABC are coUinear if 

cos^ A (cos B — cos C) + cos^ B (cos C — cos A) + cos^ C (cos A — cos B) « o 
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3. If p, q, r are the perpendiculars from A, B, C on the join of the centroid 
and in-centre of ABC, prove that 

p cot J A + q cot ^ B + r cot J C = o 

4. Prove that the equation of the circle through the three centres of the 
escribed circles is 

a a> + b^2 + cy* + (a + b + c) (fiy + yOL + OLfi) » o 

6. Prove that the equation of the nine-point circle may be written 

a^/(P - aa) + b2/(D - b^) + 0^(0 - cy) - o 
[Note — Let A', B', C be mid points of sides. Prove that length of X from 
(a'j3'/) 0° ^'^' ^^ ^'~ ^A' ^^^ ^^"" ^^'° of circum-circle of A'B'C] 

6. Find the radius of the circle 

)8y sin A + ya sin B + a/3 sin C « 2 k 

j4ns. R \/i - 4 k/D 

7. Through A', B', C, the mid points of the sides of the triangle ABC, 
lines A'L, B'M, C'N are drawn perpendicular to the sides and proportional 
to them; prove that AL, BM, CN co-intersect in a point whose locus is 

/3y sin (B - C) + yOC sin (C - A) + a/S sin (A - B) = o 

8. Find the equation of the circle whose diameter is BC. 
Jns. ^y sin A + yOf sm B + ay3 sin C « (D/R) Of cos A 

9. If S = o is the equation to the circum-circle of the triangle ABC, the 
equation of the circle through the three points {OL^^iy-^, iPC^^iyi), (Ofs/Jsys) is 

S a )3 y =0 

Si (Xil^iyi 

S2 02/3272 

Ss asftys 

10. The equation of the circum-circle of the triangle whose sides are Of » o 
and the bisectors of the angle A is 

sin(B-C){^ysinA +„. + ,..} 

+ (^ sm C - y sm B) (a sm A + /3 sin B + y sin C) =■- o 
This circle and its two analogues are co-axal, the radical axis being 
a sin (B - C) -I- j3 sin(C - A) + y sin(A - B) « o 

{Prof' Purser.) 
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11. The radical axis of the in-circle and nine-point circle of the triangle 
of reference is 

aa/(b - c) + b)8/cc - a) + c >/(a - b) = o 

12. Prove that the intersections of the lines 

ICX + m^ + ny = o, VOL + m')3 + n'y « o 
with the circum-circle and self-conjugate circle respectively, lie on the same 
^»^*^1«^^ cos A cosB cosC 

I m n 

r m' n' 

[A/bte — The radical axes of the three pairs of circles are concurrent.] 

13. The equation OCfi = y' represents a circle if the two sides CA, CB of 
the triangle of reference are equal. 

14. Show that the conic 



Via + Vm0 + Vny — o 
is an ellipse, parabola, or hyperbola, according as 

Imn (l/a + m/b + n/c) > = < o 

16. Show that the theorem, Ex. 3, page 311, is a particular case of Ex. 6, 
page 379. 

16. Determine A so that the equation 

may represent a parabola ; find the equation to its directrix. 
Ans. A = 4 bc/a^ ;acxcosA«cj3 + by 

17> If P) q, r are the perpendiculars from A, B, C on any tangent to 
a parabola touching AB, AC at B, C, prove that 

p« - qr 

18. Prove that the normals to the conic 

^y cot J A + ya cot J B + a^ cot j C « o 
at A, B, C co-intersect. 

19. The locus of centres of rectangular hyperbolas touching the sides of a 
given triangle is the self- conjugate circle. 

20. The locus of centres of rectangular hyperbolas having ABC for a self- 
conjugate triangle is the circum-circle. 
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21. The circum-centre of any triangle, self-conjugate with respect to a 
parabola, lies on the directrix. 

22. A point describes a straight line ; prove that the locns of the intersection 
of its polars with respect to two conies is a conic circumscribing their common 
self-conjugate triangle. 

23. Find the relation between the perpendiculars p, q, r from A, B, C on 
any tangent ; i<^, to the inscribed circle ; 2**, to the ellipse touching the sides at 
their mid points. 

Ans, I®, (s — a) qr + (s — b) rp + (s — c) pq -= o 
20, qr + rp + pq = o 

[Mfte — Use eq'n (2), § 400, and eq'n (3), § 427.] 

24. Through each vertex of the triangle of reference a parallel is drawn to 
the opposite side; these parallels form a triangle A'B'C. If p, q, r are 
the perpendiculars from A, B, C on any tangent to the circum-circle of 
A'B'C, prove that 

sin A Vq + r — p + sin B Vr + p — q + sin C Vp + q — r == o 

25. The major axis of a conic inscribed in ABC passes through the point 
in which the external bisector of the angle A meets BC; prove that the 
locus of its foci is the conic 

[Note — See JVofs, Ex. 6, page 379. If ((Xfiy) is one focus, f — , ^ , — ) i* 
the other; express cond'n that these are coUinear with (o, 1, — i).] 

26. The minor axis of a conic inscribed in the triangle of reference is given 
( 33 p) ; prove that the locus of its foci is the curve 

a^y(aa + b^ + cy) « p^isifiy + bya + ca^) 

27. Prove that the locus of the foci of conies touching the four lines 

a = o, y3 = o, y = o, ,la+m^ + ny-o 

is the cubic 

I m n _ I* + m' + n* — 2 mn cos A — 2 nl cos B — 2 Im cos C 
a /3 y ~ lex + m)3 + ny 

28. Prove that the six points in which tangents to any conic from the 
vertices of the triangle of reference meet the opposite sides lie on a conic. 
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{^Note — Let the conic be represented by the general equation in areal* 
co-ordinates ^ (x, y, z) - o 

The equation of the tangents from A (i, o, o) is (§ 415) 
a (ax* + by* + cz* + 2 fyz + a %zk + 2 hxy) = (ax + hy + fp,)^ 
or C y* - 2 Fyz + B z* - o (i) 

The roots of this equation in y/z are the ratios in which BC is divided by 
the lines (i) ; the product of these ratios is /. b/C. 

The result follows by Camot's Theorem (Ex. 2, § 311).] 

29. Two points are joined to the vertices of the triangle of reference. Prove 
that the six points in which the joins meet the sides lie on a conic. If the areal 
co-ordinates of the points are (x'y'z') and (x'yV), find the equation of the 
conic. 

30. A parabola drawn through the mid points of the sides of a triangle 
ABC meets the sides again in A", B", C" ; prove that AA", BB''', CC" are 
parallel. 

31. If lines are drawn through a point O parallel to the sides of a triangle, 
the six points in which the parallels meet the sides lie on a conic. 

32. If a triangle be self-conjugate with respect to a parabola, prove that its 
nine-point circle passes through the focus. 

33. CA, CB are tangents to a conic at A and B ; P is any point on the 
curve. Any line through C meets AP, BP in Q, R. Prove that BQ, AR 
meet on the curve. 

34. Having given five tangents to a conic, show how to determine their 
points of contact. 

\_Note — Let ABODE be a circumscribed pentagon. Then AD, BE meet on 
the join of C to the point of contact of AE. This follows from Brianchon's 
Theorem, by supposing two sides of the hexagon to coincide.] 

* Areal co-ordinates possess some advantages over trilinears. If we put 
x = o in the homogeneous equation of a curve in areal co-ordinates, the roots 
of the resulting equation in y/z are the ratios in which the curve divides BC. 
It is worth noticing that the point (xyz) is the centre of gravity of masses 
x, y, z placed at A, B, C, 
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36. A parabola inscribed in the triangle of reference touches the line 

Aa + jLt)3 + ry » o; 
prove that the equation to the directrix is 

36. The four common tangents to two conies intersect two and two on the 
sides of their common conjugate triangle. 

37- Two triangles are self-polar with respect to a conic ; prove that their 
six vertices lie on a conic 

38. If tangents are drawn to a conic from any point of a straight line 
whose pole is P, the sum of their distances from a fixed point Q divided 
respectively by the distances of P from the same tangents is constant. 

39. A transversal drawn through a fixed point O meets a conic in P, Q. 
Prove that the algebraic sum of the distances of P, Q from a fixed straight 
line divided respectively by the distances of P, Q from the polar of O is 
constant. 

40. If the summits of three angles are coUinear, their arms are the opposite 
sides of a hexagon whose vertices are on a conic. 

[See £x. 48, page 357. This is the converse of Pascal's Theorem.] 

41. The three diagonals of the quadrilateral whose sides are 

a = o, )3 = o, y = o, Aa + jutj3 + yy = o 
are divided harmonically by the conic 

I O^ + m )8* + n y» + r (Aa + /ut)8 + vy)^ = o 

42. The equation to the isotropic lines through A is 

j32 + y2 + 2 ^y cos A « o 

43. The trilinear co-ordinates of the focoids are proportional to 

cos B + V— I sin B, cos A — V— i sin A, — i 

[JVote — Solve for OL : fi : y from equations to circum-circle and line at 
infinity.] 

44. Find the circle of curvature at the point A on the conic 

kOCfi = y2 
u4ns, 8inAQ32 + /» + 2)8ycosA) - A^(a sinA + )8 sinB + y sinC) 
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46. Given in position the three diagonals of a complete quadrilateral, and 
that one of its sides passes through a fixed point, show that the other sides pass 
through fixed points. 

[See Not6y § 436.] 

46. Prove that the equation of the circle described on the side BC of the 
triangle of reference, and containing an angle A, is 

sin A (^y sin A + yOt sin B + OL^ sin C) 

« a sin (A - A) (a sin A + )8 sin B + y sin C) 

Hence, or otherwise, prove that the trilinear co-ordinates of a point at which 
the sides subtend angles A, [i., v are proportional to 

sm A/sin (A — A), sin u/sin (B — \k\ sin ly sin (C — i;) 
\_Note — Find co-ord's of point where circle meets AC ; use result of Ex. 9.] 

47. Find the areal co-ordinates of the radical centre of circles on AB, BC, 
CA as diameters. 

Ans. cot B cot C, cot C cot A, cot A cot B 

48. O is the ortho-centre, Q the centroid of the triangle ABC. Find 
the equation to the circle onOQ as diameter; and prove that this circle is 
co-axal with the circum-circle, the nine-point circle and the polar circle of the 
triangle. 

Ans, 3Q3y sua A +... + ...) « 2 (Ot sin A +,.. + ...) (Of cos A +... + ...) 

49. Find the equation of the line passing through the mid points of the 
three diagonals of the quadrilateral whose sides are 

Aa ± /i)3 + ry « o 
Ans, k^oc/smfii + /ut^jQ^sin B + y^y/sinC = o 

50. Find the equation to the as3rmptotes of the conic 

la« + m/3* + ny2 - o 

Ans, (la« + my32 + ny2) (a^/l + 6^/01 + cyn) - (aa + b$ + cy)« 

61. Find the locus of a point such that the tangents drawn from it to 
the conies 

ICX^ + mi32 + ny2 =. o, Ka^ + m')8* + n'y« = o 

form a harmonic pencil. 

Ans. The conic F = II' (mn' + m'n) OL^ + ... + ...« o 
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[JVbte — Form eq'ns of pairs of tangents from (OC'^^y), (§ 415) ; putting 
OC ■■ o we obtain the eq'ns of the pairs of conjugate ra3rs joining A to the 
range in which the pencil formed by the four tangents meets BC ; then use 
cond'n of § 141.] 

62. Show that the eight points of contact of two conies with their common 
tangents lie on the conic F. 

63. If two circles cut orthogonally, and the tangents from a point P to 
the circles form a harmonic pencil, the locus of P is a line-pair. , 

54. The polars of the mid points of the sides of the triangle ABC with 
respect to an inscribed conic form a triangle whose area is constant, and » D. 

65. The director circles of conies touching four given lines form a co-axal 
system. Prove this by showing that if the four lines are 

Aa ± /ut)3 ± i/y - o 

the circles pass through the two fixed points determined by 

^2 + y2 + 2^y cosA y2 + a* + 2ya cosB ^ a^ + y32 + 3 a^ cosC 

[NbU — See Note, § 436, and Ex. 10, page 386. Another proof of the theorem 
will be given in Chapter XV. One conic of the system is a parabola; the 
directrix of this parabola is the radical axis of the system.] 

56. The circles described on the three diagonals of a complete quadrilateral 
as diameters are co-axal. 

57. The director circles of conies inscribed in a triangle are cut orthogonally 
by the self-conjugate circle. 

58. Given three tangents to a conic and the sum of the squares of the axes ; 
prove that the locus of its centre is a circle. 

59. Find the equation of a parabola inscribed in the triangle of reference, 
and whose focus is (CX'/S')/). 

jins. onA^a/Oif + sin B sj ^1^' + sinC .^y// = o 

60. Prove that the equation to the Sim son's Line of a point {(X'^'Y) on 
the circum-circle of the triangle of reference is 

(. . R sin 2 A\ 
sm A — ^ — 1 +... + ...■• o 



398 Analytical Geometry 



61. The locus of centres of conies inscribed in a triangle, and such that the 
normals at the points of contact co-intersect, is a cubic which passes throng h 
the vertices of the triangle, the centroid, the ortho-centre, the in- and ex-centres, 
and the mid points of the sides and perpendiculars. 

62. Tangents are drawn from a fixed point P to parabolas inscribed in 
a given triangle ; prove that the locus of the point of contact is a cubic. 

63. If the triangle of reference is equilateral, find the equation to the axes 
oftheconic |q^ ^ ^^2 + n y^ - o 

Ans. |2(m - n)a' +... + ...+ 2mn (m - n)/3y +... + ...« o 

[A'bfe — The axes are the loci of points whose polars with respect to the conic 
and its director circle are parallel.] 

64. Obtain equations to determine the foci of the conic in the last question. 
Ans. I (m + n) «« -h mn (/3 + y)« = m (n + I) )3« + n\ (y + OL)^ 

« n (I -h m)y2 + Im (a -H )3)« 

[JVoU — The equation of the tangents irom a focus satisfies the analytical 
conditions for a circle. The foci may also be obtained by the methods of 
§§ 368, 372, using the result of Ex. 43, page 395 ; the equations thus obtained 
are however unsymmetrical.] 

66. If the general trilinear equation represent a circle whose centre is 
(a, ^, y) and radius r, prove that 

\Nbte — See § 443. The square of the tangent from the centre is — r*.] 

66. If the general trilinear equation represent a pair of lines, prove that the 

angle between them is , ; — 

tan-i,y-4d/^« 

67. The co-ordinates of the focoids are proportional to 

e*^ e*^ tt1"'~^ 

where Of (f>,yff are the angles which the sides of the triangle of reference make 
with any line ; these angles being measured round from the line in the same 
direction. ^/y^y/ (p^f^gs^j^ 

68. Two concentric and similar conies are, one inscribed and the other 
circumscribed to a triangle. Prove that the locus of the common centre con- 
sists of two circles. (Faure.) 
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69. If Of <j>, \f^ are the angles which the sides of the triangle of reference 
make with an axis of the conic represented by the general trilinear equation, 
prove that 

a sin a + b sin 2 <^ + c sin 2 \ff 

+ 2 f sin (<^ + \(f ) + 2gsm{yjf + $) + 2 h sin (^ + <^) = o 

{M. Conibier.) 

70. The locus of foci of conies inscribed in the quadrilateral whose sides are 

Aa + /ut^ ± ry « o 
is the cubic 

(OtsinA +... + ...) (A^a^ cot A +... + ...) 

r= QSysinA +... + ...) (A* a/sin A +... + ...) 

{M, Koekler.) 

71. A conic is inscribed in a quadrilateral ABCD. If p^, pj, Ps; P4 are 
the perpendiculars from A, B, C, D on any tangent, prove that 

Pi Ps oc Pa P4 

72. The condition that five points A, B, C, P, Q may be on a parabola is 



VPBC . QBC . PQA + ... + ... = a 

where PBC stands for the area of the triangle PBC, &c. 

{Prof' Gemse.) 

[Note — Use areal co-ordinates ; take ABC as triangle of reference.] 

73. Prove that the conies 
)3y + ya + a)3 = o, sin ~ Vol + sin — Vfi + sin — -/y - o 
are confocal. 



CHAPTER XV 
ENVELOPES 

§ 447. If the equation to a line involve a parameter /x in the 

first degree, then we have seeii (§ 130) that the line passes through 

a fixed point. Let 

/x*L + 2/xR + M = o (i) 

be the equation of a straight line involving a parameter fx in the 
second degree. 

If a line of the system (i) pass through a given point, then 

/x'^L'+ 2/xR'+ M'=o (2) 

where L', M', R' are the results of substituting the co-ordinates of 
the point in L, M, R. 

The equation (2) is a quadratic in fi ; hence two lines of the 
system can be drawn through a given point P. In other words, 
two tangents can be drawn from P to the envelope of the system 
(i). But if P is on the envelope these tangents coincide : hence 
the quadratic (2) has equal roots. 

The envelope of the system of lines (i) is .•. the conic 

LM = R» (3) 

[Compare § 354.] 

Cor' — If L = o, M = o, R=!0 represent any curves, then all curves of the 
system (i) touch the curve (3). This is proved by the same reasoning. 

Ex. I. Find the envelope of a line which moves so that the sum of its 
intercepts on the axes is constant (=5). 

Let the intercept on the axis of x be a ; the equation of the line is 

X y 
a 5 -a 
or a* + (y-x-8)a+x6»o 
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This equation involves the parameter a in the second degree; and the 
envelope is (y _ x - 8)» = 4x8, 

a parabola touching the axes. 

Ex. 2. Find the envelope of a line which moves so that the product of the 
perpendiculars on it from two fixed points (+ C, o), (— C, o) is constant 

(=b2). 

Let the line be x cos a + y sin a — p = o (i) 

/. (p + c cos a) (p - c cos a) « b* . . . . (2 j 

Eliminating p from (i), (2), we see that we have to find the envelope of 
(x cos a + y sin a)^ - b^ (sin> (X + cos* CX) + c' cos^ a 
or (x' - b> - C^) cos«a + 2 xy cosa sin a + (y^ - b^) sin^a - o 

Expressing that this quadratic in cos Oy sin CX has equal roots, we see that 
the envelope is ^^j - b^ - c^) (y2 - b^) - x^ y^ 

or xy(b2 + c2) + yyb2 = I 

§ 448. Ifd) ts indeterminate, the envelope of 

L cos 4- M sin = R (i) 

is U+ M'»=R^ (2) 

Substituting /a = tan J 0, (i) becomes 

L(i-/A») + 2M/A=R(i +/x«) 

The envelope is .*. 

(L + R) (R - L) = M^ and /. &c. 

Ex. If CP, CD are conjugate semi-diameters of an ellipse, find the envelope 
of PD. 

If B is the eccentric angle of P, the equation of PD is found to be 

(ay — bx) sin d + (ay + bx) cos »= ab 

The envelope is .*. the ellipse 

2a«y2 + 2b2x2 « a^b* 

§ 449. To find the envelope of the line 

Xa + fx^ + i/y *= o (1) 

where (a, b, c, f, g, h) (X, /ut, i/)2 5=: o (2) 

D d 
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Eliminating v from (i), (2), we see that the lines of the system which pass 
through a given point (Ot'/3'y') are determined by the equation 

(a, b, c, f, g, h) {k, fx, 7~^/ ■ ® 

Expressing the condition that this quadratic in \/fi has equal roots, and 
reducing (as in § 333), we obtain for the equation of the envelope 

Aa« + B)32 + Cy« + 2F^y + aGya + 2Ha)3 - o . . (3) 

where A, B, &c. have the usual meanings. 

§ 450. By writing x, y, i instead of CX, )3, y, the preceding investigation 
becomes applicable to Cartesians. It is convenient to interchange the large and 
small letters A, a, &c. Hence the envelope of the line 

Ax + fxy + j; -= o (i) 

where (A, B, C, F, Q, H) (A. /u^ j;)« - o (2) 

is the conic (a, b, c, f, g, h) (x, y, i)* - o (3) 

where a = BC - R, f « QH - AF, &c. 

Since eq'n (2) is the condition that the line (i) should touch the conic (3), 
this result should be equivalent to that of § 323. This is verified by the identities 

BC - R = A a, QH - AF « A f, &c. 

where the letters A, A, a, &c. have the same meanings as in § 323. 

Cor' (i)— The centre of the envelope is (G/C, F/C). [§ 323.] 

Cor' (3) — The equation to the director circle of the envelope is given (§ 325). 
The envelope is a rectangular h3rperbola if the radius of this circle is zero, L e. if 

G8 + R - C (A + B) 

Cor' (3) — ^If the axis of x is a tangent to the envelope, the tangential 
equation (a) is satisfied by A » o, i; » o; hence B » o. The envelope .*. 
touches the axes if A = o B = o 

Cor' (4) — The envelope is a parabola (§ 287) if C « o ; this condition may 
also be deduced by noticing that if the line at infinity is a tangent the 
tangential equation is satisfied by 

A «= o, fi = o 
Cor' (5) — If the origin is a focus, the tangential equation is satisfied by 

A f» I, M = ± ^- ^» V *= o; 
A -. B » o, H » o 



• • 



452.] Envelopes 403 

§ 45 1. Ex. I. The locus of centres of conies inscribed in a quadrilateral 
is a straight line. 

Take the asymptotes of one inscribed conic as axes ; so that its tangential 
equation is [§ 450, Cor's (i), (3)] 

2 = Ci;2 + 2HA/ut - o 
Let the tangential equation to another inscribed conic be 

2' E (A', B', C, F, G', HO (X, M, j;)« « o 
Then if the line Ax + /Jiy + i; = o 

touches both conies, we have 

D » o and 2' = o; 

.-. 2 + kS' - o (i) 

Hence (i) is the tangential equation of conies inscribed in the quadrilateral 
formed by the common tangents of 2 and 2'. 

The centre of the conic (i) is [§ 450, Cor* (i)] 

X - kQ'/cC + kCO, y = k F'/cC + kC) 

Eliminate k ; the locus of centres is .*. the line 

x/y - Q'/F' 

[Compare solution on page 307.] 

Ex. 3. The director circles of conies inscribed in a quadrilateral form a 
co-axcU system. 

For the director circle of the conic whose tangential eq'n is (i) is (§325) 

C {x« + y2) + k[C' (x« + y») - 2G'x - a F'y + A' + B'] « o 

This is the eq'n of a circle co-axal with the director circles of 2 and 2' ; 
and the radical axis is the line 

aG'x + 2F'y = A' + B' 

It follows from the result of Ex. i that the radical axis is perpendicular to 
the locus of centres. 

TANGENTIAL CO-ORDINATES 

§ 4S2> The Boothian tangential co-ordinates of a straight line are the 
reciprocals of its intercepts on the axes. 

Thus (I, m) are the tangential co-ordinates of the line 

Ix + my — I 
The equation to a point (x'y^) in this system is 

Ix' + m/ = I ......... (1) 

i. e. the co-ordinates of every line passing through the point are connected by 
the relation (i). 

D d 2 
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The envelope of a line is a conic if its co-ordinates 1, m are connected by 
a relation of the second degree ; for the results of § 450 become applicable to 
this system if we write I, m, — i for A, /ut, v* 

Ex. Let the tangent to the ellipse (a, b) at the point whose eccentric angle 
is (j) intercept lengths i /l, i /m on its axes ; then 

i/l = a/cos (f), I /m = b/sin <f) 

.-. a2 12 + b2 m2 = I 

This is the Boothian tangential equation of an ellipse ; i. e. it is the relation 
connecting the co-ordinates of every tangent to the curve. 

S 453. In another system of line co-ordinates the tangential co-ordinates 

of a line are the perpendiculars p, q, r on the line from the vertices A, B, C 

of the triangle of reference ; these co-ordinates are connected by the relation 

of § 413. 

The equation of the point whose areal co-ordinates are (x'y'z') is (see § 410) 

px' + q/ + rz' = o (i) 

i. e. the co-ordinates of every line passing through the point are connected by 
the relation (i). 

The results of § 449 are applicable to this system if we substitute p sin A, 
q sin B, r sin C for A, /ut, v [see eq'n (2), § 400] ; or we may replace A, /ut, v 
by p, q, r, and OC, ^, y by x, y, z (areal co-ordinates). 

We add some propositions on this system of co-ordinates. 

§ 454. I. TAe equation 

u+Av = o (i) 

represents a point dividing the join of the points u = o, v = o i« the ratio 
A : I. 

Let (x'y'z'), (x"y''z") be the areal co-ord's of the latter points. 

Written at full length, (i) becomes 

px' + q/ + rz' + A (px'' + q/' + rz*') = o 

or p (x' + Ax'O + q (/ + A/0 + r (z' + Az'O « o 

This is the equation to the point whose areal co-ord's are 

x' + Ax" / + Ay" z' + Az" 



i+A* i+A' i + A 



; and .*. &c. 



II. The co-ordinates of a line through the intersection of the lines .'p'q'r'), 
{P"q('x^') are proportional to 

p'-Ap", q'-Aq", r'-Ar" 
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The point equations of the given lines are 

u = p'x + q'y + r'z - o, v = p''x + q"y + t"z = o 

Hence (§ 128) the point equation of a line passing through their intersection, 
and dividing the angle between them into parts whose sines are in the ratio 
A: I, is 

u-Av = o, or (p'- Ap")x + (q'-Xq'Oy + (r'-XOz -o; 
the co-ord's of this line are in the ratios of the coeff's of x, y, z ; and .*. &c. 

III. The length of the perpendicular from the point (x'y'z') on the line 
(Pqr) is px' + q/ + rz' 

For the point equation of the line is 

px + qy + rz « o; and .*. 5rc. [§ 410.] 

IV. Hence the tangential equation of a circle whose centre is (x'y'z') and 
radius p is px' + q/ + rz' « /) 

This may be written in the homogeneous form 

4 D2 (px' + q/ + rz')2 - p^ ^^ 
where 12 is the sinister of the equation of § 413. 

V. Let the tangential equation of a conic be 

<^ (p, q, r) = (a, b, c, f, g, h) (p, q, r)^ = o 
Let (p'qV), (p^'q'^r") be two tangents to the conic. 
The equation of the chord joining (0(')3'y'), (a'')3")/0 is given in § 414. 

In this equation replace «, )3, y by p, q, r; * a', )3', / by ^ , —• ^ — ^ ; 

anda".^",/'by^. 3^', 5^. 

Then the resulting equation is satisfied if we substitute p', q^ K or 
p'', q'', r" for p, q, r; and .•. the given lines are tangents to the envelope 
represented by the equation. 

Further, when the equation is expanded the result is divisible by r; and 
the quotient is the equation of the point of intersection of the tangents (p'q'r'), 

(p'^q'VO. 

Hence, as in § 414) we deduce the equation of the point of contact of 
(p'qV) ; this may be written in either of the forms 

dd> dd> dd> dd>' dd>' d(f>' 

P'd^^^'d^-^'^dF-^' ^^ Pd^^^d^^^dr^=^° 
If (p'qV) is not a tangent, either of these equations represents its pole. 

* It might seem simpler to replace Oi! by p', &c. ; the result, however, when 
expanded is in that case of the first form given in IV ; and is the equation to 
a circle. 
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VI. The conic is a parabola if its equation is satisfied by the co-ordinates 
of the line at infinity (i, i, i); i. e. if 

a + b + c + 2f+2g + 2h =o 

VII. The centre being the pole of the line at infinity, its equation is 

d(p d(f) d(f) 
dp dq dr 



Exercises on Chapter XV 

1. P is any point on the parabola 

y« = 4 ax ; 
PM, PN are perpendiculars on the axes. Find the envelope of MN. 

Ans. The parabola y* = — i6€uc 

2. Find the envelope of a line which forms with the axes a triangle of con- 
stant area k^. 

Ans. The hyperbola 2 xy sin oo « k' 

3. Two fixed lines meet in O ; if P, Q are points on the lines such that 

m OP + n OQ 
is constant ; the envelope of PQ is a parabola touching the lines. 

4. If circles are described on double ordinates to the axis of a parabola as 
diameters, their envelope is an equal parabola. 

5. Find the envelope of a line such that the sum of the squares of the 
perpendiculars on it from two fixed points (c, o) and ( — c, o) is constant 

(-2k2). 



Ans. The conic x^Ck^ - c«) + y^/k^ « i 



6. Find the envelope if the difference of the squares of the perpendiculars 
- 2k2. 

Ans. The parabola c^y* = k« (k^ - 2 ex) 

7- Two fixed lines intersect at O ; a circle passing through O and another 
fixed point P meets the given lines in L, M. Show that the envelope of LM 
is a parabola touching the given lines. 
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8. The axes of an ellipse are given in position. If the prodnct of the lengths 
of its semi-axes — k', find its envelope. 

Ans, The hyperbolas 2 xy — + k* 

9. The normals at four points P, Q, R, S on an ellipse co-intersect : if PQ 
passes through a fixed point, prove that RS envelopes a parabola touching the 
axes of the ellipse. 

[JVot^^Vse the eq'ns of PQ, RS given at end of § 373.] 

10. Being given the radius of the director circle of an ellipsCi and two 
conjugate diameters in position : show that the ellipse touches four fixed straight 
lines. 

11. Prove that the envelope of the polar of a given point P with respect to 
a system of confocals whose centre is C is a parabola whose directrix is CP. 

12. A transversal meets the sides of a given triangle in P, Q, R. If 
PQ : QR is a given ratio, the envelope of the transversal is a parabola touching 
the sides of the triangle. 

13. A line which revolves round a fixed point O meets a given line AB in 
P. Prove that the envelope of the bisector of the angle OPA is a parabola 
whose focus is O and directrix AB. 

Prove also that the envelope of a line through P inclined at a constant angle 
to OP is a parabola which touches AB and has its focus at O. 

14. The diagonals of a quadrilateral inscribed in a circle intersect at right 
angles in a fixed point. Prove that the sides of the quadrilateral touch a fixed 
conic, whose foci are the fixed point and the centre of the circle. 

15. The envelope of chords of a conic which subtend a right angle at 
a fixed point O is a conic, whose focus is O and directrix the polar of O. 

16. If a straight line is cut harmonically by two circles, its envelope is 
a conic whose foci are the centres of the circles. 

17. A transversal is cut harmonically by two conies. Show that its envelope 
is a conic. 

[Noie — Refer the conies to their common self-conjugate triangle. Adopt 
the notation of Ex. 51, page 396 ; let the transversal be 

Aa + |Ut)3 + i;y « o (i) 

Eliminating y between (i) and the equation of each conic we obtain the 
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equations of the line-pairs joining the vertex C of the triangle of reference to 
the intersections of the transversal (i) with the conies. Using the condition of 
§ 141 we find that the transversal (i) is cut harmonically if 

(mn'+ m'n)X2 + (nl'+ n'l)/ut2 + (lm'+ rm)i;2-o . . (a) 

The envelope of the line (i) subject to the condition (2) is (§ 449) the conic 

4> = ay(mn'+ m'n) + ^2/(111'+ n'l) + y^/{\rr\'+ Km) - o.] 

1 8. Prove that the eight tangents to two conies at their points of intersection 
touch the conic 4>. 

19. The vertices A', B', C of a triangle move along fixed lines BC, CA, 
AB ; two sides AX', B'C pass through fixed points Q, P. Prove that the 
envelope of the third side A'B' is a conic touching AQ, BP. 

INoie—Take ABC as triangle of reference; let P, Q be (a')3'/). 

20. Given three points on a conic ; if one asymptote pass through a fixed 
point, the other will envelope a conic touching the sides of the given triangle. 

21. Two sides of a triangle inscribed in a conic pass through fixed points 
P, Q. Prove that the envelope of the third side is a conic touching the given 
conic at its intersections with PQ. 

l^Noie — Let the given conic be 

PQ being the line y = 0.] 

22. Two tangents making a constant angle are drawn to two given circles ; 
prove that the join of the points of contact touches a fixed conic. 

23. The envelope of a transversal on which two given circles intercept 
equal chords is a parabola. 

24. PQ is a variable diameter of a conic, and the chords PR and QR 
make equal angles with the tangent at R ; prove that all the lines PR and QR. 
touch the same conic. 

25. Show that the foci of a conic touching the sides of a parallelogram lie 
on a rectangular hyperbola circumscribing the parallelogram. 

[NoU—See §§ 369, 451.] 

26. The locus of foci of conies inscribed in a quadrilateral is in general 
a cubic. 
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27. If^ p> q> r are the perpendiculars on a line from three given points 
A, B, C : find the envelope of the line if 

Jns, The conic x^ = y^ + z* 

28. The envelope of chords of the parabola 

y2 = 4ax 
which subtend a constant angle OC at the vertex is the conic 

(x _ 4a)2 + 4y2 + 4 cot^a (y* - 4 ax) = o 

29. Conies are drawn with a fixed point within a given circle as one of 
their foci, and touching two fixed tangents to the circle ; show that their chords 
of intersection with the circle envelope a second circle. 

30. The envelope of a circle on a chord of a conic fixed in direction as 
diameter is a conic. 

31. A straight line moves so that the sum of the squares of the perpen- 
diculars on it from any number of fixed points is constant: prove that its 
envelope is a conic. 

32. If the normals drawn to the ellipse (a, b) from any point on the 
normal at (hk) meet the ellipse in P, Q, R; prove that the sides of the 
triangle PQR touch the parabola 

(xh/a2 + yk/b2 + i)^ = 4 hkxy/Ca^b*) 

33. A triangle is inscribed in a conic S, and two sides touch another conic 
S' ; prove that the envelope of the third side is a conic passing through the 
intersections of S, S'. 

34. Interpret the tangential equations 

pq + qr + rp = o, p* = qr, p2 = 4qr 

Jns. (i) The ellipse touching the sides of the triangle of reference at their 
mid points. 

(2) The parabola touching AB, AC at B, C. 

(3) The ellipse touching AB, AC at B, C, and passing through the 

centroid of ABC. 

35. Find the tangential equations to the nine-point circle and the self- 
conjugate circle of the triangle of reference. 

^ns. a Vq + p + b Vr + p + c Vp + q = o, 
p2 tan A + q2 tan B + r^ tan C = o 
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36. Interpret the tangential equation 

p (a^q + ai r) = aj (p - q) (p - r) 

.4ns. The triangle of reference being ABC, the form of the equation shows 
that it represents a conic inscribed in the quadrilateral whose vertices 
are A, the mid points of AB, AC, and the point dividing BC in the 
ratio Bi : 842. 

37. The tangential equation of a conic whose foci are (x'y'z'), (x"y"z") is 

(x'p + /q + zV) (x"p + /'q + z'V) = A i2 
where Q, is the sinister of the equation of § 413, and A is a constant. 

38. If the equation to the normal at either extremity of a chord PQ of an 
^"^P^^*^ Ax + fiy + 1; =0 

prove that (a' — b^) A/m + a/uti; - ^i;A - o (1) 

the ellipse being referred to its axes, and (Ot, /3) the pole of PQ. 

{Pro/' Bumside, Edud Times Reprint, Vol. VI., p. 108.) 

39. Hence prove that a parabola can be described touching the two normals, 
the chord PQ and the axes of the conic ; the diameter conjugate to the chord 
being the directrix. 

\Note — The preceding equation (i) is satisfied by 

(A = o, fi = o), (pt - o, j; = o), (A = o, i; = o) ; 

hence the curve of the second degree represented by this equation touches tlie 
line at infinity and the axes of the conic It is also satisfied by 

(A = a/a2, ii^fi/b\ i;--i); 

hence this curve touches the chord PQ. 

If Ax + fjty + r-o 

is the eq'n of one of the tangents from (CX, /3), then 

Aa + fjt^ + j; = o (2) 

Eliminating v between (i) and (a) we find that the sum of the coeff' of 
A^, fjt* is zero, or the tangents to the parabola from (a, /3) are at right angles. 
Hence (CX, /3) is a point on the directrix ; also the centre is another point on 
the directrix, since the parabola touches the axes.] 



CHAPTER XVI 
METHODS OP TBANSPOBMATION 

RECIPROCAL POLARS 

§ 455. By taking the polars of all the points and the poles of 
all the lines in a plane figure A with respect to a fixed conic S, 
a new figure B is constructed ; if B is treated in the same manner, 
the figure A is reproduced. 

Two such figures are said to be polar reciprocals. 

If p, q * are the lines in one figure corresponding to two points 
P, Q in the other, the intersection (p, q) corresponds to the line 
PQ[C^^'(3),§3o6j. 

To a series of collinear points P, Q, R, ... in one figure cor- 
responds a series of concurrent lines p, q, r, ... in the other 
\Cor' (4), § 306]. 

Thus from any theorem relating to the position of points and lines we can 
deduce another relating to lines and points. 

Ex. The following theorem is the reciprocal of Ex. 7, p. 174. 

If the three vertices of a triangle move one on each of three concurrent lines, 
and two of its sides pass through fixed points ; then the third side passes through 
a fixed point* 

§ 456. Let P, Q, R, ... be a series of points on a curve 2 ; 
their polars p, q, r, ... with respect to the fixed conic S envelope 
another curve 2'. 

* It is sometimes convenient to denote lines by single letters p, q, r, ... ; 
the point of intersection of two lines p, q is denoted by (p, q). 
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Also the points (p, q), (q, r), ... are the poles of the lines 
PQ, QR, ... . 

If now we suppose that the points P, Q are consecutive, then 
PQ becomes the tangent to 2 at P, and (p, q) becomes the point 
of contact of p with its envelope 2'. 

Hence 2 is the envelope of the polars of points on 2' with 
respect to S ; and the relation between the curves 2, 2' is 
reciprocal. 

The relation between the reciprocal curves 2, 2' may also be stated thus : 
each curve is the locus of poles of tangents to the other with respect to the 
auxiliary conic S. 

Cor' (i) — To a point on any curve and its tangent correspond a tangent to 
the reciprocal curve and its point of contact. 

Cor' {2)'^To a point of intersection of two curves corresponds a common 
tangent to the reciprocal curves^ 

Cor' (3) — If two curves touchy their reciprocals also touch. 

For the original curves have a point and the tangent at that point common ; 
the reciprocal curves have .'. a tangent and its pomt of contact common. 

§ 4-57. The polar reciprocal of a conic is a conic. 

Refer the given conic 2 and the auxiliary conic S to their 
common self-conjugate triangle ; let their equations be, 

toS, La^+ Mj8^+ Ny- = o 

and to 2, la^ + m^ + n/ = o 

The reciprocal polar of 2 is the locus of poles of tangents to 2 
with respect to S. 

Expressing (§ 436) the condition that the polar of (0C')8'y') 
with respect to S, viz. 

touches 2, and writing a, )8, y for a', )8', y'; we find that the 
reciprocal polar of the conic 2 is the conic 2', 

Uayi + M»/3ym + N^yyn = o 
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§ 4S8> Let P, Q be two points on 2 ; PT, QT the tangents at these 
points. Also, let p, q be the points on 2' corresponding to the tangents 
PT, QT ; let the tangents at p, q meet in t. 

Then T is the pole of pq and t is the pole of PQ with respect to the 
auxiliary conic S [C^r' (3), § 306.] 

Hence — To a line and its pole with respect to a conic correspond a point and 
its polar with respect to the reciprocal conic. 

S 459* Ex. I. The following theorem is the reciprocal of Ex. 24, p. 305. 
The locus of the pole of a given line with respect to conies inscribed in a 
given quadrilateral is a straight line. 

Ex. 2. Reciprocating Ex. 25, p. 305, we find — 

The envelope of the polars of a given point with respect to conies inscribed 
in a given quadrilateral is a conic. 

Ex. 3. The theorem, Ex. 33, p. 409, is the reciprocal of Ex. 2, § 441. 

Ex. 4. Reciprocate Pascal's Theorem (§ 431). 

Let A, B, C, A', B', C be the vertices of the hexagon. 

Their polars with respect to the auxiliary conic S are six tangents a, b, c, 
a', b', c' to the reciprocal conic 2'. 

To the opposite sides AB, A' B' of the first hexagon correspond opposite 
vertices (a, b), (a', b') of the reciprocal hexagon ; and to the intersection of 
AB, A' B' corresponds the join of the intersections (a, b), (a', b'). 

Similarly with reference to the other pairs of opposite sides of the given 
hexagon; and as the intersections of its three pairs of opposite sides are 
collinear, the joins of opposite vertices of the reciprocal hexagon cointersect. 
This is Brianchon's Theorem (§432). 

Note — The learner will remark that in many cases the process of reciproca- 
tion reduces to a mechanical interchange of the words * point' and *line,' 
* locus ' and * envelope,' * inscribed * and * circumscribed,* &c. 

RECIPROCATION WITH RESPECT TO A CIRCLE 

§ 460. If the auxiliary conic S is a circle, the construction for the 
reciprocal polar of a given curve 2 may be stated thus. 

Let O be the centre and h the radius of the circle S. [See fig', page 415.] 

Let P be any point on the curve 2 ; draw OM perpendicular to the tangent 
at P. On OM take a point p such that 

OM . O p = 52 (I) 

Then 2' is the locus of p. 
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If 8 changes, the curve 2' will evidently remain similar to itself. As we are 
usually concerned only with the shape of 2^, it is unnecessary to mention the 
radius 5 ; and we may simply speak of 2' as the reciprocal of 2 with respect 
to the point O. The point O may be called the origin. 

m 

Cor^ — We see from the relation (i) that — The distance of any point from the 
origin varies inversely as the distance of its reciprocal therefrom, 

§ 461. Let the lines a, b be the reciprocals of the points A, B ; then 
a is perpendicular to OA and b to OB. 

Hence the angle between the two lines (a, b) is equal to the angle AOB, 
which the join of their poles subtends at the origin. 

This principle is often useful. 

9 462. Returning to the construction of § 458, let the point T coincide 
with the origin O. Then pq, which is the reciprocal of the origin, is the 
line at infinity ; t is the centre of the reciprocal conic 2^ and tp, tq are its 
asymptotes.. 

The centre and asymptotes of the reciprocal of a given conic 2 with respect 
to any origin O are .•. determined by this construc^on — 

Draw tangents OP, OQ to the conic 2 ; the centre of the reciprocal conic 
is the reciprocal of PQ, and its asymptotes are the reciprocals of the points of 
contact P, Q. 

Cor* (i) — The angle between the asymptotes of 2' is the supplement of the 
angle POQ (§ 461). 

Cor' (2) — Hence 2^ is a rectangular hyperbola if POQ is a right angle ; 
i. e. if the origin O is on the director circle of the conic 2. 

^o^ (3) — As either 2 or 2' may be regarded (§ 456) as the original conic, 
we see that — The reciprocal of a rectangular hyperbola with respect to any 
point O is a conic whose director circle pcuses through O. 

Cor' (4) — To find the condition that the reciprocal conic 2^ may be an 
hyperbola. 

The points p, q in which it is met by the line at infinity must be real and 
different ; the tangents OP, OQ must .*. be real and different, i. e. the point O 
must be outside the conic 2. 

Similarly the reciprocal curve 2^ is an ellipse if the origin O is inside the 
conic 2 ; and it is a parabola if the origin O v&on the conic 2. 
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§ 463. To find the polar reciprocal of a circle whose centre is C 
and radius r with respect to an origin O. 

Make the construction of 
§ 460 ; let the polar of the 
point C with respect to O 
meet OC in X. 

Draw pn perpendicular to 
the polar of C. Then PM 
is the polar of p, and nX is 
the polar of C. 

.-. Op : OC = pn : CP 

[§ 202.] 

.-. Op : pn = OC : r 

The reciprocal polar is /. a conic whose focus is O, directrix the 
polar of C, and eccentricity OC /r. 

Cor* (i) — The latus rectum of the conic varies inversely as r. 
For it = aeOX = 2 (OC/r) (8»/0C) « jh^jr 

Cor* (2) — The centre of the reciprocal conic is the reciprocal of the chord of 
contact of tangents from O to the circle (C). 
This is proved in § 462. 

S 464. £x. I. 'The product of the segments of chords of a circle 
drawn through a fixed point O is constant.' (Euclid III. 35, 36.) 

The reciprocal of this is {Cor*^ % 460) — 

The product of the perpendiculars from a focus of a conic on two parallel 
tangents is constant. 

This is equivalent to the Theorem of § 248, VII. 

Ex. 2. 'The vertices of a rectangle circumscribing a conic lie on the 
director circle.' If this is reciprocated with respect to a focus we obtain the 
theorem, Ex. 14, page 407. 

S 465. It follows from § 463 that concentric circles reciprocate into 
conies having the same focus and directrix. 

Ex. Two conies have the same focus and directrix ; their eccentricities are 
are e and e^. If e' » 2 e, prove that an infinite number of triangles can be 
inscribed in one conic and circumscribed to the other. 
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The reciprocal of this is — 

If the radii of two concentric circles are r and K, then if r — 2 K an inHinite 
number &c. ; this is proved at once by Elementary Geometry. 

§ 466. 7'Ae reciprocal of a system of co-axal circles with respect to either 
limiting point is a system of confocal conies. 

For the conies have one focus common, viz., the limiting point ; also, the 
limiting point having the same polar with respect to every circle of the system 
(Ex., % 189), the conies are concentric [^Cor' (a), % 463]. The second focus is 
.'. the same for all the conies. 

Ex. The theorem of § 340 is the reciprocal of Ex. 31, page 161. 

§ 467. If we are given the trilinear equation of a curve, 

<^(a,^,y) = o (I) 

it is easy to obtain the tangential equation of its reciprocal with respect to any 

point O(ai^iyi)- 

Let b be the radius of the reciprocating circle, A'B'C the triangle reciprocal 
to the triangle of reference ABC ; then A' is the pole of BC, and A is the pole 
of B'C, &c. ; and 

fti.A'O = ^i.B'O - yi.C'O - 5« (2) 

Let p, q, r be the perpendiculars from A', B', C on the reciprocal of a 
point P (OCfiy) on the curve (i) ; this reciprocal is a tangent to the reciprocal 
of the curve (1). Then, by § 202, 

A'O : PO « JL from A' on polar of P : ± from P on polar of A' 

= p : a 

.-. b^/(Xi : PO = p : a 

.-. a: pai = PO:52 =. ^:q^j « y:ryi (3) 

The tangential equation to the reciprocal curve is .*. 

<^ (p «!, q^i, ryi) - o (4) 

Again, from (3), p : q : r = Oc/oCi : 3//3i : y/yi 
If .*. the tangential equation of a curve referred to A'B'C is 

^ (P, q, r) = o 
the trilinear equation of its reciprocal referred to ABC is 

^ («/«!, ^/^i, y/yi) = 

Ex. The tangential equation of the circum-circle of A'B'C is 
sin A' Vp + sin B' Vq + sin C Vr « o - 

[§§ 424. 423, 400-1 
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Now A' - 180** - BOC, &c. ; 

and the reciprocal of the circle is a conic inscribed in ABC, and having its 
focus at O. 

The equation of a conic inscribed in ABC and having its focus at {(Xi^iyi) is 
/. sin BOC s/ol/oLi + sin COA s/ fi/^i + sin AOB \/>/yi « o 

Exercises 

1. Prove that the ellipses (a, b) and (a', b') are polar reciprocals with 
respect to the ellipse ('/aa', Vbb'). 

2. Find the equation of the reciprocal of the ellipse (a, b) with respect to 
a circle whose centre is (xfy), and radius h. 

Am. (xx'+ y/+ h^y « a^x^ + bV 

3. The reciprocal of a parabola with respect to a point on the directrix is 
a rectangular hyperbola. 

4. Find the polar reciprocal of the conic 

2 I a^ = y2 

with respect to the conic 2 m CX^ = y* 

Ans. I y* — 2 m*a^ =* o 

5. Prove by reciprocation the results of Exs. i, 2, 4, § 330; Exs. 19, 30, 24, 
page 323 ; Ex. 26, page 323, 

6. Two conies are described with given directrices and a given common 
focus S ; the sum of the squares of the reciprocals of their latera recta is 
given. 

Prove that their common tangents envelope a conic having one focus at S. 

7. Prove tfiat Ex. 29, page 323, reduces by reciprocation to the theorem : — If 
on a line which revolves round a fixed point and meets a given circle in P 
a point Q is taken so that OQ is to OP in a constant ratio, the locus of Q is 
a circle. 

8. A conic touches three given lines, and its director circle passes through 
a given point ; prove that the conic touches another fixed straight line. 

INote — ^This is the reciprocal of Ex. 2, $ 315.] 

£ e 
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9. Reciprocate the theorem, Ex. i, $ 315. 

[See Cor' (3), % 462. The reciprocal is equivalent to Ex. 55, page 397.] 

10. Reciprocate the theorems of § 183 ; (3), § 190 ; also Ex. 40, p. 162. 

11. A circle is reciprocated with respect to a point O. The second focus 
of the conic is the reciprocal of the radical axis of the circle and the point O. 

12. ' Rectangular tangents to a conic meet on a concentric circle.' The 
reciprocal of this is Ex. 15, page 407. 

13. ' The sum of the focal distances of the extremities of a variable diameter 
is constant.' What is the reciprocal theorem ? 

14. A straight line is drawn across a rhombus so that its segments included 
between the arms of opposite angles subtend supplementary angles at the centre^ 
Prove that it envelopes an inscribed conic. 

{Note — Reciprocate with respect to centre of rhombus.] 

1 5. Deduce the equation of Ex. 59, page 397, from that of Ex., % 467. 

16. A triangle is inscribed in a given ellipse (a, b), so that the focus is the 
centre of its inscribed circle. 

Prove that the radius of this circle is 

by(a + V2 a« - b^) 

PROJECTION 

§ 468. The lines joining the points of a figure in a plane IT 
to a point V in space form a cone ; the section of this cone by 
a plane tt is a figure which is called the projection of the given 
figure. The point V is called the vertex ; the plane ir is called 
the plane of projection. 

The projection of a point P is the point p where the join VP is cut by the 
plane tt ; we shall denote points in the plane n by capital letters, and their 
projections by the corresponding small letters. 

§ 469. The joins of the points in a straight line to V form 
a plane ; this plane intersects the plane tt in a straight line. 
Hence the projection of a straight line is a straight line. 
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Cor* (i) — If a system of lines co-intersect in a point P, their projections 
co-intersect in p. 

Cor' (2) — To a chord PQ of a curve corresponds a chord pq of its projec- 
tion ; and if P, Q are consecutive, so are p, q. 

Hence curves, tangents, and points of contact project into curves, tangents, 
and points of contact, 

§ 470. The projection of a conic is a conic. 

Let A, B, C, D be four fixed points, and P a moveable point 
on a conic ; let the lines PA, PB, PC, PD be intersected by 
any line in the points A', B', C, D'. Let the projections of these 
points be a, b, c, d, p, a', b', c', d'. Then (§137) 

{P. ABCD} = {A'B'C'D'} = {V. A'B'C'D} = {a'b'c'd'j 

= {p. abed} 
But {P. ABCD} is constant (§ 355); 

.'. { p . abed } is constant. 
The locus of p is .'. a conic passing through a, b, c, d. Q.E.D. 

Cor' (i) — The statement in $ 213 that any section of a right circular cone 
by a plane is a conic is a particular case of the proposition just proved. 

Cor' (2) — It is evident from the preceding proof that the cross ratios of 
ranges and pencils are imaltered by projection. 

Cor' (3) — The properties of poles and polars with respect to a conic are 
projective : this follows evidently from the Car's to § 469, and the preceding 
Cor' (2). 

§ 471. Let LM (see fig', next §) be the line of intersection 
of the primitive plane IT with a plane through the vertex V 
parallel to the plane of projection tt. 

Then points on LM are projected to infinity. 

Hence lines which cointersect in a point on LM are projected 
into lines which cointersect on the line at infinity in the plane tt, 
i. e. into parallel lines. 

Similarly, systems of parallels in the primitive plane are projected into 
systems of lines which co-intersect in points situated on the line of intersection 
of the plane of projection with a plane through V parallel to the primitive 
plane. 

£62 
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§ 472. Let POQ be any angle in the primitive plane ; LM 
the line which is projected to infinity, i. e. the line of intersection 
of the plane IT with a plane through V parallel to tt. 

Let OV, OP, OQ meet the plane TT in O^ P, Q'; then O'P', 
O'Q' are the projections of OP, OQ. 

V 




Now O'P', VP are parallel ; for these lines are the intersections 
of the parallel planes tt and VLM by the plane VOP. 
Similarly O'Q', VQ are parallel. 

/. P'O'Q' = PVQ [Euclid XL ic] 

A A 

i. e. POQ is projected into an angle = PVQ. 

§ 473 > Any line and any two angles being chosen in a plane ; 
the line can he projected to infinity and the angles at the same time 
into given angles. 

Let LM be the line ; let the arms of the angles meet LM in 
p, q and p', q' respectively. 

Draw any plane through LM ; and let segments of circles 
described in this plane on pq and p^q^ and containing angles 
respectively equal to the given angles, meet in V. 

Take V as vertex, and any plane parallel to VLM as plane of 
projection ; it follows from § 472 that the given figure will be 
projected in the manner described. 
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Cor^ — The locus of V is a circle in a plane perpendicular to LM. 

If this locus meet the primitive plane in 0, then any angle is projected into 
the angle which the intercept of its arms on LM subtends at <^, Thus by 
a plane construction we can determine the angle into which any given angle is 
projected. 

§ 474. A conic and a line in its plane being given ; the line may be 
projected to infinity , and the conic at the same time into a circle. 

Let LM be the line, C its pole with respect to the conic. 

Project (§ 473) LM to infinity, and the angles between two pairs of conjugate 
lines through C into right angles. 

Then c, the projection of C, is the centre of the projected conic ; and this 
conic has two pairs of conjugate diameters at right angles. 

The projected conic is .*. a circle. 

Cor' — As the pole of the line which is sent to infinity becomes the centre, 
the theorem may be stated thus — 

Given a conic and a point in its plane ; the conic may be projected into 
a circle whose centre is the projution of that point. 

§ 475. By projecting the figure, the truth of a general theorem of position 
can be inferred from that of a simpler particular case. 

Ex. I. Prove Pascal's theorem (§ 431). 

Project the conic into a circle, and the join of the intersections of two pairs 
of opposite sides to infinity. The theorem is then — 

If a hexagon inscribed in a circle has two pairs of opposite sides parallel, 
the remaining sides are paralleL 

This is proved at once by Elementary Geometry. 

Ex. 2. LOL', MOM^ NON', ROR' are four concurrent chords of a conic. 
IfPis any point on the conic, then 

{P.LMNR} - {P.L'M'N'R'} 

Project the conic into a circle whose centre is the projection of O. 

Ex. 3. Any quadrilateral can be projected into a square. 

Project the third diagonal to infinity : then the quadrilateral becomes 
a parallelogram. Project the angles included by two adjacent sides and by 
the diagonals into right angles : the projected figure is then a square, 

Ex. 4. Two conies can be projected into concentric conies. 
Project a side of their common self-conjugate triangle to infinity. 

EC 3 
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§ 476> Any two points can be Rejected into thefocoids. 
Let the points be L, M ; draw any conic through LM. 
Project the conic into a circle, and LM to infinity (§ 474). 

Cor' (i) — Conies passing through four fixed points can be projected into 
coaxal circles. 

Let L, M, N, R be the four points. 

Project LM to infinity and one of the conies into a circle, i. e. project L, M 
into the focoids. 

Then all the conies are projected into conies passing through the focoids, 
i. e. into circles ; and these circles all pass through n, r, the projections of 
N, R. 

Cor' (2) — Conies having double contact can be projected into concentric 
circles. 

This follows from Cor', % 387. Let L, M be the points of contact ; project 
LM to infinity and one of the conies into a circle. 

Cor' (3) — Conies inscribed in a quadrilateral can be projected into confocal 
conies. 

This follows from Cor', % 367 ; project the extremities of the third diagonal 
into the focoids. 

Ex. I. 7\uo sides of a triangle inscribed in a conic pass through fixed points 
P, Q ; prove that the envelope of the third side is a conic having double contact 
with the given conic. 

Project the given conic into a circle, and PQ to infinity : then the theorem 
becomes — 

If two sides of a triangle inscribed in a circle are paredlel to fixed lines, the 
third side envelopes a concentric circle. 

Ex. 2. To prove Desargues' Theorem (§ 391). 

Project the conies into coaxal circles whose common chord is CD. Let any 
line meet CD in O and the drcles in P, P'; Q, Q'; R, R'; &c. Then 
(Euclid in. 35, 36) 

OP.OP'= OQ.OQ'- OR.OR'= &c. 

Hence O is the centre of an involution determined on the line by the circles ; 
and the theorem is proved. 

Ex. 3. If the six sides ef two triangles ABC, A'B'C touch a conic, their 
six vertices lie on a conic. 

Project B', C into the focoids, then A' becomes a focus ; and the theorem 
is reduced to that of Ex. 3, § 330. 
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S 477 ■ The polar s of four collinear points with respect to a conic form 
a pencil whose cross ratio is equal to thai of the four points. 

Project the conic into a circle whose centre is the projection of a point on the 
line of collinearity ; then the four polars become parallel. The four points in 
this case, and the four intersections of the polars with the line of collinearity, 
form an involution, whose focus is the centre. [§§ 143, 145.] 

PROJECTION OF ANGLE PROPERTIES 

9 478« Let I, j be the projections of the focoids I, J. 

Then (J 360) two lines at right angles are projected into lines cutting the 
fixed segment Ij harmonically. 

Also, (§ 363) two lines including an angle Q are projected into lines cutting 
the fixed segment ij in the cross ratio 

cos 2 ^ + V — I sin 2 ^ 

Ex. I. 'If A, B are fixed points and P a variable point on a circle, the 
angle APB is constant.' 

From this we infer — 

If a, b, i, j are fixed points, and p a variable point on a conic, the cross 
ratio {p. aibj} is constant. [Compare % 355'] 

Ex. 2. ' Rectangular tangents to a parabola meet on the directrix. 

The generalization of this by projection is — 

The locus of the intersection of tangents to a conic cutting the segment 
determined by two fixed points i, j on a given tangent harmonically is a straight 
line ; this line is the polar of the intersection of the other tangents from i, j to 
the conic. 

PROJECTION OF METRICAL PROPERTIES 

§ 479. Lemma. If\,^ are fixed points in a plane, and K, B, C, D any 
other points in the plane , then if 

<!> (A, B) = Varea Al B . area AJ B /(area lAJ . area IBJ), 

<^ (A, B) -h <^ (C, D) (I) 

is unaltered by projection. 

Let a, b, &c. be the projections of A, B, &c. ; let P, p be the perpendiculars 
from the vertex V on the planes n and tt. 
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Then, by known theorems in Solid Geometry, the volumes of the pyramids 
subtended by AIB and aib at V are in the ratios 

P.areaAIB:p.areaalb, and VA .VI .VB : Va.Vi .Vb 

AID p VA.VI .VB, ... 

/. areaAlB = ^ ^^ y; ^^^ (areaaib) 

Similar valnes are obtained for the other areas AJB, &c. ; and substituting 
these in (i), it reduces to 

<t> (a, b) + <l> (c, d) 

§ 480. Let us ascertain the value of <j> (A, B) when I, J are the focoids. 
Let the co-ord's of A, B referred to any axes in their plane be (Xj yi), (Xgyj) ; 
then I, J are (X, + X V— i), where X = oo . 
Then 
2 area AIB » X X V— i i « X (yj — yj) — X V— i (Xi — Xj) 

Xa ya i 

3 area AJB = X (yi - ya) + X V—i (Xj — Xj) 

Similarly 2 area lAJ - - 2 X» V^ = 2 area IBJ 

/. <t> (A, B) « - AB/(2 X») 

We may .*. in any equation connecting the distances of points A^ B, &c. 
replace each distance AB by (f) (a, b) ; this gives the corresponding relation 
for the projected figure. 

Ex. The following is the generalization of Ptolemy's Theorem. 
If a, b, c, d, i, j are six points on a conic^ and 



12 r= Vareaalb.areaajb) &c. ; 
then 12 . 34 + 23 . 14 + 31 . 24 «= o 

§ 48 1 • It may be similarly proved that from any homogeneous relation 
connecting the areas of triangles ABC, &c. the corresponding relation for the 
projected figure is obtained by replacing each area ABC by the function 

area abc/(area aij . area bij . area cij) 

Exercises 

1, A conic is inscribed in a triangle ABC ; L, M are the points of contact 
of BC, AC. If any tangent meete BC, AC in P, Q, then 

(CBLP) - {MACQ} 
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2. AOA', BOB', COC, DOD' are four concurrent chords of a conic 
Conies passing through the two sets of five points A, B, C, D, O and 
A', B', C, D', O, touch at O. 

3. Prove by projection that the diagonal triangle of a quadrilateral circum- 
scribing a conic is self-conjugate with respect to the conic. 

4. Prove by projection the theorems of Ex. 2, § 349 ; £xs. 2, 3, § 353 ; 
Ex. 9, page 369 ; Ex. 2, § 441. 

5. Generalize by projection Ccr^, § 322 and § 430. 

6. The tangents drawn from any point to a series of conies inscribed in a 
quadrilateral form a pencil in involution. 

7. If two pairs of conjugate rays determining a pencil in involution are at 
right angles, every pair is at right angles. 

8. Deduce Gaskin's Theorem (Ex. 55, page 397) from Ex. 6, 7. 

9. Show that any three angles may be projected into right angles. 

10. Show that any quadrilateral may be projected into a square of given 
magnitude. 

11. A triangle is circumscribed to a given conic, and two of its vertices 
move on fixed straight lines. Prove that the third vertex describes a conic 
having double contact with the given one. 

12. The locus of points from which two co-planar conies can be projected 
into circles consists of six circles in a perpendicular plane. 

[JVbte — This follows at once from Cor^^ § 473-] 
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